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Abstract

These Isabelle theories introduce the semantics and syntax of Interval Temporal Logic (ITL). The
ITL proof system, as introduced in [4], has been encoded and its soundness has been checked. The
encoding is shallow using the Intensional Logic technique of [3]. An extensive library of ITL theorems,
taken from [5], has been checked. Furthermore we provide examples of using quantification over
both static (rigid) and state (flexible) variables.
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theory Interval
imports
Main
begin

1 Intervals

An interval is a sequence of elements of a particular type. Intervals are similar to list in Isabelle/HOL, the
difference is that intervals have instead of nil a single element at the end. So an interval of length zero is
a single element whereas for Isabelle’s list we have that an empty list is nil (no element present).

The usual operations on intervals are defined: length (intlen), prefix, suffix, sub, nth, intfirst, intlast, intapp
and intrev.

In order to define the semantics of the ITL chopstar we introduce index-sequence which is a sequence of
chop (fuse) points. This sequence is again of type interval but the elements are natural numbers. Two
functions shift and shiftm are introduced that are used to add (shift) and subtract a natural number of
each element in the sequence of chop (fuse) points.

1.1 Definitions

datatype 'a interval =
St fa ([-])
| Cons 'a 'a interval (infixr © 65)
for
map: map
rel: interval-all2
pred: interval-all

type-synonym index = nat interval

syntax
— interval Enumeration
-interval :: args => 'a interval  ({(-)))

translations
(x, xs) == xO(xs)

(x) == []

primrec (nonexhaustive) intlen :: 'a interval = nat where



intlen (St x) = 0
| intlen (x®xs) = 1+ (intlen xs)

primrec (nonexhaustive) nth :: 'a interval => nat => 'a where
nth (St x) n =X
| nth (Cons x xs) n = (case n of 0 = x | Suc k = nth xs k)

primrec prefix:: nat = 'a interval = 'a interval where
prefix n (St x) = (St x)
| prefix n (Cons x xs) = (case n of 0 = (St x) | Suc m = (Cons x (prefix m xs)))

primrec suffix:: nat = 'a interval = 'a interval where
suffix n (St x) = (St x)
| suffix n (Cons x xs) = (case n of 0 = (Cons x xs) | Suc m = suffix m xs)

definition sub:: nat = nat = 'a interval = 'a interval
where
sub n k xs = (if k<n then prefix 0 (suffix n xs)
else prefix (k—n) (suffix n xs)
)

primrec intfirst :: 'a interval = 'a where
intfirst (St x) = x
| intfirst (Cons x -) = x

primrec intlast :: 'a interval = 'a where
intlast (St x) =X
| intlast (Cons - xs) = intlast xs

primrec intapp :: 'a interval = 'a interval = 'a interval (infixr © 65) where
intapp-St: (St x) © ys = x © ys |
intapp-Cons: (x©xs) © ys = x © (xs © ys)

primrec intrev :: 'a interval = 'a interval where
intrev (St x) = (St x)

| intrev (Cons x xs) = (intrev xs) & (St x)

definition index-sequence :: nat = index = bool where
index-sequence x idx = (nth idx 0 = x) A (VY n. n<intlen idx — nth idx n < nth idx (Suc n))

definition shift :: nat = nat = nat where
shift k = (X x. x+k)

definition shiftm :: nat = nat = nat where
shiftm k = (X x. (if k>x then 0 else (x—k)))

1.2 Lemmas

Basic lemmas are introduced for each of the above operations on intervals.



1.2.1 Interval Length

lemma interval-intlen-gr-zero [simp]:
intlen xs > 0
by auto

lemma interval-intlen-st :
intlen (St x) = 0
by simp

lemma interval-intlen-cons [simp]:
(intlen (x®xs)) = (intlen xs) +1
by simp

lemma interval-intlen-cons-1 :
intlen | > 0 +— (3 xIs. | = x Ols)
by (induct I) simp-all

lemma interval-intlen-map:
intlen (map f xs) = intlen xs
by (induct xs) simp-all

1.2.2 nth

lemma interval-nth-zero [simp]:
nth (xOxs) 0 = x
by simp

lemma interval-nth-Suc [simp]:
nth (xOxs) (Suc n) = nth xs n
by auto

lemma interval-nth-last:
nth (x®xs) (intlen (x®xs)) = nth xs (intlen xs)
by simp

lemma interval-nth-cons:
assumes 0<i A i<I+intlen(xs)
shows nth(x®xs) i =nth xs (i—1) A
nth(x®xs) (i+1) = nth xs ((i—1)+1)
by (metis One-nat-def Suc-lel add.commute assms interval-nth-Suc le-add-diff-inverse2 plus-1-eq-Suc)

lemma interval-nth-zero-intfirst:
nth xs 0 = intfirst xs
by (induct xs) simp-all

lemma interval-nth-intlen-intlast:
nth xs (intlen xs) = intlast xs

by (induct xs) simp-all

lemma interval-st-intlen :



(xs = (St x)) «— intlen xs = 0 A nth xs 0 = x
by (induct xs) simp-all

lemma interval-eq-nth-eq :
(xs =ys) = (intlen xs =intlen ys N\ (¥ i< intlen xs. nth xs i = nth ys i))
apply (induct xs arbitrary: ys)
apply (metis interval-st-intlen le-numeral-extra(3))
apply (case-tac ys, simp)
by fastforce

lemma interval-nth-map :

nth (map fxs) i = f (nth xs i)
apply (induct xs arbitrary: i, simp)
apply (case-tac i, simp, simp)
done

1.2.3 index sequence

lemma interval-idx-less:
assumes iseq: index-sequence x idx
shows (n<intlen idx A n+k<intlen idx) — nth idx n < nth idx (Suc(n+k))
apply (induct k)
using index-sequence-def iseq apply auto|[1]
using index-sequence-def iseq by auto

lemma interval-idx-less-last :

assumes index-sequence x idx

shows (i<intlen idx A i+(intlen idx — (i+1))< intlen idx)
— nth idx i < nth idx (Suc(i+(intlen idx —(i+1))))

using assms interval-idx-less by blast

lemma interval-idx-less-last-1:

assumes index-sequence x idx

shows i<intlen idx — nth idx i < nth idx (intlen idx)
using assms interval-idx-less-last by auto

lemma interval-idx-greater-first:

assumes index-sequence x idx

shows (>0 A i< intlen idx) — x < nth idx i

apply (induct i, simp)

using assms

by (metis One-nat-def Suc-le-lessD add-Suc index-sequence-def interval-idx-less
less-le-trans plus-1-eq-Suc)

lemma interval-idx-cons:
index-sequence 0 (x®ls) =
(x=0 A x<nth Is 0 A index-sequence (nth Is 0) Is)
apply (simp add: index-sequence-def)
using less-Suc-eq-0-disj by auto



lemma interval-idx-shift-mono:
mono (shift k)
by (simp add: Interval.shift-def mono-def)

lemma interval-idx-expand:
index-sequence 0 | A (nth [ (intlen 1)) = (intlen xs) A 0<i A i< (intlen /)
= 0< (nth Ii) A (nth 1i) < (nth [ (i+1)) A (nth | (i+1)) < (intlen xs)
apply (simp add: index-sequence-def)
apply (induct I, simp)
by (metis Suc-lessl eq-imp-le index-sequence-def interval-idx-less-last-1 less-imp-le-nat)

lemma interval-idx-shift-idx [simp]:
( index-sequence (x+k) (map (shift k) idx)) = (index-sequence x idx)
by (simp add: Interval.shift-def index-sequence-def interval-intlen-map interval-nth-map)

lemma interval-idx-shiftm :
(index-sequence k (Isk) A Is = map (shiftm k) Isk) =
index-sequence 0 (Is) A (intlen Is) = (intlen Isk)
by (simp add: interval-eq-nth-eq index-sequence-def shift-def shiftm-def interval-nth-map )
(smt Suc-lel diff-less-mono index-sequence-def interval-idx-greater-first interval-intlen-map
le-less-trans less-Suc-eq-0-disj not-less order.asym)

lemma interval-Isk-Is :
(index-sequence k (Isk) A Isk = map (shift k) Is A index-sequence 0 (Is) ) =
(index-sequence k (Isk) A Is = map (shiftm k) Isk A index-sequence 0 (Is) )
apply (simp add: interval-eq-nth-eq index-sequence-def shift-def shiftm-def interval-nth-map)
apply rule
apply (metis (no-types, lifting) add-diff-cancel-right' interval-intlen-map not-add-less2)
by (metis (no-types, lifting) Suc-eq-plusl add.commute add-cancel-right-left add-diff-inverse-nat
ex-least-nat-less interval-intlen-map le-SucE le-zero-eq not-less-zero order-refl)

lemma interval-idx-link-shiftm:
(index-sequence k (Isk) A Is = map (shiftm k) Isk ) =
(index-sequence k (Isk) A Is = map (shiftm k) Isk A
index-sequence 0 (Is) A (intlen Is) =(intlen Isk))
using interval-idx-shiftm by blast

lemma interval-idx-link:
(Isk = map (shift k) Is A\ index-sequence 0 (Is) ) =
(Isk = map (shift k) Is A index-sequence k (Isk) A index-sequence 0 (Is)A
(intlen Is) =(intlen Isk))
by (metis Interval.shift-def add-diff-cancel-left’ diff-diff-cancel diff-is-0-eq’
interval-idx-shift-idx interval-idx-shift-mono interval-intlen-map le-numeral-extra(3) mono-def)

lemma interval-idx-bound-0 :

assumes index-sequence 0 Is A Interval.nth Is (intlen Is) = intlen (suffix k xs)

shows ((i<intlen Is) — ((nth Is (i)) < (intlen (suffix k xs))))

using assms

by (metis add.commute add-eq-if eq-iff interval-idx-less le-add-diff-inverse2
le-neq-implies-less lessl less-imp-le-nat)



lemma interval-idx-bound-1:

(index-sequence 0 (Is) N (nth (Is) (intlen (Is))) = (intlen (suffix k xs))) +—
(index-sequence 0 (Is) A (nth (Is) (intlen (Is))) = (intlen (suffix k xs)) A
(Vi. (i<intlen Is) — ((nth Is (i)) < (intlen (suffix k xs)))) )

using interval-idx-bound-0 by blast

1.2.4 prefix, suffix and sub

lemma interval-prefix-state [simp]:
prefix m (St x) = (St x)
by simp

lemma interval-prefix-suc [simp]:
prefix (Suc m) (x©xs) = x © (prefix m xs)
by auto

lemma interval-prefix-zero [simp]:
prefix 0 (xGxs) = St x
by auto

lemma interval-prefix-zero-intfirst [simp]:
prefix 0 xs = St (intfirst xs)
by (induct xs) simp-all

lemma interval-intfirst-prefix [simp]:
i<intlen xs = intfirst (prefix i xs) = intfirst xs
by (induct xs arbitrary: i, auto) (case-tac i, auto)

lemma interval-prefix-intlen [simp]:
(prefix (intlen xs) xs) = xs
by (induct xs) simp-all

lemma interval-prefix-intlen-gr-1 [simp]:
(prefix ((intlen xs)+i) xs) = xs
by (induct xs) simp-all

lemma interval-intlen-prefix-cons [simp]:
intlen( prefix (Suc i) (xGxs)) = 1 + intlen(prefix i xs)
using interval-intlen-cons by auto

lemma interval-prefix-length :
intlen (prefix i xs) = (if i< intlen xs then i else intlen xs)
by (induct xs arbitrary: i, simp) (case-tac i, auto)

lemma interval-prefix-length-good [simp]:
assumes i< jntlen xs
shows  (intlen ( prefix i xs)) =i

using assms by (simp add: interval-prefix-length)



lemma interval-prefix-length-bad [simp] :
assumes | > intlen xs
shows intlen (prefix i xs) = intlen xs
using assms by (simp add: interval-prefix-length)

lemma interval-pref-intlen-bound :

assumes | < (intlen xs)

shows intlen (prefix i xs) < intlen xs

using assms by (induct xs, simp) (metis interval-prefix-length)

lemma interval-suffix-length:
intlen (suffix i xs ) = (if i< intlen xs then (intlen xs)—i else 0)
by (induct xs arbitrary: i, simp) (case-tac i, auto)

lemma interval-suffix-length-good [simpl]:
assumes i< intlen xs
shows intlen (suffix i xs ) = (intlen xs)—i
using assms by (simp add: interval-suffix-length)

lemma interval-suffix-length-bad [simp]:
assumes > intlen xs
shows intlen (suffix i xs ) = 0

using assms by (simp add: interval-suffix-length)

lemma interval-nth-prefix [simp]:
i<intlen xs A k < i == nth (prefix i xs) k = nth xs k
apply (induct xs arbitrary: i k, auto)
apply (case-tac i, auto)
apply (case-tac k, auto)
done

lemma interval-nth-suffix [simp]:
i<intlen xs A\ k < intlen xs —i = nth (suffix i xs) k = nth xs (i+k)
by (induct xs arbitrary: i k, auto) (case-tac i, auto)

lemma interval-suffix-prefix-help-1:

assumes ia+i < intlen xs A\ k < ia

shows nth (prefix ia (suffix i xs)) k = nth (suffix i (prefix (ia +1i) xs)) k
proof —

have 1: nth (prefix ia (suffix i xs)) k = nth (suffix i xs) k

using interval-nth-prefix assms by (metis interval-prefix-intlen-gr-1 le-cases le-iff-add)
have 2: nth (suffix i xs) k = nth xs (i+k)

using interval-nth-suffix assms by (simp add: add-le-imp-le-diff)

have 3: nth xs (i+k) = nth (prefix (ia+i) xs) (i+k)

using interval-nth-prefix assms by simp

have 4: nth (prefix (ia+i) xs) (i+k) = nth (suffix i (prefix (ia +i) xs)) k
using interval-nth-suffix assms by simp

from 1 2 3 4 show ?thesis by auto

ged



lemma interval-suffix-prefix-help-2:

assumes ja+i < intlen xs

shows (V k < ia. nth (prefix ia (suffix i xs)) k = nth (suffix i (prefix (ia +i) xs)) k)
using interval-suffix-prefix-help-1 using assms by fastforce

lemma interval-suffix-prefix-help-3:

assumes ja+i < intlen xs

shows intlen (prefix ia (suffix i xs)) = intlen (suffix i (prefix (ia +i) xs))
using assms interval-prefix-length-good interval-suffix-length-good by auto

lemma interval-suffix-prefix-swap:

assumes ja+i < intlen xs

shows  prefix ia (suffix i xs) = suffix i (prefix (ia +i) xs)

by (simp add: interval-eq-nth-eq interval-suffix-prefix-help-2 interval-suffix-prefix-help-3 assms)

lemma interval-prefix-prefix-zero [simp]:
prefix O ( prefix 0 xs ) = prefix 0 xs
by (induct xs) simp-all

lemma interval-pref-pref [simp]:
(prefix i (prefix i xs)) = prefix i xs
by (metis interval-prefix-intlen interval-prefix-intlen-gr-1 interval-prefix-length
less-imp-add-positive not-less)

lemma interval-pref-pref-3 [simp]:
(prefix i (prefix (i+k) xs)) = prefix i xs
apply (induct xs arbitrary: i k, simp)
apply (case-tac i, auto)
by (simp add: Nitpick.case-nat-unfold)

lemma interval-pref-help:

assumes i<intlen (prefix (intlen xs — Suc 0) xs)

shows  (prefix i (prefix (intlen xs — Suc 0) xs)) = (prefix i xs)

using assms

by (metis diff-le-self interval-pref-pref-3 interval-prefix-length
ordered-cancel-comm-monoid-diff-class.add-diff-inverse)

lemma interval-pref-pref-help:

assumes intlen xs >0 A ia<intlen (xs)

shows (prefix ia (prefix (intlen xs — Suc 0) xs)) = (prefix ia xs)

using assms

by (metis Suc-lel Suc-le-mono Suc-pred diff-le-self interval-pref-help interval-prefix-length-good)

lemma interval-pref-pref-help-1:
assumes >0 A i< intlen xs
shows (prefix (intlen (prefix i xs) — Suc 0) (prefix i xs)) =
(prefix (intlen (prefix i xs) — Suc 0) xs)
using assms interval-pref-pref-3 by (metis diff-le-self interval-prefix-length-good le-iff-add)

lemma interval-suffix-suc [simp]:
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suffix (Suc m) (x ® xs) = suffix m xs
by auto

lemma interval-suffix-zero [simp]:
suffix 0 xs = xs
by (induct xs) simp-all

lemma interval-suffix-intlen [simp]:
suffix (intlen xs) xs = (St (nth xs (intlen xs)))
by (induct xs) simp-all

lemma interval-suffix-intlast [simp]:
suffix (intlen xs) xs = St (intlast xs)
by (induct xs) simp-all

lemma interval-suffix-suffix [simp]:
suffix i (suffix j xs) = suffix (i+j) xs

apply (induct xs arbitrary: i j, simp)

apply (case-tac i, auto)

by (simp add: Nitpick.case-nat-unfold)

lemma interval-prefix-suffix-intlen:
intlen (prefix ia (suffix i xs)) =
(if i < intlen xs then
(if ia< intlen xs —i then ia else (intlen xs) —i )
else 0)
by (metis interval-prefix-length interval-suffix-length le-zero-eq)

lemma interval-prefix-suffix-intlen-good [simp]:
assumes ia< intlen xs —i A i < intlen xs
shows intlen (prefix ia (suffix i xs)) = ia

using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-prefix-suffix-intlen-bad-0 [simp]:
assumes > intlen xs
shows intlen (prefix ia (suffix i xs)) = 0

using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-prefix-suffix-intlen-bad-1 [simp] :
assumes | < intlen xs A ia > intlen xs —i
shows intlen (prefix ia (suffix i xs)) = (intlen xs) —i
using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-suffix-suffix-3:

assumes >0 A ia<i A i< intlen xs

shows (suffix (i—ia) (suffix ((intlen xs)—i) xs)) = (suffix (((intlen xs)—ia)) xs)
using assms by simp

lemma interval-sub-zero-prefix :
sub 0 k xs = prefix k xs

11



by (simp add: Interval.sub-def)

lemma interval-sub-suffix :

assumes (i < j A j< (intlen xs)—k)

shows  (sub (i+k) (j+k) xs) = (sub i j (suffix k xs))
using assms by (simp add: Interval.sub-def)

lemma interval-sub-prefix-suffix-0:

assumes (0 < i A ia+i < intlen xs)

shows  (sub i (i+ia) xs) = (prefix (ia) (suffix i xs))
using assms by (simp add: Interval.sub-def)

lemma interval-sub-prefix-suffix:

assumes 0 < i A i<j A j < intlen xs

shows  (sub ij xs) = (prefix (j—i) (suffix i xs))
using assms by (simp add: Interval.sub-def)

1.2.5 Reverse

lemma interval-intlen-intapp [simp]:
intlen (xs © ys) = (intlen xs) + (intlen ys) +1
by (induct xs arbitrary: ys) simp-all

lemma interval-intrev-intlen [simp]:
intlen (intrev xs) = intlen xs
by (induct xs, simp, simp)

lemma interval-suffix-intapp [simp]:
suffix (Suc (intlen xs)) (xs © ys) = ys
by (induct xs) simp-all

lemma interval-suffix-intapp2 [simp]:
suffix (intlen xs — k) ( xs) © ys = suffix (intlen xs — k) ( xs © ys)
by (induct xs, simp)
(metis Suc-diff-le diff-is-0-eq’ intapp-Cons interval-suffix-suc interval-suffix-zero
intlen.simps(2) not-less-eq-eq plus-1-eq-Suc)

lemma interval-intapp-assoc [simp]:
(xsOys) ©zs=xs O (ys © zs)
by (induct xs) simp-all

lemma interval-intapp-nth:
nth (xs © ys) k = (if k < intlen xs
then (nth xs k)
else (nth ys (k — (intlen xs) —1)) )
apply (induct xs arbitrary: k)
apply (case-tac k, simp, simp)
apply (case-tac k, simp, simp)
done

12



lemma interval-rev-intapp [simp]:
intrev (xs © ys) = (intrev ys) © (intrev xs)
by (induct xs) simp-all

lemma interval-rev-rev-ident [simp]:
intrev (intrev xs) = xs
by (induct xs) auto

lemma interval-rev-swap :
((intrev xs) = ys) = (xs = intrev ys)
by auto

lemma interval-intlast-intrev:
intlast (intrev xs) = intfirst xs
by (induct xs, auto)
(metis Suc-eq-plus1 add.right-neutral interval.inject(1) interval-intlen-intapp
interval-intlen-st interval-suffix-intapp interval-suffix-intlast)

lemma interval-intfirst-intrev:
intfirst (intrev xs) = intlast xs
by (induct xs, auto)
(metis intapp-St interval-intlast-intrev interval-rev-intapp intlast.simps(2) intrev.simps(1))

lemma interval-intrev-nth:

k< intlen (intrev xs) = (nth (intrev xs) k) = (nth xs ((intlen xs) —k))

apply (induct xs, simp)

apply simp

apply (case-tac k)

apply (simp add: interval-intapp-nth)

by (smt Interval.nth.simps(1) Suc-diff-Suc diff-Suc-Suc diff-is-0-eq’ interval-intapp-nth
interval-intrev-intlen le-SucE less-Suc-eq-le old.nat.simps(4) old.nat.simps(5))

lemma interval-intrev-prefix:
k< intlen xs = intrev( prefix k xs) = suffix ((intlen xs) — k) (intrev xs)
apply (induct xs arbitrary: k, simp)
apply simp
apply (case-tac k)
apply (metis diff-zero interval-intrev-intlen interval-suffix-intapp intrev.simps(1) old.nat.simps(4))
by (metis Suc-le-mono diff-Suc-Suc interval-intrev-intlen interval-suffix-intapp2
intrev.simps(2) old.nat.simps(5))

lemma interval-intrev-suffix:
k< intlen xs = intrev( suffix k xs) = prefix ((intlen xs) — k) (intrev xs)
by (induct xs arbitrary: k, simp, simp add: interval-intrev-prefix interval-rev-swap)

lemma interval-intrev-subl:

assumes 0 < i A i<j A j < intlen xs

shows intrev (sub i j xs) = intrev (prefix (j—i) (suffix i xs))

using assms interval-sub-prefix-suffix by (simp add: interval-sub-prefix-suffix)
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lemma interval-intrev-sub2:

assumes 0 < i A i<j A j < intlen xs

shows intrev (prefix (j—i) (suffix i xs)) = suffix ((intlen xs) — j) (intrev (suffix i xs))
using assms interval-intrev-prefix[of j—i suffix i xs| by auto

lemma interval-intrev-sub3:
assumes 0 < i A i<j A j < intlen xs
shows  suffix ((intlen xs) — j) (intrev (suffix i xs)) =
suffix ((intlen xs) —j) (prefix ((intlen xs) — i) (intrev xs))
using assms interval-intrev-suffix[of i xs| by auto

lemma interval-intrev-sub4:
assumes 0 < i A i<j A j < intlen xs
shows suffix ((intlen xs) —j) (prefix ((intlen xs) — i) (intrev xs)) =
sub ((intlen xs) —j) ((intlen xs) — i) (intrev xs)
using assms by (simp add: diff-le-mono2 interval-sub-prefix-suffix interval-suffix-prefix-swap)

lemma interval-intrev-sub:

assumes 0 < i A i<j A j < intlen xs

shows intrev (sub ij xs) = sub ((intlen xs) —j) ((intlen xs) — i) (intrev xs)

using assms

by (simp add: interval-intrev-subl interval-intrev-sub2 interval-intrev-sub3 interval-intrev-sub4)

lemma interval-intrev-idx-2:
assumes index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
0<i A i< (intlen /)
shows (intrev (sub (nth I i) (nth | (i+1)) xs)) =
( (sub ((intlen xs)— (nth | (i+1))) ((intlen xs) — (nth Ii)) (intrev xs)))
using assms interval-idx-expand interval-intrev-sub[of (nth i) (nth | (i+1)) xs]
by blast

lemma interval-intrev-idx-3:

assumes index-sequence 0 1 A (nth | (intlen I)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I)

shows (nthIs 0) = 0 A (nth Is (intlen Is)) = (intlen xs) A intlen Is =intlen |

using assms

by (metis diff-self-eq-0 diff-zero index-sequence-def interval-intfirst-intrev
interval-intlast-intrev interval-intlen-map interval-intrev-intlen
interval-nth-intlen-intlast interval-nth-map interval-nth-zero-intfirst)

lemma interval-intrev-idx-4:
index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I)
= i< intlen Is — (nth Is i) = (intlen xs) — (nth | ((intlen I)—1))
apply (induct Is)
apply (metis diff-zero interval-intlen-st interval-intrev-idx-3 le-0-eq)
by (simp add: interval-intlen-map interval-intrev-nth interval-nth-map)

lemma interval-intrev-idx-5:
assumes (index-sequence 0 1 A (nth | (intlen I)) = (intlen xs))
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shows (i< intlen | —
(intlen xs) — (nth | ((intlen 1)—i)) < (intlen xs) — (nth | ((intlen I)—(i+1))))
using assms
by (smt Suc-diff-Suc Suc-eq-plusl add-gr-0 add-less-cancel-left diff-less
index-sequence-def le-add-diff-inverse2 le-numeral-extra(3) less-diff-conv
less-imp-le-nat not-gr-zero interval-idx-expand)

lemma interval-intrev-idx-6:
assumes (index-sequence 0 1 A (nth [ (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I))
shows (i< intlen Is —
((nth Is i) = (intlen xs) — (nth | ((intlen 1)—i)) A
(nth Is (i+1)) = (intlen xs) — (nth | ((intlen I)—(i+1))) A
(nth Is i) < (nthIs (i+1))))
proof —
have I: (i< intlen Is — (nth Is i) = (intlen xs) — (nth | ((intlen [)—i)))
using assms interval-intrev-idx-4 less-imp-le-nat by blast
have 2: (i< intlen Is — (nth Is (i4+1)) = (intlen xs) — (nth | ((intlen )—(i+1))))
using assms by (simp add: interval-intrev-idx-4)
have 3: ( i< intlen Is —
((nth Is i) = (intlen xs) — (nth | ((intlen 1)—i)) A
(nth Is (i+1)) = (intlen xs) — (nth | ((intlen 1)—(i+1)))))
using 1 2 by auto
have 4: (i< intlen Is —
((nth Is i) = (intlen xs) — (nth | ((intlen 1)—i)) A
(nth Is (i+1)) = (intlen xs) — (nth | ((intlen I)—(i+1))) A
(nth Is i) < (nth Is (i+1))))
using assms 3 index-sequence-def interval-intrev-idx-5
by (metis interval-intlen-map interval-intrev-intlen)
from 4 show 7thesis by blast
ged

lemma interval-intrev-idx-7:
assumes (index-sequence 01 A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I))
shows index-sequence 0 Is
using assms interval-intrev-idx-6 interval-intrev-idx-3
by (metis Suc-eq-plusl index-sequence-def)

lemma interval-intrev-idx-8:
assumes index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev ) A index-sequence O Is
shows i<intlen Is —
(intlen xs)— (nth | (i+1)) = nth Is ((intlen Is)—(i4+1)) A
(intlen xs) — (nth 1i) = (nth Is ((intlen Is) —i))
using assms interval-intrev-idx-4
by (smt Suc-eq-plus1 Suc-lel add-diff-cancel-right’ assms diff-diff-cancel diff-diff-left
diff-le-self interval-intrev-idx-3)

lemma interval-intrev-idx-9:
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assumes index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev ) A index-sequence O Is

shows i<intlen Is —
sub ((intlen xs)— (nth | (i4+1))) ((intlen xs) — (nth I i)) (intrev xs) =
sub (nth Is ((intlen Is)—(i+1))) ((nth Is ((intlen Is) —i)) ) (intrev xs)

using interval-intrev-idx-8 using assms by fastforce

lemma interval-intrev-idx-11:
assumes (index-sequence 0 | A (nth | (intlen I)) = (intlen xs))
shows i<intlen | —
(nth I'i) = (nth (map (X x.(intlen xs)—x) (intrev (map (X x.(intlen xs)—x) (intrev 1)))) i)
using assms index-sequence-def
by (smt diff-diff-cancel diff-is-0-eq diff-less diff-zero leD le-cases not-gr-zero
interval-intrev-idx-3 interval-intrev-idx-6 interval-intrev-idx-7)

lemma interval-intrev-idx-12:

assumes (index-sequence 0 | A (nth | (intlen 1)) = (intlen xs))

shows | = map (X x. (intlen xs) —x ) (intrev (map (X x. (intlen xs) —x) (intrev [)))
using assms interval-intrev-idx-11

by (simp add: interval-intrev-idx-11 interval-eq-nth-eq interval-intlen-map)

end

2 Semantics

theory Semantics
imports Interval HOL— TLA.Intensional
begin

This theory mechanises a shallow embedding of ITL using the Interval and Intensional theories. A shallow
embedding represents ITL using Isabelle/HOL predicates, while a deep embedding [1] would represent
ITL formulas as mutually inductive datatypes. See, e.g., [6] for a discussion about deep vs. shallow
embeddings in Isabelle/HOL. The choice of a shallow over a deep embedding is motivated [3, 2] by the
following factors: a shallow embedding is usually less involved, and existing Isabelle theories and tools can
be applied more directly to enhance automation; due to the lifting in the Intensional theory, a shallow
embedding can reuse standard logical operators, whilst a deep embedding requires a different set of
operators for formulas. Finally, since our target is system verification rather than proving meta-properties
of the logic, which requires a deep embedding, a shallow embedding is more fit for purpose.

2.1 Types of Formulas

To mechanise the ITL semantics, the following type abbreviations are used:

type-synonym (‘a,’b) formfun = 'a interval = 'b

type-synonym ’'a formula = ('a,bool) formfun
type-synonym ('a,’b) stfun = 'a='b
type-synonym ’a stpred = (‘a,bool) stfun
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instance
fun :: (type,type) world ..

instance
prod :: (type,type) world ..

instance
interval :: (type) world ..

Pair, function, and interval are instantiated to be of type class world. This allows use of the lifted
Intensional logic for formulas, and standard logical connectives can therefore be used.

2.2 Semantics of ITL

The semantics of ITL is defined.
definition skip-d :: (‘a ::world) formula

where skip-d = As. intlen s =1

definition chop-d :: ('a ::world) formula = ('a ::world) formula = ('a ::world) formula
where chop-d F1 F2 = X's. 3n. 0< n A n<intlen s A\ ((prefix n s) = F1) A ((suffix n's) = F2')

definition chopstar-d :: ('a::world) formula = 'a formula
where chopstar-d F = Xs. (3 (I::index). index-sequence 0 | A (nth | (intlen 1)) = (intlen s) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth 1i) (nth | (i+1))s) = F)
)

)

definition reverse-d :: (‘a::world, 'b) formfun = ('a, 'b) formfun
where reverse-d F = X s. intrevs = F

definition current-val-d :: (‘a::world,’'b) stfun = ('a,’b) formfun
where current-val-d f = X's. (nths0) = f

definition next-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where next-val-d f = X s. if intlen s >0 then ((nth s 1) |= ) else (¢ (x::'b ). x=x)

definition fin-val-d :: (‘a::world,’b) stfun = ('a,'b) formfun
where fin-val-d f = X\ s. (nth s (intlen s)) = f

definition penult-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where penult-val-d f = X s. if intlen s >0 then (nth s ((intlen s)—1) |= f) else (e (x::'b ). x=x)

2.2.1 Concrete Syntax

This is the concrete syntax for the (abstract) operators above.

syntax
-skip-d o lift ((skip))
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_chop-d  [lift,lift] = life ((<-) [84,84] 83)
-chopstar-d  :: lift = lift ((-*) [85] 85)
-reverse-d = lift = lift ((-") [85] 85)

-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d . lift = lift ((-$) [100] 99)
-fin-val-d ~ : lift = lift ((!-) [100] 99)

-penult-val-d :: lift = lift ((-1) [100] 99)

|
TEMP 2 lift = 'b ((TEMP -))

syntax (ASCII)

-skip-d = lift ((skip))

_chop-d [l lift] = lift ((<-) [64,84] 83)
-chopstar-d  :: lift = lift ((chopstar -) [85] 85)
-reverse-d = lift = ift ((reverse -) [85] 85)
-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-$) [100] 99)
-fin-val-d ~ : lift = lift ((!-) [100] 99)

-penult-val-d :: lift = lift ((-1) [100] 99)
translations

-skip-d = CONST skip-d

-chop-d = CONST chop-d
-chopstar-d = CONST chopstar-d
-reverse-d = CONST reverse-d
-current-val-d = CONST current-val-d
-next-val-d = CONST next-val-d
-fin-val-d = CONST fin-val-d
-penult-val-d = CONST penult-val-d
TEMP F — (F:: (- interval) = -)

2.3 Abbreviations

Some standard temporal abbreviations, with their concrete syntax.

definition sometimes-d :: ('a::world) formula = 'a formula
where sometimes-d F = LIFT (# True;F)

definition di-d :: (‘a::world) formula = 'a formula
where di-d F = LIFT(F;# True)

definition da-d :: (‘a::world) formula = 'a formula
where da-d F = LIFT (# True;(F;# True))

definition next-d :: (‘a::world) formula = 'a formula
where next-d F = LIFT (skip;F)

definition prev-d :: (‘a::world) formula = 'a formula
where prev-d F = LIFT(F;skip)

2.3.1 Concrete Syntax

syntax
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-sometimes-d :: lift = lift ((<-) [88] 87)

diid lift = lift ((di-) [88] 87)
“da-d  : lift = lift ((da -) [88] 87)
-next-d = lift = lift ((O -) [88] 87)
-prev-d = lift = lift ((prev -) [88] 87)

syntax (ASCII)
-sometimes-d :: lift = lift ((<>-) [88] 87)

di-d o lift = lift ((di-) [88] 87)
da-d  : lift = lift ((da -) [88] 87)
-next-d 2 lift = lift ((next -) [88] 87)
-prev-d  :: lift = lift ((prev -) [88] 87)

translations
-sometimes-d = CONST sometimes-d
-di-d = CONST di-d
-da-d = CONST da-d
-next-d = CONST next-d
-prev-d = CONST prev-d

definition always-d :: (‘a::world) formula = 'a formula
where always-d F = LIFT (=(<C(=F)))

definition bi-d :: (‘a::world) formula = 'a formula
where bi-d F = LIFT(=(di(=F)))

definition ba-d :: (‘a::world) formula = 'a formula
where ba-d F = LIFT(—(da(—F)))

definition wnext-d :: (‘a::world) formula = 'a formula
where wnext-d F = LIFT (—(O(—F)))

definition wprev-d :: (‘a::world) formula = 'a formula
where wprev-d F = LIFT (—(prev(=F)))

definition more-d :: (‘a::world) formula
where more-d = LIFT (O(# True))

syntax

-always-d :: lift = lift ((O-) [88] 87)
bi-d lift = lift ((bi-) [88] 87)
-ba-d 2 lift = lift ((ba -) [88] 87)

-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))
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syntax (ASCII)

-always-d :: lift = lift (([]-) [88] 87)
bi-d lift = lift ((bi-) [88] 87)
-ba-d o lift = lift ((ba -) [88] 87)
-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

translations

-always-d = CONST always-d
-bi-d = CONST bi-d
-ba-d = CONST ba-d
-wnext-d = CONST wnext-d
-wprev-d = CONST wprev-d
-more-d = CONST more-d

definition empty-d :: (‘a::world) formula
where empty-d = LIFT (—(more))

definition dm-d :: ('a::world) formula = 'a formula
where dm-d F = LIFT (# True;(more A F))

syntax

-empty-d . lift ((empty))
-dm-d = lift = lift ((dm -) [88] 87)
syntax (ASCII)

-empty-d . lift ((empty))
-dm-d o lift = lift ((dm -) [88] 87)

translations
-empty-d = CONST empty-d
-dm-d = CONST dm-d

definition bm-d :: (‘a::world) formula = 'a formula
where bm-d F = LIFT (—(dm(—F)))

definition init-d :: ('a::world) formula = 'a formula
where init-d F = LIFT ((empty A F);# True)

definition fin-d :: (‘a::world) formula = 'a formula
where fin-d F = LIFT(O(empty — F))

definition halt-d :: ('a::world) formula = 'a formula
where halt-d F = LIFT(O(empty = F))

definition initonly-d :: (‘a::world) formula = 'a formula
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where initonly-d F = LIFT (bi(empty = F))

definition keep-d :: (‘a::world) formula = 'a formula
where keep-d F = LIFT (ba(skip — F))

definition yields-d :: ('a::world) formula = 'a formula = 'a formula
where yields-d F1 F2 = LIFT(—(F1;(=F2)))

definition ifthenelse-d :: ('a::world) formula = 'a formula = 'a formula = 'a formula
where ifthenelse-d F G H = LIFT((F N G) V (=F A H))

primrec power-chop-d :: ('a::world) formula = nat = 'a formula
where power-0 : (power-chop-d F 0) = LIFT (empty)
| power-Suc: (power-chop-d F (Suc n)) = LIFT((F N more);(power-chop-d F n))

primrec len-d :: nat = (‘a::world) formula
where len-0 : (len-d 0) = LIFT (empty)
| len-Suc: (len-d (Suc n)) = LIFT (skip;(len-d n))

primrec power-d :: ('a::world) formula = nat = 'a formula
where pow-0 : (power-d F 0) = LIFT (empty)
| pow-Suc: (power-d F (Suc n)) = LIFT((F);(power-d F n))

syntax

-bm-d = lift = lift ((bm -) [88] 87)
Lnitd  lift = lift ((init -) [88] 87)
-fin-d 2 lift = lift ((fin -) [88] 87)
Chalt-d o ift = lift ((halt -) [88] 87)
-initonly-d . lift = lift ((initonly -) [88] 87)
keep-d lift = lift ((keep -) [88] 87)

_yields-d = [lift,liff] = it ((- yields -) [88.88] 87)
-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)

-len-d i nat = lift ((len -) [88] 87)
-power-chop-d :: [lift,nat] = lift ((powerchop - -) [88,88] 87)
-power-d  :: [lift,nat] = lift ((power - -) [88,88] 87)
syntax (ASCII)

-bm-d = lift = lift ((bm -) [88] 87)

Lnit-d  lift = lift ((init -) [88] 87)

-fin-d o lift = lift ((fin -) [88] 87)

_halt-d lift = lift ((halt -) [88] 87)

-initonly-d  :: lift = lift ((initonly -) [88] 87)

-keep-d = lift = lift ((keep -) [88] 87)

yields-d :: [lift,liff] = lift  ((- yields -) [68,88] 87)
-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)

-len-d i nat = lift ((len -) [88] 87)
-power-chop-d :: [lift,nat] = lift ((powerchop - -) [88,88] 87)
-power-d  :: [lift,nat] = lift ((power - -) [88,88] 87)
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translations

-bm-d = CONST bm-d
-init-d = CONST init-d

-fin-d = CONST fin-d

-halt-d = CONST halt-d
-initonly-d = CONST initonly-d
-keep-d = CONST keep-d
-yields-d = CONST yields-d
-ifthenelse-d = CONST ifthenelse-d
-len-d = CONST len-d
-power-chop-d = CONST power-chop-d
-power-d = CONST power-d

definition ifthen-d :: (‘a::world) formula = 'a formula = 'a formula
where ifthen-d F G = LIFT (if; F then G else # True )

definition while-d :: (‘a::world) formula = 'a formula = 'a formula
where while-d F G = LIFT( ( F A G)* A (fin ((=F))) )

syntax
-ifthen-d :: [lift,lift] = lift ((if; - then - ) [88,88] 87)
-while-d :: [lift,lift] = lift ((while - do - ) [88,88] 87)

syntax (ASCII)
-ifthen-d :: [lift,lift] = lift ((if; - then - ) [88,88] 87)
-while-d :: [lift,lift] = lift ((while - do - ) [88,88] 87)

translations
-ifthen-d = CONST ifthen-d
-while-d = CONST while-d

definition repeat-d :: (‘a::world) formula = 'a formula = 'a formula
where repeat-d F G = LIFT(F;while (- G) do F )

syntax
-repeat-d :: [lift,lift] = lift ((repeat - until - ) [88,88] 87)

syntax (ASCII)
-repeat-d :: [lift,lift] = lift ((repeat - until - ) [88,88] 87)

translations
-repeat-d = CONST repeat-d
definition next-assign-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula

where next-assign-d ve = LIFT( v$ = e)

definition prev-assign-d :: (‘a::world,’'b) stfun = ('a,’b) formfun = 'a formula
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where prev-assign-d ve = LIFT( v! =€)

definition always-eq-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where always-eg-d ve =X s. s E 0O(Sv = e)

definition temporal-assign-d :: ('a::world,’b) stfun = ('a,’b) formfun = 'a formula
where temporal-assign-d ve =Xs. s =lv=ce

definition gets-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where gets-d ve = A s. s |= keep( temporal-assign-d v €)

definition stable-d :: (‘a::world,’b) stfun = 'a formula
where stable-d v = X\ s. s |= gets-d v (current-val-d v)

definition padded-d :: ('a::world,’'b) stfun = 'a formula
where padded-d v = X s. s |= (stable-d v);skip V empty

definition padded-temp-assign-d :: ('a::world,’b) stfun = ('a,’b) formfun = 'a formula
where padded-temp-assign-d v e = X s. s |= (temporal-assign-d v e) A (padded-d v)

syntax

-next-assign-d o [liftlift]) = lift ((- :== -) [50,51] 50)
-prev-assign-d = [liftlift]) = lift ((- =: -) [50,51] 50)
-always-eq-d = [lift lift) = lift ((- = -) [50,51] 50)
-temporal-assign-d . [lift,lift] = lift ((- < -) [50,51] 50)
-gets-d 2 [liftlift] = lift ((- gets -) [50,51] 50)
-stable-d 2 lift = lift ((stable -) [51] 50)
-padded-d = lift = lift ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

syntax (ASCII)

-next-assign-d = [lifelift) = lift ((- := -) [50,51] 50)
-prev-assign-d : [liftlift]) = lift ((- =: -) [50,51] 50)
-always-eq-d = [lift ift] = lift ((- a/weqv -) [50,51] 50)
-temporal-assign-d  :: [lift,lift] = lift ((- <—— -) [50,51] 50)
-gets-d : [lift,lift] = lift ((- gets -) [50,51] 50)
-stable-d lift = lift ((stable -) [51] 50)
_padded-d :lift = lift  ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

translations

-next-assign-d = CONST next-assign-d
-prev-assign-d = CONST prev-assign-d
-always-eq-d = CONST always-eq-d
-temporal-assign-d = CONST temporal-assign-d
-gets-d = CONST gets-d

-stable-d = CONST stable-d

-padded-d = CONST padded-d

-padded-temp-assign-d = CONST padded-temp-assign-d
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2.4 Properties of Operators

The following lemmas show that these operators have the expected semantics.

lemma skip-defs :
(w = skip) = ( intlen w =1)
by (simp add: skip-d-def)

lemma chop-defs :
(wk= FI; F2)=(3 n.0<n A n<intlen w A ((prefix n w)l= F1) A ( (suffix n w) = F2) )
by (simp add: chop-d-def)

lemma sometimes-defs :
(w =< F)= (3 n. 0<n A n<intlen w A\ ((suffix n w) = F))
by (simp add: Semantics.sometimes-d-def chop-defs)

lemma always-defs :
(wE=0OF)=(Y n. 0<n A n<intlen w — ((suffix n w) = F))
by (simp add: always-d-def sometimes-defs)

lemma di-defs :
(w =di F) = (3 n. 0<n A n<intlen w A ((prefix n w) = F))
by (simp add: Semantics.di-d-def chop-defs)

lemma bi-defs :
(w = bi F) = (Y n. 0<n A n<intlen w — ((prefix n w) = F))
by (simp add: Semantics.bi-d-def di-defs)

lemma da-defs :
(wldaF)=(3 nna. 0<n A na+n < intlen w A ((sub n (na+n) w) = F))
apply (simp add: Semantics.da-d-def chop-defs)
using interval-prefix-length-good interval-suffix-length-good
by (smt add.commute add-diff-cancel-left’ add-leD2 interval-sub-prefix-suffix-0 le-iff-add
nat-add-left-cancel-le zero-le)

lemma ba-defs :
(w = ba F)=(V nna. 0<n A na+n < intlen w — ((sub n (na+n) w) = F))
by (simp add: ba-d-def da-defs)

lemma next-defs :

(w = O F) = (intlen w > 0 A ((suffix 1 w)l= F) )
apply (simp add: next-d-def chop-defs skip-defs)
using Suc-le-eq by force

lemma wnext-defs :
(w = wnext F) = (intlen w = 0 V ((suffix I w)E= F) )
by (simp add: wnext-d-def next-defs)

lemma prev-defs :

(w = prev F) = (intlen w > 0 A ((prefix ((intlen w)—1) w)l= F) )
by (simp add: prev-d-def chop-defs skip-defs)
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(metis One-nat-def Suc-lel diff-diff-cancel diff-is-0-eq’ diff-le-self
interval-suffix-length-good neqO-conv zero-neqg-one)

lemma wprev-defs :
(w = wprev F) = (intlen w = 0 V ((prefix ((intlen w)—1) w)k= F) )
by (metis (mono-tags, lifting) less-le prev-defs unl-lift wprev-d-def zero-le)

lemma more-defs :
(w = more) = (intlen w>0)
by (simp add: more-d-def next-defs)

lemma empty-defs :
(w = empty) = (intlen w = 0)
by (simp add: empty-d-def more-defs)

lemma init-defs :
(w [= init F) = ( (Interval.prefix 0 w) = F )
by (simp add: init-d-def empty-defs chop-defs) auto

lemma initalt-defs :
(w = bi( empty — F)) = ( (Interval.prefix O w) = F )
by (simp add: bi-defs empty-defs)

lemma fin-defs :
(w [ fin F) = ( (Interval.suffix (intlen w) w) = F)
by (simp add: fin-d-def empty-defs always-defs)

lemma finalt-defs :
(w = # True;(F A empty)) = ( (Interval.suffix (intlen w) w) = F)
by (simp add: chop-defs empty-defs) fastforce

lemma halt-defs :
(w = halt(F)) = (Y n<intlen w. (intlen w = n) = F (suffix n w))
by (simp add: halt-d-def empty-defs always-defs)

lemma initonly-defs :
(w = initonly(F)) = (V n<intlen w. (n = 0) = F (prefix n w))
by (simp add: initonly-d-def bi-defs empty-defs)

lemma ifthenelse-defs:
(w = ifj F then G else H) =

((wEFRAWEG)V((~(wk F)A(wk H)))
by (simp add: ifthenelse-d-def)

lemma /en-defs :
(w = len n) = (intlen w =n)
by (induct n arbitrary: w, simp add: len-d-def empty-defs,
simp add: len-d-def chop-defs skip-defs) fastforce

lemma currentval-defs :
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(s E $v) = (v (nth s 0))
by (simp add: current-val-d-def)

lemma nextval-defs :
(s = v$) = (ifintlen s >0 then (v (nth s 1)) else (¢ x. x=x))
by (simp add: next-val-d-def)

lemma finval-defs :
(s &= v) = (v (nth s (intlen s)))
by (simp add: fin-val-d-def)

lemma penultval-defs :
(s E v!) = (ifintlen s >0 then (v (nth s ((intlen s)—1))) else (e x. x=x))
by (simp add: penult-val-d-def)

lemma next-assign-defs :
intlen s >0 = (s = v := e) = v (Interval.nths 1) = es
by (auto simp: next-assign-d-def next-val-d-def)

lemma prev-assign-defs :
intlen s >0 = (s = v =: e) = v (Interval.nth s ((intlen s)—1)) = es
by (auto simp: prev-assign-d-def penult-val-d-def)

lemma always-eqv-defs :
(s Evre)= (Y i<intlens. v (Interval.nth s i) = e (suffix i s))
by (simp add: always-eq-d-def always-defs current-val-d-def)

lemma temporal-assign-defs :
(s & v « e) = (v (Interval.nth s (intlen s)) = e s)
by (simp add: temporal-assign-d-def fin-val-d-def )

lemma gets-defs :

(s = vgetse) = (VY i < intlens. v (Interval.nth s (Suc i)) = e (sub i (i+1)s))
apply (simp add: gets-d-def keep-d-def ba-defs skip-defs sub-def temporal-assign-defs)
using Suc-le-eq by blast

lemma stable-defs-help:
(Vi<intlen s. v (Interval.nth s (Suc i)) = v (Interval.nth s i)) =
(Vi<intlen s. v (Interval.nth s i) = v (Interval.nth s 0))
proof
(induct s)
case (St x)
then show ?case by simp
next
case (Cons xla s)
then show 7case
by (smt Suc-lessl interval-nth-Suc intlen.simps(2) le-SucE le-neq-implies-less le-simps(1)
less-Suc-eq plus-1-eq-Suc zero-less-Suc)
ged

26



lemma stable-defs:
(s |= stable v) = (V i<intlen's. (v (nth s i)) = (v (nth s 0)))
by (simp add: stable-d-def gets-defs current-val-d-def sub-def stable-defs-help)

lemma padded-defs :
(s = padded v) = ((V i< intlen s. (v (nth s i)) = (v (nth s 0))) V intlen s =0)
apply (simp add: padded-d-def stable-defs chop-d-def skip-defs empty-defs interval-suffix-length)
by (smt Suc-lel Suc-pred diff-diff-cancel interval-intlen-gr-zero le-neq-implies-less le-simps(1)
less-Suc-eq)

lemma padded-temporal-assign-defs :
(sEv<~e) =
((s = padded v) A
(v (Interval.nth s (intlen s)) = es))
by (simp add: padded-temp-assign-d-def padded-defs temporal-assign-defs, auto)

lemma linalw:
a < b A b<intlen w A ((suffixaw )= 0O A) — ((suffixbw ) E 0O A)
apply (simp add: always-defs)
by (smt add.assoc add.commute interval-suffix-length-good le-add-diff-inverse le-trans
ordered-cancel-comm-monoid-diff-class.le-diff-conv2)

2.5 Soundness Axioms
2.5.1 ChopAssoc

lemma ChopAssocSemHelp:
(Fiia. i<intlen o A ia < intlen o —i A (prefixi o = f) A
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h)) =
(3jja . j <intlen o A ja < j A (prefix ja (prefix j o) = ) A
(suffix ja (prefix j o) = g) A (suffix j o = h))
by (smt Nat.le-diff-conv2 add-diff-cancel-left’ interval-pref-pref-3 interval-suffix-prefix-swap
le-add1 le-add-diff-inverse2 le-trans)

lemma ChopAssocSemHelp2:
(0= fi(g:h)=I(oF (fig)h)
proof —
have (c E f;(g; h) =
((Fi<intlen o. (prefix i o = ) A (Fia<intlen (suffix i o).
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h))))
by (simp add: chop-defs)
also have ... =
(Fiia. i<intlen o A ia < intlen o —i A (prefixi o = f) A
(prefix ia (suffix i o) = g) A (suffix (ia+ i) o E h))
by fastforce
also have ... =
(3jja . j <intlen o A ja < j A (prefix ja (prefix j o) = f) A
(suffix ja (prefix j o) = g) A (suffix j o = h))
using ChopAssocSemHelp[of o f g h] by blast
also have ... =
(Fi<intlen o. (Fia<intlen (prefix i o). (prefix ia (prefix i o) = f) A

27



(suffix ia (prefix i o) = g)) N (suffix i o = h))
by fastforce
also have ... =

(o = (f;g);h) by (simp add: chop-defs)
finally show (o0 = f; (g; h)) = (0 = (f;g):h) .
ged

lemma ChopAssocSem:
(e = fi(g:ih) = (fig)h)

using ChopAssocSemHelp2 using unl-lift2 by blast
2.5.2 OrChoplmp

lemma OrChoplmpSem:
(cE (fVghh — fhVvgh)
by (simp add: chop-defs) blast

2.5.3 ChopOrimp

lemma ChopOrlmpSem:
(c Efi(gvh)— figV fh)
by (simp add: chop-defs) blast

2.5.4 EmptyChop

lemma EmptyChopSem:
(0 =empty ; f=1)

by (simp add: empty-defs chop-defs) auto
2.5.5 ChopEmpty

lemma ChopEmptySem:
(o0 | fiempty = f)

by (simp add: empty-defs chop-defs) auto
2.5.6 StatelmpBi

lemma StatelmpBiSem:
(0 k= init f —  bi (init f))
by (simp add: init-defs bi-defs)

2.5.7 NextlImpNotNextNot

lemma NextImpNotNextNotSem:
(cEOf— = (O(=1)))
by (simp add: next-defs)

2.5.8 BiBoxChoplmpChop

lemma BiBoxChoplmpChopSem:
(cEb(f—fI)NO(g — gl) — ;g — fl1;g1)
by (simp add: bi-defs always-defs chop-defs) fastforce

28



2.5.9 BoxInduct

lemma box-induct-help-1 :
(o = f)A(Vi. Suc0 < intleno — i —
i < intlen o — (suffix i o |= f) — (suffix (Suc i) o |= f))
= (V j. j < intlen 0 — (suffix j o |= f))
proof
fix j
show (o |=f) A (Vi. Suc 0 < intleno — i —
i < intlen 0 — (suffixi o |= f) — (suffix (Suc i) o = f))
= j < intlen 0 — (suffix j o |= f)
proof
(induct j arbitrary: o)
case 0
then show ?’case by simp
next
case (Suc j)
then show 7case
by (metis Nat.le-diff-conv2 One-nat-def Suc-eq-plusI-left Suc-leD)
ged
ged

lemma BoxInductSem:
(cEFO(f — wnext ) ANf — 0Of)
apply (simp add: always-defs wnext-defs)
using box-induct-help-1 by (metis One-nat-def diff-self-eq-0 not-one-le-zero)

2.5.10 ChopStarEqv

lemma chopstar-help-1:
(31. I=(0) A index-sequence 0 | N
Interval.nth | (intlen ) = (intlen o) A
(Vi. (0<i N i< (intlen ])) —
((sub (nth i) (nth | (i+1)) o) |= f)
)) «— (intlen o =0)
by (simp add: index-sequence-def)

lemma chopstar-help-2:
(Vi. (0<i A i< 1+(intlen Is)) —
((sub (nthIs (i—1)) (nthIs ((i—=1)+1)) o) E f)
) =
(Vi. (0<i A i< (intlen Is)) —

((sub (nthIs (i) (nth Is (()+1)) o) &= f)

by (metis Suc-eq-plusl Suc-pred add-diff-cancel-right’ add-less-cancel-left
add-nonneg-pos le-add2 le-add-same-cancel2 plus-1-eq-Suc zero-less-one)

lemma chop-power-chain:
(3 (I::index). (intlen I) = (Suc n) A index-sequence 0 | A (nth | (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth i) (nth | (i+1)) o) |= f)
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)
) =
(T k.0<kNk<intlenoc Nk > 0N
(subOko|=1)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((i)+1)) (suffix k o)) = f)
)

)

proof —
have (3 (/::index). (intlen I) = (Suc n) A index-sequence 0 | N\
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth 1'i) (nth | (i+1)) o) |= f)
)
)
(3 xIs 1. (intlen I) = (Suc n) A I=x®ls A index-sequence 0 | A
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlen I)) —
((sub (nth i) (nth | (i+1)) o) = f)
)

)

using interval-intlen-cons-1 by (metis zero-less-Suc)
also have ... =
(3 xIs 1. (intlen I) = (Suc n) N\ I=x®ls A index-sequence 0 (x®Is) N
(nth (x®lIs) (intlen (x®Is))) = (intlen o) A
(Vi. (0<i A i< (intlen (x®ls))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f)
)

by auto
also have ... =
(3 xIs . (intlen Is) = n A index-sequence 0 (x®ls) A
(nth (x®lIs) (intlen (x®Is))) = (intlen o) A
(Vi. (0<i A i< (intlen (x®Is))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f)

by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence 0 (x ® Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
((Vi. (0<i A i< (intlen (x®Is))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = ))
)
)
by (simp add: index-sequence-def)
also have ... =
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(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls 0) A
((Vi. (0<i A i< (intlen (x®Is))) —
) ((sub (nth (x®lIs) i) (nth (x®Is) (i+1)) o) = f))
)
)

using interval-idx-cons by auto
also have ... =

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls 0) A
((sub (nth (x®Is) 0) (nth (x®Is) (1)) o) | f)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —
) ((sub (nth (x®ls) i) (nth (xOls) (i+1)) o) |= f))
)
)

by (metis (no-types, lifting) One-nat-def add.right-neutral add-Suc add-Suc-right

add-cancel-right-left interval-intlen-cons not-gr-zero zero-le zero-less-Suc)

also have ... =

by auto

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nth Is 0) A (nth (x®Is) 0) = x A (nth (x®Is) (1)) = (nth Is 0) A
((sub (nth (x®Is) 0) (nth (x®ls) (1)) o) = f)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —
) ((sub (nth (x®lIs) i) (nth (xOls) (i+1)) o) |= f))
)
)

also have ... =

by auto

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthIs 0) A (nth (x®Is) 0) = x A (nth (x®Is) (1)) = (nth Is 0) A
((sub x (nth Is 0) o) = 1)
A
((Vi. (0<i N i< 1+ (intlen (Is))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = ))
)
)

also have ... =

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nth Is 0) A
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((sub x (nthIs 0) o) = f)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —
) ((sub (nth (x®ls) i) (nth (x®ls) (i+1)) o) |= f))
)
)

by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
( x < (nthIs 0) A
((sub x (nth Is 0) o) = 1)
A
(Vi. (0<i A i< 1+(intlen Is)) —
((sub (nth Is (i—1)) (nthIs ((i—1)+1)) o) E f)
)
using interval-nth-cons by metis
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(
(

x < (nth Is 0) A
(sub x (nth Is 0) o) = f))
A (Vi. (0<i A i< (intlen Is)) —»
) ((sub (nth Is (i) (nthIs ((I)+1)) o) = f)
)

using chopstar-help-2 by (metis (mono-tags))
also have ... =
(3 Is . (intlen Is) = n A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(0 < (nth Is 0) A
((sub 0 (nth Is 0) o) = f))
A (Vi. (0<i A i< (intlen Is)) —
) ((sub (nth Is (i) (nthIs ((1)+1)) o) = f)

by simp
also have ... =
(3 Isk . (intlen Isk) = n A (nth Isk 0) < intlen o A (nth Isk 0) > 0 A
((sub 0 (nth Isk 0) o) = f) A
index-sequence (nth Isk 0) (Isk) A
(nth (Isk) (intlen (Isk))) = (intlen o) A
(Vi. (0<i A i< (intlen Isk)) —
) ((sub (nth Isk (i) (nth Isk ((i)+1)) o) E )

)

by (metis Suc-eq-plus1 Suc-pred add.left-neutral eq-iff interval-idx-less-last
interval-intlen-gr-zero le-neq-implies-less lessl less-imp-le-nat)
also have ... =
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(3 k Isk. (intlen Isk) = n A (nth Isk 0) < intlen o A
(nth Isk 0) > 0 A k=(nth Isk 0) A
(sub 0 (nth Isk 0) o = f) A
index-sequence (nth Isk 0) (Isk) A
(nth (Isk) (intlen (Isk))) = (intlen (o)) A
(Vi. (0<i A i< (intlen Isk)) —
) ((sub ((nth sk (1)) ((nth Isk ((7)+1))) (0)) = )

)

by auto
also have ... =
(3 kIsk. (intlen Isk) = n A 0 <k A k < intlen o N k > 0 N\ k=(nth Isk 0) A
(subOko=1)A
(index-sequence k (Isk) A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk))

((sub ((nth Isk (7)) ((nth Isk ((/)+1))) (¢)) E )

)
)
apply (simp add: interval-prefix-suffix-intlen interval-suffix-length interval-prefix-length)
by auto
also have ... =

(3 kIsk. (intlen Isk) = n A 0 <k N k < intlen o N k > 0 A
(subOko|=1)A
(index-sequence k (Isk) A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk))

) ((sub ((nth Isk (7)) ((nth Isk ((/)+1))) (¢)) E )
)

using index-sequence-def by auto
also have ... =
(3 k. 0<kANk<intleno AN k>0AN
(subOko|=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Is = map (shiftm k) Isk A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk)) —

) ((sub ((nth Isk (7)) ((nth Isk ((/)+1))) (¢)) & f)
)

by blast
also have ... =
(3 k. 0<kANk<intleno AN k>0AN
(subOko=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Is = map (shiftm k) Isk A
index-sequence 0 (Is) A (intlen Is) = n A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk)) —
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((sub ((nth Isk (i))) ((nth Isk ((1)+1))) (0)) = f)

)
)
using interval-idx-link-shiftm by blast
also have ... =

(3 k. 0<kANk<intleno AN k>0 A
(subOko=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Isk = map (shift k) Is A
index-sequence 0 (Is) A (intlen Is) = n A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k &))+k) A
(Vi. (0<i A i< (intlen Isk)) —

) ((sub ((nth Isk (1)) ((nth Isk ((/)+1))) (¢)) & f)
)

using interval-Isk-Is by blast
also have ... =
(3 kisisk. 0<kANk<intlenoc ANk >0A
(subOko|=1)A
( (intlen Isk) = n A Isk = map (shift k) Is A
index-sequence 0 (Is) A
index-sequence k (Isk) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

) ((sub ((nth Is (i))+k) ((nth Is (()+1))+k) (0)) = f)
)

apply (simp add: Interval.shift-def interval-intlen-map interval-nth-map) by blast
also have ... =
(3 kisisk. 0 <k Nk < intleno A k>0 A
(subOko=1)A
( (intlen Isk) = n A Isk = map (shift k) Is A
(intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

((sub ((nth Is (i))+k) ((nth Is (()+1))+k) (0)) = f)

)
)
using interval-idx-link by blast
also have ... =

(3 k.0 <k Nk <intleno A k>0 A
(subOko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

((sub ((nth Is (i))+k) ((nth Is ((I)+1))+k) (o)) E )

)
)
by (simp add: interval-intlen-map)
also have ... =
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(3 k.0<kANk<intleno ANk >0 A
(subOko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi<intlen Is. Interval.nth Is i < intlen (suffix k o)) A
(Vi. (0<i AN i< (intlen Is)) —
((sub ((nth Is (i))+k) ((nthIs ((I)+1))+k) (o)) = f)

)

)

)
using interval-idx-bound-1 by blast
also have ... =
(3 k.0<k Nk <intleno A k>0 A
(subOkol=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi<intlen Is. Interval.nth Is i < intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((i)+1)) (suffix k o)) = f)

)

)
)

by (smt add.commute index-sequence-def interval-idx-expand interval-sub-suffix
interval-suffix-length-good plus-1-eq-Suc)
also have ... =
(3 k.0 <k Nk <intleno A k>0 A
(subOkol=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((1)+1)) (suffix k o)) = f)
)

)

using interval-idx-bound-1 by blast
finally show (3 (/::index). (intlen I) = (Suc n) A index-sequence 0 | A
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlen I)) —»
((sub (nth i) (nth | (i+1)) o) = f)

~—

) =
(3 k.0<kNk<intleno Nk >0AN(subOkol="Ff)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —
) ((sub (nth Is (i) (nth Is ((1)+1)) (suffix k o)) = )

)
)

ged
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lemma chop-power-eqv-sem:
(3 n. (o = (power-chop-d f n))) =
((o = empty) Vv (3 n. (o = (f A more); (power-chop-d f n))))
by (metis notO-implies-Suc power-chop-d.power-0 power-chop-d.power-Suc)

lemma chopstar-eqv-power-chop-help:
( o = power-chop-d f n) =
(3 (I::index). intlen(l) = n A index-sequence 0 | N
(nth | (intlen I)) = (intlen ( o)) A
(Vi. (0<i A i< (intlen I)) —»
((sub (nth 1) (nth | (i+1)) (o)) & )
)

)

proof
(induct n arbitrary: o)
case 0
then show ?case using index-sequence-def chopstar-help-1 empty-defs
by (metis interval-intlen-st power-chop-d.power-0)
next
case (Suc n)
then show Zcase
proof —
have 1: (o |= power-chop-d f (Suc n)) = (o = ((f A more);(power-chop-d f n)))
by simp
have 2: (o = ((f A more);(power-chop-d f n))) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(prefix k (o) = ) A
(suffix k (o) = power-chop-d f n)
)

by (simp add: more-defs chop-defs) auto
have 3: (3 k. 0 <k A k < intlen (6) N k > 0 A
(prefix k (o) = ) A
(suffix k (o) = power-chop-d f n)
) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(subOk (o) =f) A
(suffix k (o) = power-chop-d f n)
)
by (simp add: interval-sub-zero-prefix)
have 4: (3 k. 0 <k A k < intlen (c) N k > 0 A
(sub0k (o) Ef) A
(suffix k (o) = power-chop-d f n)
) =
(3 k. 0 <k N k < intlen (6) A k > 0 A
(subOk (o) =Ff) A
(3 (I::index). intlen(l) = n A index-sequence 0 | A
(nth I (intlen 1)) = (intlen (suffix k o)) A
(Vi. (0<i N i< (intlen])) —
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((sub (nth 1) (nth | (i+1)) (suffix k o)) = f)

)
)
)

using Suc.hyps by auto
have 5:
(3 (I::index). (intlen 1) = (Suc n) A index-sequence 0 | N\
(nth | (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlen I)) —
((sub (nth 1'i) (nth | (i+1)) o) E f)
)
) =

(3 k.0 <k Nk <intleno Nk >0 A
(subOko=1)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i AN i< (intlen Is)) —
| ((sub (nth Is (i) (nth Is ((1)+1)) (suffix k o)) = f)

)
)
using chop-power-chain by simp
from 1 2 3 4 5 show ?thesis by auto
ged
ged

lemma chopstar-eqv-power-chop:
(0 =f*) = (3 k. (¢ = power-chop-d f k))
by (simp add: chopstar-d-def chopstar-eqv-power-chop-help)

lemma ChopstarEqvSem:

(o E (f* = (empty vV (f A more); (f*))) )
using chopstar-eqv-power-chop
by (smt chop-d-def chop-power-eqv-sem unl-lift2)

2.6 Quantification over State (Flexible) Variables

The hidden state approach, as used in the embedding of TLA in Isabelle/HOL TLA embedding [3, 2], is
used. Here [3, 2], a state space is defined by its projections, and everything else is unknown. Thus, a
variable is a projection of the state space, and has the same type as a state function. Moreover, strong
typing is achieved, since the projection function may have any result type. To achieve this, the state
space is represented by an undefined type, which is an instance of the world class to enable use with the

Intensional theory.

typedecl state
instance state :: world ..

type-synonym ‘a statefun = (state,’a) stfun
type-synonym statepred = bool statefun
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type-synonym ‘a tempfun = (state,’a) formfun
type-synonym temporal = state formula

Similar to [3, 2] we define a state to be an anonymous type whose only purpose is to provide Skolem
constants. Similarly, we do not define a type of state variables separate from that of arbitrary state
functions, again in order to simplify the definition of flexible quantification later on. Nevertheless, we need
to distinguish state variables. Note we deviate from [3, 2] in that we do not use axioms but use definitions
and lemmas.

2.7 Temporal Quantifiers
definition exist-state-d :: ('a statefun = temporal )= temporal (binder Eex 10)

where exist-state-d F = (As. (3 x. s = Fx))

syntax
-Eex :: [idts, lift] = lit ~ ((333 -./ -) [0,10] 10)

translations
-Eex vA == Eexv. A

definition forall-state-d :: ('a statefun = temporal )= temporal (binder Aall 10)
where forall-state-d F = LIFT(—=(33 x. =(F x)))

syntax
-Aall :: [idts, lift] = lift  ((3YV -./ -) [0,10] 10)

translations
SAallv A== Aallv. A

2.8 Unlifting attributes and methods

The following is again from [3, 2] but adapted for our need.

lemma int-eq-true: - P — F P = # True
by auto

lemma inteq: - X =Y = X =Y
by (auto simp: inteq-reflection)

lemma int-iffl:
assumes - F — Gand - G — F
shows - F = G
using assms by force

lemma int-iffD1: assumes h: - F = G shows - F — G
using h by auto

lemma int-iffD2: assumes h: - F = G shows - G — F
using h by auto
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lemma lift-imp-trans:
assumes - A— Band+-B — C
shows- A — C
using assms by force

lemma /ift-imp-neg: assumes - A — B shows - =B — —A
using assms by auto

lemma lift-and-com: + (A A B) = (B A A)
by auto

Attribute which unlifts an intensional formula

ML «
fun unl-rewr ctxt thm =
let
val unl = (thm RS ©@{thm intD})
handle THM - => thm
val rewr = rewrite-rule ctxt @{thms intensional-rews}
in
unl |> rewr
end,

)
attribute-setup unlifted = «

Scan.succeed ( Thm.rule-attribute [| (unl-rewr o Context.proof-of))
) unlift intensional formulas

attribute-setup unlift-rule = «
Scan.succeed
(Thm.rule-attribute ]
(Context.proof-of #> (fn ctxt => Object-Logic.rulify ctxt o unl-rewr ctxt)))
y unlift and rulify intensional formulas

Attribute which turns an intensional formula into a rewrite rule. Formulas F that are not equalities are
turned into F = # True.

ML ¢
fun int-rewr thm =
(thm RS @{thm inteq-reflection})
handle THM - => ((thm RS @{thm int-eq-true}) RS @{thm inteq-reflection});

attribute-setup simp-un/ = «¢
Attrib.add-del
( Thm.declaration-attribute
(fn th => Simplifier.map-ss (Simplifier.add-simp (int-rewr th))))
(K (NONE, NONE)) — note only adding — removing is ignored
) add thm unlifted from rewrites from intensional formulas

attribute-setup int-rewrite = ( Scan.succeed ( Thm.rule-attribute [| (fn - => int-rewr)) )
produce rewrites from intensional formulas
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end

theory /TL
imports

Semantics
begin

3 Axioms and Rules

The ITL axiom and proof rules are introduced (taken from [4]) together with the validity operation. The
soundness of the rules and axioms are checked using the lemmas of Semantics.thy.

3.1 Rules

lemma MP :
assumes - f — g
Hf
shows + g
using assms(1) assms(2) by fastforce

lemma BoxGen :

assumes - f

shows F0Of

using assms by (auto simp: always-defs)

lemma BiGen:

assumes - f

shows F bif

using assms by (auto simp: bi-defs)

3.2 Axioms

lemma ChopAssoc :
= fi(g:h) = (fig)h
using ChopAssocSem Valid-def by blast

lemma OrChoplmp :
F(fVvg)yh — fhVgh
using OrChoplmpSem Valid-def by blast

lemma ChopOrimp :
F fi(lgvh)— figV fh
using ChopOrIlmpSem Valid-def by blast

lemma EmptyChop :

F empty ; f=1fF
using EmptyChopSem Valid-def by blast
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lemma ChopEmpty :
F fiempty = f
using ChopEmptySem Valid-def by blast

lemma StatelmpBi :
Finit f —  bi (init f)
using StatelmpBiSem Valid-def by blast

lemma Next/ImpNotNextNot :
using NextImpNotNextNotSem Valid-def by blast

lemma BiBoxChoplmpChop :
F bi(f— fI)NO(g — gl) — f,g — f1;g1
using BiBoxChoplmpChopSem Valid-def by blast

lemma BoxInduct :
FoO(f— wnext f)ANf — Of
using BoxInductSem Valid-def by blast

lemma ChopstarEqv :
F = (empty V (f A more); f*)
using ChopstarEqvSem Valid-def by blast

3.3 Quantification

lemma EEx/ :
FFy — (33 x. Fx)
by (simp add: exist-state-d-def Valid-def, auto)

lemma EEXE:
[Ax.F Fx — Gl =F @33 x. Fx) — G
by (metis (mono-tags, lifting) Valid-def exist-state-d-def unl-lift2)

lemma EExVal:

(wE (33 x. Fx)) =

(3 x (val :: 'a interval). ( ( val = (map x w) A (w | F x))))
by (simp add: exist-state-d-def)

lemma AAxDef:
F(VV x. Fx)=(=(33 x. =(F x)))
by (simp add: Valid-def forall-state-d-def exist-state-d-def)

lemma EExRev :
F(33 x. Fx)" =(33 x. (Fx)")
by (simp add: Valid-def exist-state-d-def reverse-d-def’)

lemma ExEqvRule:
assumes A\ x. b (fx) = (g x)
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shows - (3 x. fx) = (3 x. gx)
using assms by fastforce

3.4 Lemmas about current-val

lemma current-const: = $(#c) = #c
by (auto simp: current-val-d-def)

lemma current-funl: b $(f<x>) = f <$x>
by (auto simp: current-val-d-def)

lemma current-fun2: F $(f<x,y>) = f <$x,$y>
by (auto simp: current-val-d-def )

lemma current-fun3: - $(f<x,y,z>) = f <$x,$y,$z>
by (auto simp: current-val-d-def)

lemma current-forall: - $(V x. P x) = (V x. $(P x))
by (auto simp: current-val-d-def)

lemma current-exists: - $(3 x. P x) = (3 x. $(P x))
by (auto simp: current-val-d-def)

lemma current-exists1: - $(3! x. P x) = (3! x. $(P x))
by (auto simp: current-val-d-def)

lemmas all-current = current-const current-funl current-fun2 current-fun3
current-forall current-exists current-existsl

lemmas all-current-unl = all-current| THEN intD)]
lemmas all-current-eq = all-current| THEN inteq-reflection]

3.5 Lemmas about next-val

lemma next-const: - more — (#c¢)$ = #c
by (auto simp: next-val-d-def more-defs)

lemma next-funl: - more — f<x>$%$ = f<x$>
by (auto simp: next-val-d-def more-defs)

lemma next-fun2: = more — f<x,y>% = f <x$,y$>
by (auto simp: next-val-d-def more-defs)

lemma next-fun3: - more — f<x,y,z>% = f <x$,y$,z$>
by (auto simp: next-val-d-def more-defs)

lemma next-forall: = more — (V x. P x)$ = (V x. (P x)$)
by (auto simp: next-val-d-def)

lemma next-exists: = more — (3 x. P x)$ = (3 x. (P x)$)
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by (auto simp: next-val-d-def)

lemma next-existsl: = more — (3! x. P x)$ = (3! x. (P x)$)
by (auto simp: next-val-d-def more-defs)

lemmas all-next = next-const next-funl next-fun2 next-fun3
next-forall next-exists next-existsl

lemmas all-next-unl = all-next| THEN intD]

3.6 Lemmas about fin-val

lemma fin-const: = |(#c) = #c
by (auto simp: fin-val-d-def)

lemma fin-funl: = (f<x>) = f <Ix>
by (auto simp: fin-val-d-def)

lemma fin-fun2: - I(f<x,y>) = f <Ix, ly>
by (auto simp: fin-val-d-def)

lemma fin-fun3: b (f<x,y,z>) = f <Ix,ly,lz>
by (auto simp: fin-val-d-def)

lemma fin-forall: = 1(V x. P x) = (V x. (P x))
by (auto simp: fin-val-d-def)

lemma fin-exists: - (3 x. P x) = (3 x. (P x))
by (auto simp: fin-val-d-def)

lemma fin-exists1: - (3! x. P x) = (3! x. I(P x))
by (auto simp: fin-val-d-def)

lemmas all-fin = fin-const fin-funl fin-fun2 fin-fun3
fin-forall fin-exists fin-existsl

lemmas all-fin-unl = all-fin| THEN intD]
lemmas all-fin-eq = all-fin[ THEN inteq-reflection]

3.7 Lemmas about penult-val

lemma penult-const: = more — (#c)! = #c
by (auto simp: penult-val-d-def more-defs)

lemma penult-funl: = more — f<x>! = f<x!>
by (auto simp: penult-val-d-def more-defs)

lemma penult-fun2: = more — f<x,y>! = f <x!,y!>
by (auto simp: penult-val-d-def more-defs)

43



lemma penult-fun3: = more — f<x,y,z>! = f <xl,yl,zI>
by (auto simp: penult-val-d-def more-defs)

lemma penult-forall: - more — (V x. P x)! = (V x. (P x)!)
by (auto simp: penult-val-d-def)

lemma penult-exists: - more — (3 x. P x)! = (3 x. (P x)!)
by (auto simp: penult-val-d-def)

lemma penult-existsl: - more — (3! x. P x)! = (3! x. (P x)!)
by (auto simp: penult-val-d-def more-defs)

lemmas all-penult = penult-const penult-funl penult-fun2 penult-fun3
penult-forall penult-exists penult-existsl

lemmas all-penult-unl = all-penult[ THEN intD]

3.8 Basic temporal variables properties

lemma empty-imp-fin-eqv-curr:
F empty — v = $v
by (simp add: Valid-def current-val-d-def empty-defs finval-defs)

lemma skip-imp-fin-eqv-next:
F skip — v = v$
by (simp add: Valid-def skip-defs next-val-d-def finval-defs)

lemma skip-imp-penult-eqv-curr:
F skip — vl = $v
by (simp add: Valid-def skip-defs penultval-defs current-val-d-def)

3.9 Time reversal properties

lemma rev-const :

= (#c)" = #c

by (auto simp: reverse-d-def)

lemma rev-funl :
F(f<x>) = f<x™>
by (auto simp: reverse-d-def)

lemma rev-fun2:

F(f<xy>)" = f<x"y™>

by (auto simp: reverse-d-def )
lemma rev-fun3:
F(f<x,y,z>) = f<x",y"z">

by (auto simp: reverse-d-def)

lemma rev-forall:
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F(V x. Px)"= (V¥ x. (Px)")
by (auto simp: reverse-d-def)

lemma rev-exists:
F(3 x. Px)"=(3 x.(Px)")
by (auto simp: reverse-d-def)

lemma rev-existsl:
F3!'x. Px)"=@3!x. (Px)")
by (auto simp: reverse-d-def)

lemma rev-current:
F($v) = (lv)

by (auto simp: interval-intrev-nth current-val-d-def fin-val-d-def reverse-d-def)

lemma rev-next:
Fo(v8) = (v!)

by (auto simp: interval-intrev-nth next-val-d-def penult-val-d-def reverse-d-def)

lemma rev-penult:
Fo(vh) = (v9)

by (auto simp: interval-intrev-nth next-val-d-def penult-val-d-def reverse-d-def)

lemma rev-fin:
F(lv)" = ($v)

by (auto simp: interval-intrev-nth fin-val-d-def current-val-d-def reverse-d-def )

lemma EqgvReverseReverse:
F(f")" =
by (simp add: Valid-def reverse-d-def )

lemma ReverseEqv:
(Ff)«— (Ff")
by (metis Valid-def interval-rev-swap reverse-d-def)

lemma RevSkip:
- skip” = skip
by (simp add: Valid-def reverse-d-def skip-defs)

lemma RevChop:

= (fg)" = (&"f")

apply (simp add: Valid-def reverse-d-def chop-d-def)
using interval-intrev-prefix interval-intrev-suffix

by (metis diff-diff-cancel diff-le-self)

lemma RMoreEqvMore:

F more” = more

apply (simp add: Valid-def more-d-def next-d-def chop-d-def skip-d-def reverse-d-def)
by (simp add: interval-prefix-length)
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lemma REmptyEqvEmpty:
F empty” = empty
by (metis RMoreEqvMore empty-d-def int-eq rev-funl)

lemma PowerChopCommute:

F ((f A more);(powerchop f n)) = (powerchop f n);(f A more)

proof

(induct n)

case 0

then show ?case using EmptyChopSem ChopEmptySem power-0 Valid-def by (metis inteq-reflection)
next

case (Suc n)

then show 7case

by (metis ChopAssocSem intl inteq-reflection power-chop-d.power-Suc)
ged

lemma REqvRule:

assumes - f =g

shows + (") = (g")

using assms

using inteqg-reflection by force

lemma RevPowerChop:

= (powerchop f n)" = (powerchop (f") n)

proof

(induct n)

case 0

then show ?case using REmptyEqvEmpty by auto
next

case (Suc n)

then show 7case

by (metis PowerChopCommute RevChop RMoreEqvMore int-eq power-chop-d.power-Suc rev-fun2)
ged

lemma RevChopstar:
l_ (f*)r — (fr)*
proof —
have 1:+ (f*) = (3 n. powerchop f n)
by (simp add: chopstar-eqv-power-chop Valid-def)
have 2: - (f*)" = (3 n. powerchop f n)"
using REqvRule 1 by blast
have 3: (3 n. powerchop f n)" = (3 n. (powerchop f n)")
by (simp add: rev-exists)
have 4: - (3 n. (powerchop f n)") = (3 n. (powerchop (f") n))
by (simp add: RevPowerChop ExEqvRule)
have 5: (3 n. (powerchop (") n)) = (f")*
by (simp add: chopstar-eqv-power-chop Valid-def)
from 2 3 4 5 show ?thesis by fastforce
ged
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lemmas all-rev = rev-const rev-funl rev-fun2 rev-fun3 rev-forall rev-exists
rev-existsl rev-current rev-next rev-penult rev-fin RevSkip RevChop RevChopstar

lemmas all-rev-unl = all-rev[THEN intD]
lemmas all-rev-eq = all-rev[THEN inteq-reflection|

end

theory Theorems
imports
ITL
begin

4 |ITL theorems

We give the proofs of a list of ITL theorems. These proofs and theorems were from [5].

4.1 Propositional reasoning

This is a list of propositional logic theorems used in the proofs of the ITL theorems.

lemma /fThenElselmp:
F (ifi g then f else fl) — ((g — f) A (mg — f1))
by (simp add: ifthenelse-defs Valid-def)

lemma Prop01:
assumes - f — gV h
shows FgAf —h
using assms by auto

lemma Prop02:
assumes - f — g
Ffl—g
shows FfVfl — g
using assms(1) assms(2) by fastforce

lemma Prop03:
assumes - f = (g V h)
shows Hh— f

using assms by auto

lemma Prop04:
assumes - f = h
Ff=hl
shows  hl =h
using assms(1) assms(2) using int-eq by auto
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lemma Prop05:
assumes - f — g
shows+-f — hVv g
using assms by auto

lemma Prop06:
assumes - f = (g V h)
F h=hl
shows - f = (g V hl)
using assms(1) assms(2) by fastforce

lemma Prop07:

assumes - f — g V h
shows FfA—-g—h
using assms by auto

lemma Prop08:
assumes - f — g V h
Fh— hl
shows +Hf — gV hl
using assms(1) assms(2) by fastforce

lemma Prop09:

assumes - f A g — h
shows +f — (g — h)
using assms by auto

lemma Propl0:
assumes - f — g
shows + f = (f A g)
using assms by auto

lemma Propll:
Ff=f)=((FFf—FA)AN (Ff1 — 1))
by (auto simp: Valid-def)

lemma Propl2:
Ff—(fAAR)=(FF— )N f— 12))
by (auto simp: Valid-def)

4.2 State formulas

The init operator denotes state formulas, i.e., ITL formula that only constrain the first state of an interval.

lemma Initprop :
F ((init £) A (init g)) = init(f A g)
F (= (init £)) =init (=)
F ((init £) V (init g)) = init (f V g)
F init # True

by (auto simp: init-defs)
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lemma Finprop :

F ((#True;(f A\ empty)) A (# True;(g N empty))) = (# True;((f A g) N empty))

F ((# True;(f A empty)) V (# True;(g N empty))) = (# True;((f V g) N empty))

F (# True;((# True) A\ empty))

F (= (# True;(f A empty))) = (# True;(=f N empty))

by (auto simp: finalt-defs ) (simp add: chop-defs empty-defs interval-suffix-length, fastforce)

4.3 Basic Theorems

lemma BiChop/mpChop :
Fbi(f— f1) — fig — fl;g
proof —
have 1:F g — g by auto
hence 2: - 0O ( g — g) by (rule BoxGen)
have 3:+ bi (f — fI) AN O(g — g) — f;g — f1;g by (rule BiBoxChoplmpChop)
from 2 3 show 7thesis by fastforce
ged

lemma AndChopA:
F(fFAfl),g — fig
proof —
have I1:+ f A fl — f by auto
hence 2: - bi (f A f1 — f) by (rule BiGen)
have 3:F bi (f AN fl — ) — (f A fl1);g — f;g by (rule BiChoplmpChop)
from 2 3 show 7thesis using MP by blast
ged

lemma AndChopB:
F(fANfl),g — flig
proof —
have 1:+ f A f1 — f1 by auto
hence 2: = bi (f A f1 — fI) by (rule BiGen)
have 3:+ bi (f AN fl — f1) — (f A f1);g — f1,;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast
ged

lemma NextChop:
(O f)ig = O(fig)
proof —
have 1: | skip;(f;g) = (skip;f);g by (rule ChopAssoc)
show 7thesis by (metis 1 int-eq next-d-def)
ged

lemma BoxChoplmpChop :
Fo(g—gl)— fig — fgl
proof —
have 1:+ g — g by auto
hence 2: + bi ( g — g) by (rule BiGen)
have 3:+bi (f — f) ANO(g — gl) — f;g — f;g1 by (rule BiBoxChoplmpChop)

49



from 2 3 show ?thesis by fastforce
ged

lemma LeftChoplmpChop:

assumes - f— fI

shows F f;,g — fl;g

proof —

have I1:+ f— fI using assms by auto

hence 2: + bi (f — f1) by (rule BiGen)

have 3:+ bi (f — f1) — f;g — f1;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast

ged

lemma RightChoplmpChop:

assumes - g — gl

shows F f;g — f;gl

proof —

have 1:+F g — gl using assms by auto

hence 2: - 0O (g — gl) by (rule BoxGen)

have 3:+0O (g — gl) — f;g — f,;g1 by (rule BoxChoplmpChop)
from 2 3 show 7thesis using MP by blast

ged

lemma RightChopEqvChop:

assumes - g = gl

shows | (f;g) = (f;gl)

proof —

have 1: - g = gl using assms by auto

have 2: (- g — gl) = (- f;g — f;g1) by (rule RightChoplmpChop)
have 3: (- g1 — g) = (- f;gl — f;g) by (rule RightChoplmpChop)
from 1 2 3 show ?thesis by fastforce

ged

lemma ChopOrEqv:

- fi(gVvel)=(figVfgl)
proof —

have 1:+ g — gV gl by auto

hence 2: + f;g — f;(g V g1) by (rule RightChoplmpChop)
have 3:+ gl — g Vv gl by auto

hence 4: + f;g1 — f;(g V gl) by (rule RightChoplmpChop)
from 2 4 show ?7thesis by (meson ChopOrlmp Prop02 Propll)
ged

lemma OrChopEqv:
F(fVvfl),g=(fgVflg)
proof —
have I1:+f — f V fI by auto
hence 2: + f;g — (fV f1);g by (rule LeftChoplmpChop)
have 3:+ fI — f V fI by auto
hence 4: + f1;,g — (fV f1);g by (rule LeftChoplmpChop)
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from 2 4 show 7thesis
by (meson OrChoplmp int-iffl Prop02)
ged

lemma OrChoplmpRule:

assumes - f — f1 V 2

shows I+ f;g — (f1;g) V (f2;g)

proof —

have 1:+ f — fl1 V f2 using assms by auto

hence 2: + f;g — (f1 V 2);g by (rule LeftChoplmpChop)
have 3.+ (f1 v 12); g = (fl;g V 2;g) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma LeftChopEqvChop:

assumes - f = {1

shows | f;g = (f1;g)

proof —

have I1:F+ f = f1 using assms by auto

hence 2: - f — f1 by auto

hence 3: + f;g — f1;g by (rule LeftChoplmpChop)
have - fI — f using 1 by auto

hence 4: + f1,g — f;g by (rule LeftChoplmpChop)
from 3 4 show ?thesis by (simp add: int-iffl)

ged

lemma OrChopEgvRule:

assumes - f = (f1 V f2)

shows + f;g = ((f1;g) V (f2;g))

proof —

have I:+ f = (fI V f2) using assms by auto

hence 2: + f;g = ((f1 v f2);g) by (rule LeftChopEqvChop)
have 3:+ (f1 v 12);g = (f1;,g V 12;g) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma NextImpNext:

assumes - f — g

shows FOf —0Og

proof —

have I1:+ f — g using assms by auto

hence 2: - O (f — g) by (rule BoxGen)

have 3:+ O (f — g) — (skip;f) — (skip;g) by (rule BoxChoplmpChop)
have 4: t(skip;f) — (skip;g) by (metis 2 3 MP)

from 4 show ?7thesis by (metis next-d-def)

ged

lemma ChopOrimpRule:

assumes g — gl VvV g2
shows I f;g — (f;g1) V (f;g2)
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proof —

have 1:+ g — gl V g2 using assms by auto

hence 2: + f;g — f;(gl V g2) by (rule RightChoplmpChop)
have 3:F f;(gl v g2) = (f;g1 V f;g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma NextImpDist:

FoO(f—g)—Of—0g

proof —

have 1:+ (- (f — g)) = (f A = g) by auto

hence 2: + skip;(— (f — g)) = skip;(f N = g) by (rule RightChopEqvChop)
have 3:+f — g VvV (f A = g) by auto

hence 4: - skip;f — (skip;g) V (skip;(f A = g)) by (rule ChopOrImpRule)
hence 5: F — (skip;(f A = g)) — (skip;f) — (skip;g) by auto

have 6:F — (skip;(=(f — g))) — (skip;f) — (skip;g) using 2 5 by fastforce
hence 7: + = (O(=(f — g))) — (O f) — (O g) by (simp add: next-d-def)
have 8:F O(f — g) — = (O(~(f — g))) by (rule NextimpNotNextNot)
from 7 8 show ?thesis using lift-imp-trans by blast

ged

lemma Chop/mpDiamond:

Ffig —<g

proof —

have 1:+F f — #True by auto

hence 2: + f;g — # True;g by (rule LeftChoplmpChop)
from 2 show 7thesis by (simp add: sometimes-d-def)
ged

lemma Nowl/mpDiamond:

Ff—Of

proof —

have 1:t empty;f = f by (rule EmptyChop)

have 2:+ empty — # True by auto

hence 3: - empty;f — # True;f by (rule LeftChoplmpChop)
have 4: F f — #True;f using 1 3 by fastforce

from 4 show ?thesis by (simp add: sometimes-d-def)

ged

lemma BoxElim:

FoOof —f

proof —
have 1.+ - f — <& (= f) by (rule NowlmpDiamond)
hence 2: - - (¢ (= f)) — f by auto

from 2 show 7thesis by (metis always-d-def)

ged

lemma NextDiamondIimpDiamond:
FO(OF)—CfF
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proof —

have I1: skip;(# True;f) = ((skip;# True);f) by (rule ChopAssoc)

hence 2: & (skip;# True);f = skip;(# True;f) by auto

hence 3: & (skip;# True);f = O(<fF) by (simp add: next-d-def sometimes-d-def)
have 4:+ (skip;# True);f — < f by (rule ChoplmpDiamond)

from 3 4 show ?thesis by fastforce

ged

lemma BoxImpNowAndWeakNext:
FOf — (f ANwnext (Of))

proof —
have I:+ —~f — <& (= f) by (rule NowlmpDiamond)
hence 2: + - (¢ (= f)) — f by auto
hence 3: - O f — f by (metis always-d-def)
have 4: -0 (<O (= f)) — & () by (rule NextDiamondlmpDiamond)
have 5:F = (O (= f)) — <O(—~ f) by auto
hence 6:F O (== (C (= 1)) — O (O(—1f)) by (rule NextimpNext)
have 77O (= (C (= 1)) — O (— f ) using 4 6 by auto
hence 8: - O (—=( DO f)) — <& (— f ) by (simp add: always-d-def)
hence 9: -~ (O (- f)) — (0O (~(0Of))) by auto
hence 10:+ Of — wnext ( O f ) by (simp add: always-d-def wnext-d-def)
from 3 10 show 7thesis by fastforce

ged

lemma BoxImpBoxRule:

assumes - f — g

shows FOf—0Og

proof —

have I1:+ f — g using assms by auto

hence 2: - - g — = f by auto

hence 3: + O(— g — - f) by (rule BoxGen)

have 4.+ O(-g — - f) — (#True;(—g)) — (# True;(—f)) by (rule BoxChoplmpChop)
have 5: & (#True;(—g)) — (# True;(—f)) using 3 4 MP by blast
hence 6: - & (ng) — <(—f) by (simp add: sometimes-d-def)
hence 7: + — (O(—f) ) — —( < (—g)) by auto

from 7 show ?thesis by (simp add: always-d-def)

ged

lemma BoxImpDist:
Folf——g)—0oOf—0Og
proof —
have 1:+(f — g) — (- g — — f) by auto
hence 2: + O(f — g) — 0O(—~ g — — f) by (rule BoxlmpBoxRule)
have 3: - 0O((— g) — = ) — (#True; (= g)) — (#True; (= f)) by (rule BoxChoplmpChop)
have 4.+ 0O(f — g) — (#True; (- g)) — (#True; (= f)) using 2 3 lift-imp-trans by blast
hence 5: - O(f — g) — <(— g) — O(— ) by (simp add: sometimes-d-def)
hence 6: - O(f — g) — —(<O(= ) — =( O(— g)) by auto
from 6 show ?thesis by (simp add: always-d-def)
ged
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lemma DiamondEmpty:
F <& empty
proof —
have 1:+ #True by auto
have 2: - # True; empty = # True by (rule ChopEmpty)
have 3: - #True; empty using 1 2 by auto
from 3 show ?thesis by (simp add: sometimes-d-def’)
ged

lemma NextEqvNext:

assumes - f=g

shows HFOf=0g

proof —

have 1:F f= g using assms by auto

hence 2: \ skip;f = skip;g by (rule RightChopEqvChop)
from 1 show ?7thesis by (metis 2 next-d-def)

ged

lemma NextAndNextImpNextRule:
assumes - (f A g) — h

shows F(OfAOg)— Oh
using assms by (auto simp: next-defs)

lemma NextAndNextEqvNextRule:

assumes - (f A g) = h

shows F(OfAOg)=0h

using assms by (metis NextAndNextImpNextRule Propl1 Propl2 int-eq int-simps(20))

lemma WeakNextEqvWeakNext:

assumes - f= g

shows F wnext f = wnext g

using assms using integ-reflection by force

lemma DiamondIimpDiamond-

assumes - f— g

shows FOFf—Cg

using assms by (simp add: RightChoplmpChop sometimes-d-def)

lemma DiamondEqvDiamond:
assumes - f=g

shows FO F=3Cg

using assms using int-eq by force

lemma BoxEqvBox:

assumes - f=g

shows FOf=0Og

using assms using inteq-reflection by force

lemma BoxAndBoxImpBoxRule:
assumes - f A g — h
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shows FOfAOg—0Oh
using assms by (auto simp: always-defs Valid-def)

lemma BoxAndBoxEqvBoxRule:

assumes - (f A g) = h

shows - (OfADOg)=0h

using assms BoxAndBoxImpBoxRule BoxImpBoxRule by (metis int-iffD1 int-iffD2 int-iffl Prop12)

lemma ImpBoxRule:

assumes - f — g

shows FOf—0Og

using assms by (simp add: BoxImpBoxRule)

lemma BoxIntro:
assumes - f— g
F more Nf —Of
shows Ff—0Og
proof —
have I1:F more N f —O f using assms by auto
hence 2: f— (empty V Of) by (auto simp: next-defs empty-defs more-defs)
hence 3:+ f — wnext f by (auto simp: wnext-defs empty-defs next-defs)
hence 4:F O(f — wnext f) by (rule BoxGen)
have 5:+ (O (f — wnext f)) A f — O f by (rule BoxInduct)
hence 6:+ (O (f — wnext f)) — (f — Of) by fastforce
have 7:F f — 0Of using 4 6 MP by blast
have 8:F Of — f by (rule BoxElim)
have 9:F f = 0O f using 7 8 by fastforce
have 10:+ f — g using assms by auto
hence 11: + Oof — O g by (rule ImpBoxRule)
from 7 9 11 show 7thesis using lift-imp-trans by blast
ged

lemma NextLoop:

assumes - f— O f

shows + - f

proof —

have I1:F f— O f using assms by auto

hence 2:+ f — (more A wnext f) by (auto simp: more-defs wnext-defs next-defs)
hence 3:+ f — wnext f by auto

hence 4:F O(f — wnext f) by (rule BoxGen)

have 5:+ 0O (f — wnext f) A f — O f by (rule BoxInduct)
hence 6:+ O (f — wnext f) — (f — Of) by fastforce
have 7:F f — Of using 4 6 MP by blast

have 8:F Of — f by (rule BoxElim)

have 9:F f = 0O f using 7 8 by fastforce

have 10:+ f — more using 2 by auto

hence 11: - O f — O more by (rule ImpBoxRule)

have 12:F —(0O more) by (auto simp: always-defs more-defs)
from 7 9 11 12 show ?thesis by fastforce

ged
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lemma WhnextEqvEmptyOrNext:
F wnext f = (empty V O f)
by (auto simp: empty-defs wnext-defs next-defs)

lemma NotEmptyAndNext:
F —(empty A O f)
by (auto simp: empty-defs next-defs)

lemma BoxEqvAndWhnextBox:

FoOf = (f Awnext (DO f))

proof —

have I: - O f — f A wnext (O f)
using BoxImpNowAndWeakNext by blast

have 2: - f Awnext (O f) — f
by auto

have 3: - more A (f AN wnext (O f)) — O (f AN wnext (O f))
using 1 NextImpNext WnextEqvEmptyOrNext empty-d-def int-iffD1
by (metis Prop01 Prop05 Prop08)

have 4: - f Awnext (O f) — O f
using 2 3 BoxiIntro by blast

from 1 4 show ?thesis by fastforce

ged

lemma BoxEqvAndEmptyOrNextBox:
Fof = (f A (empty Vv O(O f)))
using BoxEqvAndWnextBox WnextEqvEmptyOrNext by (metis int-eq)

lemma BoxEqvBoxBox:

Fof=0(of)

using BoxGen BoxInduct

by (metis BoxlmpNowAndWeakNext MP int-iffl Prop09 Propl2)

lemma BoxBoxImpBox:
Fo(oh) — O h
by (simp add: BoxElim)

lemma BoxImpBoxBox:
Foh — oO(oh)
by (auto simp: always-defs)

lemma Diamondintro:

assumest (F A g) — Of

shows FHf—Cg

proof —

have I:Ff A= g—Of
using assms by auto

hence 22 fA- gA(O(-g)— (OFf)A(D(—g))
by auto

have 3:+-(O0(-g)) —— g
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by (rule BoxElim)
hence 4: -0 (-g)=((O(~8)) A~ g)
using BoxImpBoxBox BoxBoxImpBox by fastforce
have 5:FfA(O(-g)— OFfADO(—g)
using 2 4 by fastforce
have 6:+ 0 (- g) = ((—g) A wnext(D (- g)))
using BoxEqvAndWhextBox by metis
have 7:FOfADO(-g)— Of A wnext(O (- g))
using 6 by auto
have 8:+-f A (O(—g))— OFf A wnext(O (- g))
using 5 7 using lift-imp-trans by blast
hence 9:+ f A (O (- g))— more A wnext f A wnext(O (— g))
by (auto simp: always-defs more-defs next-defs wnext-defs)
hence 10: - f A (O (- g))—wnext f A wnext(O (- g))
by auto
hence 11: - f A (O (- g))— wnext (f A O (- g))
by (auto simp: wnext-defs always-defs next-defs)
hence 12: - O(f A (O (- g))— wnext (f A O (- g)))
by (rule BoxGen)
have 13:FO(f A(O(—g)— wnext (FAO(—g))AfA(O(-g))— O(f A(DO (- g)))
by (rule BoxInduct)
hence 14: - O(f A (O (— g))— wnext (F AD (- g))) — (F A (T (- g))) — O(f A(O (— g))))
by fastforce
have 15:F ((f A (O (= g))) — 0(f A (D (- g))))
using 12 14 MP by blast
have 16:+0O(f A (O (- g))) — (F A (T (- g)))
by (rule BoxElim)
have 17:F0O(f A (O (- g))) =(f A (O (- g)))
using 16 15 by fastforce
have 18:+ (f A (D (— g))) — more
using 9 by auto
hence 19: - O(f A (O (— g))) — O more
by (rule ImpBoxRule)
have 20: F —(0O more)
by (auto simp: always-defs more-defs)
have 21:F —(f A (O (- g)))
using 17 19 20 by fastforce
hence 22: - - f v = (O (= g))
by auto
have 23: - (- (O (—g)) =g
by (auto simp: always-d-def)
from 22 23 show ?thesis by fastforce
ged

lemma DiamondintroB:

assumes F (FA - g) — O (FA-g)

shows Ff—<C g

proof —

have 1:+ (f A= g) — O (f A —g) using assms by auto
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hence 2: - —(f A = g) by (rule NextLoop)

hence 3: - f — g by auto

have 4:+ g — < g by (rule NowlmpDiamond)
from 3 4 show ?thesis using lift-imp-trans by blast
ged

lemma NextContra :

assumes b (fA = g)— (O f A =( O g))
shows Hf — g

proof —

have 1:F (fA = g)— (O f A —=(O g)) using assms by auto

hence 2: + ~( f — g) — O ( =(f — g)) by (auto simp: next-defs Valid-def)
hence 3: - - =( f — g) by (rule NextLoop)

from 3 show ?thesis by auto

ged

lemma DiamondDiamondEqvDiamond:
FO(O ) =0fF
proof —
have 1:t # True;# True = # True by (auto simp: chop-defs)
hence 2: b (# True;# True);f = # True;f using LeftChopEqvChop by blast
have 3: b (# True;# True);f = # True;(# True;f) using ChopAssoc by fastforce
from 2 3 show ?7thesis by (metis inteq-reflection sometimes-d-def)
ged

lemma WeakNextDiamondInduct:

assumes - wnext (& f) — f

shows K f

proof —

have I:F wnext (& f) — f using assms by blast

hence 2: - -~ f — —( wnext (< f)) by fastforce

hence 3: + -~ f — O( = (< f)) by (simp add: wnext-d-def)
have 4.+ f — < f by (rule NowlmpDiamond)

hence 5: - =( & f) — = f by auto

have 6: F —f — O( —f) using 3 5 using Next/mpNext lift-imp-trans by blast
hence 7: + —— f by (rule NextLoop)

from 7 show ?thesis by auto
ged

lemma EmptyNextinducta:
assumes - empty — f
FOf—f
shows - f
proof —
have 1:F empty — f using assms by auto
have 2:+ O f — f using assms by blast
have 3:+ (empty V O f) — f using 1 2 by fastforce
have 4:t wnext f = (empty V O f) by (rule WhnextEqvEmptyOrNext)
hence 5: - wnext f — f using 3 by fastforce
hence 6: - ~f — — (wnext f) by auto
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hence 7: F -f — O(— f) by (auto simp: wnext-d-def)
hence 8: + — — f by (rule NextLoop)

from 8 show ?thesis by auto

ged

lemma EmptyNextinductb:
assumes - empty A f — g
FoO(f—g)ANf—g

shows Ff— g

proof —

have 1:+ empty A f — g using assms by auto

have 2:+ O(f— g) A f — g using assms by blast

have 3:F (empty V O(f— g)) A f — g using 1 2 by fastforce
hence 4: - wnext (f— g) AN f — g using WnextEqvEmptyOrNext by fastforce
hence 5: - wnext (f— g) — ( f — g) by fastforce

hence 6: - - (f — g) — - ( wnext (f— g)) by fastforce

hence 7.+ -~ (f — g) — O ( ~(f— g)) by (simp add: wnext-d-def)
hence 8: - - = ( f — g) by (rule NextLoop)

from 8 show ?thesis by auto
ged

lemma FinlmpFin:

assumes - f — g

shows + fin f — fin g

using ImpBoxRule[of TEMP (empty — f) TEMP (empty — g)] assms fin-d-def
by (smt intl intensional-rews(3) inteq-reflection Prop10)

lemma FinEqvFin:

assumes - f = g

shows + fin f= fin g

using assms by (simp add: FinlmpFin Prop11)

lemma FinAndFinlmpFinRule:
assumes - f A g — h
shows + fin f A fin g — fin h
proof —
have - f A g — h using assms by auto

then show ?thesis by (simp add: fin-defs Valid-def)
ged

lemma FinAndFinEqvFinRule:
assumes + (f A g) =h

shows t (fin f A fin g)= fin h
using assms

by (simp add: FinAndFinlmpFinRule FinlmpFin Propll Propl2)

lemma HaltEqvHalt:
assumes - f = g
shows + halt f = halt g
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proof —

have I1:+ f = g using assms by auto

hence 2: + (empty = f) = (empty = g) by auto

hence 3: - O(empty = f) = O (empty = g) by (rule BoxEqvBox)
from 3 show ?thesis by (simp add: halt-d-def)

ged

lemma BilmpDilmpDi:
Ebi(f—g)— di f— di g
proof —
have I:+ bi (f— g) — (f; #True) — (g; # True) by (rule BiChoplmpChop)
from 1 show 7thesis by (simp add: di-d-def)
ged

lemma DilmpDi:

assumes - f— g

shows + di f — di g

proof —

have 1:+ f— g using assms by auto

hence 2: + f; #True — g; # True by (rule LeftChoplmpChop)
from 2 show 7thesis by (simp add: di-d-def)

ged

lemma BilmpBiRule:

assumes - f— g

shows Fbi f— bi g

proof —

have I1:+ f— g using assms by auto

hence 2: - -~ g — — f by auto

hence 3:+ di (- g) — di (= f) by (rule DilmpDi)
hence 4:+ - (di (= f)) — - (di (- g)) by auto
from 4 show ?thesis by (simp add: bi-d-def)

ged

lemma DiEqvDi:

assumes - f=g

shows - di f= di g

proof —

have I:+ f = g using assms by auto

hence 2: + f; #True = g; # True by (rule LeftChopEqvChop)
from 2 show ?thesis by (simp add: di-d-def)

ged

lemma BiEqvBi:

assumes - f = g

shows + bif= bi g

proof —

have 1:+ f = g using assms by auto

hence 2: + (- f) = (- g) by auto

hence 3: + di (= f)= di (- g) by (rule DiEqvDi)
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hence 4: - (= (di (= f))) = (= (di (= g))) by auto
from 4 show ?thesis by (simp add: bi-d-def)
ged

lemma LeftChopChoplmpChopRule:

assumes - (f; g) — g

shows  (f; g); h— (g; h)

proof —

have I1:F (f; g) — g using assms by blast

hence 2: + (f; g); h — g; h by (rule LeftChoplmpChop)
have 3:+ f; (g; h) = (f; g); h by (rule ChopAssoc)
from 2 3 show ?7thesis by auto

ged

lemma AndChopCommute :

F(fFANfl), g=(fINFf) g

proof —

have 1: F (f A f1) = (f1 A f) by auto

from 1 show ?thesis by (rule LeftChopEqvChop)
ged

lemma BiAndChoplmport:

F bi fA(f1;8) — (FAFl), g

proof —

have 1:+f — (f1 — fA f1) by auto

hence 2: - bi f — bi (f1 — fA fI) by (rule BilmpBiRule)

have 3:+ bi (f1 — (f N f1)) — f1;, g — (f A f1); g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by fastforce

ged

lemma StateAndChoplmport:

F (init w) A (f; g) — ((init w) A f); g

proof —

have 1:F (init w)— bi (init w) by (rule StatelmpBi)

hence 2: - (init w) A (f; g) — bi (init w) A (f; g) by auto

have 3:F bi (init w) A (f; g) — ((init w) A f); g by (rule BiAndChoplmport)
from 2 3 show ?thesis using MP by fastforce

ged

4.4 Further Properties Di and Bi

lemma ImpDi:

Ff— d f

proof —

have 1:+ f; empty = f by (rule ChopEmpty)

have 2:+ empty — # True by auto

hence 3: - f; empty — f; #True by (rule RightChoplmpChop)
have 4 : - f — f; # True using 1 3 by fastforce

from 4 show 7thesis by (simp add: di-d-def)

ged
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lemma DiState:

F di (init w) = (init w)

proof —

have 0:F (init (-w)) — bi (init (-w)) using StatelmpBi by fastforce

hence 1: - =(init w) — bi ( = (init w)) using Initprop(2) by (metis inteq-reflection)
hence 2: + (= (init w)) — = (di (= = (init w))) by (simp add: bi-d-def)

have 3:+ (= (init w) —= (di (= = (init w)))) — ( di (= = (init w)) — (init w)) by auto
have 4:+ di (= — (init w)) — (init w) using 2 3 MP by blast

have 5:F (init w) — — = (init w) by auto

hence 6: - di (init w) — di (- — (init w)) by (rule DilmpDi)

have 7:F di (init w) — (init w) using 6 4 using lift-imp-trans by metis

have 8:t (init w) — di (init w) by (rule ImpDi)

from 7 8 show ?thesis by fastforce

ged

lemma StateChop:
F (init w); f — (init w)
using DiState by (auto simp: di-defs init-defs chop-defs)

lemma StateChopExportA:
F ((init w) A f); g — (init w)
using DiState by (auto simp: init-defs chop-defs)

lemma StateAndChop:
F ((init w) A f); g = ((init w) A (f; g))
by (simp add: AndChopB StateAndChoplmport StateChopExportA Propll Propl2)

lemma StateAndChoplmpChopRule:

assumes  (init w) A f — f1

shows  (init w) A (f; g) — (f1; g)

proof —

have I1:F (initw) A f — fI using assms by auto

hence 2: - ((init w) A f); g — f1; g by (rule LeftChoplmpChop)

have 3:+ ((init w) A f); g = ((init w) A (f; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce

ged

lemma StatelmpChopEqvChop

assumes H(init w) — (f = fI)

shows + (init w) — ((f; g) = (f1; g))

proof —

have 1I1:F (init w) — (f= fl) using assms by auto

hence 2: + (init w) A f — f1 by auto

hence 3: F (init w) A (f; g) — (f1; g) by (rule StateAndChoplmpChopRule)
have 4:+ (init w) A f1 — f using 1 by auto

hence 5: F (init w) A (f1; g) — (f; g) by (rule StateAndChoplmpChopRule)
from 3 5 show ?thesis by fastforce

ged
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lemma ChopEqvStateAndChop:
assumes - f = (init w) A f1
shows  (f; g) = ((init w) A (f1; g))
proof —
have 1:F f = ((init w) A f1) using assms by auto
hence 2: - f; g = (((init w) A f1); g) by (rule LeftChopEqvChop)
have 3:F ((init w) A f1); g = ((init w) A (f1; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce
ged

lemma Dilntro:
Hf— di f
proof —
have I:+ f; empty = f by (rule ChopEmpty)
have 2:+ empty — #True by auto
hence 3: - O( empty — # True) by (rule BoxGen)
have 4:+ O( empty — # True) — (f; empty — f; # True) by (rule BoxChoplmpChop)
have 5:F f; empty — f; # True using 3 4 MP by fastforce
hence 6: - f; empty — di f by (simp add: di-d-def)
from 1 6 show 7thesis by fastforce
ged

lemma BiElim:
F bi f—f
proof —
have I:+ - f — di (= f) by (rule Dilntro)
have 2:+ (-~ f— di (= f)) — (= (di (= f)) — f) by auto
have 3:+ = (di (= f)) — f using I 2 MP by blast
from 3 show ’thesis by (metis bi-d-def)
ged

lemma BiContraPosImpDist:
Fbi(- g—~ f)— (bi f)— (bi g)
proof —
have I:+-bi(-m g — - f)— (di (- g)) — (di (= f)) by (rule BilmpDilmpDi)
hence 2: - bi (—| g — f) — (—| ( di (—| f))) — (—| ( di (—| g))) by auto
from 2 show ?thesis by (metis bi-d-def)
ged

lemma BilmpDist:
Fbi (f— g) — (bi f) — (bi g)
proof —
have I:+(f — g) — (= g — — f) by auto
hence 2: -~ (- g — = f) — = (f — g) by auto
hence 3: + bi (= (= g — - f) — = (f — g)) by (rule BiGen)
have 4:Fbi(n (- g— - ) — = (f — g))
—
bi (f — g) — bi (= g — = f) by (rule BiContraPoslmpDist)
have 5:F bi (f — g) — bi (- g — = f) using 34 MP by blast
have 6:+ bi (- g — = f) — (bi f) — (bi g) by (rule BiContraPosImpDist)
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from 5 6 show ?thesis using lift-imp-trans by blast
ged

lemma /fChopEqvRule:

assumes - f = if; (init w) then f1 else f2

shows  f; g = if; (init w) then (fl;g) else (f2; g)

proof —

have I:+ f = if; (init w) then f1 else f2
using assms by auto

hence 2: - f = (((init w) A f1) v ( (init (= w)) A 2))
by (simp add: ifthenelse-d-def init-defs Valid-def)

hence 3: F f; g = (((init w) A f1); g vV ( (init (= w)) A 12); g)
by (rule OrChopEqvRule)

have 4:F ((init w) A f1); g = ((init w) A (f1; g))
by (rule StateAndChop)

have 5:F ( (init (- w)) A f2); g = ((init (= w)) A (f2; g))
by (rule StateAndChop)

have 6: - f; g = (((int w) A f1; g) VvV ( (init (- w)) A 12; g))
using 3 4 5 by fastforce

from 6 show ’thesis by (simp add: ifthenelse-d-def init-defs Valid-def)

ged

lemma ChopOrEqvRule:

assumes - g = (g1 vV g2)

shows  f; g=((f;gl)V (f; g2))

proof —

have I:+ g = (gl V g2) using assms by auto

hence 2: + f; g = (f; (g1 vV g2)) by (rule RightChopEqvChop)
have 3:Ff; (gl vV g2)=(f;, gl vV f; g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrChopEqv:

= (empty vV ) g=(gV (f g))

proof —

have I: - (empty VvV f), g = (( empty ; g) VvV (f; g)) by (rule OrChopEqv)
have 2: = empty ; g = g by (rule EmptyChop)

from 1 2 show ’thesis by fastforce

ged

lemma EmptyOrNextChopEqv:
= (empty vV Of), g=(gV Of; g))
proof —
have I: F (empty Vv O f), g =(gV ((Of); g)) by (rule EmptyOrChopEqv)
have 2: - (O f); g = O(f; g) by (rule NextChop)
from 1 2 show ?thesis by fastforce
ged

lemma EmptyOrChoplmpRule:
assumes - f — empty V f1
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shows +f;, g — gV (fl; g)

proof —

have 1:+f — empty V fl using assms by auto

hence 2: - f; g — (empty VvV f1); g by (rule LeftChoplmpChop)

have 3:+ (empty vV fl1), g = (g Vv (fI; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrChopEqgvRule:

assumes - f = (empty V fI)

shows +f;g=(gV (f1; g))

proof —

have 1:+ f = (empty V fl1) using assms by auto

hence 2: + f; g = (( empty VvV f1); g) by (rule LeftChopEqvChop)

have 3:F (empty vV fl1), g = (g VvV (f1; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextChoplmpRule:

assumes - f — empty V O fI

shows +f; g — gV O(fl; g)

proof —

have I1:+-f — empty V O fl using assms by auto

hence 2: + f; g — (empty vV O f1); g by (rule LeftChoplmpChop)

have 3:+ (empty Vv Ofl), g =(gV O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextChopEqvRule:

assumes - f = (empty vV O fI)

shows + f; g=(gV O(f1; g))

proof —

have 1:+f = (empty V O fl) using assms by auto

hence 2: + f; g = (( empty vV O f1); g) by (rule LeftChopEqvChop)

have 3:F (empty Vv O fl), g =(gV O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma ChopEmptyOrimpRule:

assumes - g — empty V gl

shows - f; g — f Vv (f; gl)

proof —

have 1:+ g — empty V gl using assms by auto

hence 2: + f; g — (f; empty )V (f; gl) by (rule ChopOrlmpRule)
have 3:+ f; empty = f by (rule ChopEmpty)

from 2 3 show ?thesis by fastforce

ged

lemma StateAndEmptylmpBoxState:
F (init w) A empty — O (init w)
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by (simp add: init-defs empty-defs always-defs Valid-def )

lemma BoxEqvAndBox:
Fof=(fADOf)
by (simp add: always-defs Valid-def) fastforce

lemma NotBoxImpNotOrNotNextBox:
l_ﬁ(\:‘f)—>_|f\/ ﬁ(O(Df))
proof —
have I: - f A (O (O f)) — O f
using BoxEqvAndEmptyOrNextBox by fastforce
hence 2: - (O f) — ~(f A(O(Of))) by fastforce
have 3:  (=(f A (O (O 1)) )) = (=f v (O (Of)) ) byauto
from 2 3 show ?thesis by auto
ged

lemma BoxStateChopBoxEqvBox:
O (init w); O (init w) = O (init w)
proof —
have 1:+ (O (init w)) = ((init w) A (empty VvV O(O (init w))))
by (rule BoxEqvAndEmptyOrNextBox)
hence 2: I (O (init w); O (init w)) =
((init w) A (( empty VvV O(O (init w))); O (init w)))
by (metis StateAndChop inteq-reflection)
have 3:+ ((empty Vv O(O (init w))); O (init w)) =
(O (init w) VvV O(O (init w); O (init w)))
by (rule EmptyOrNextChopEqv)
have 4: 1 (O (init w); O (init w)) =
((init w) A (O (init w) v O(O (init w); O (init w))))
using 2 3 by fastforce
have 5:+ - (O (init w)) — = (init w) vV =( O(O (init w)))
by (rule NotBoxImpNotOrNotNextBox)
have 6: 1+ (O (init w); O (init w)) A =( O (init w)) —
o(a (init w); O (init w)) A =( O(3 (init w)))
using 4 5 by fastforce
hence 7:+ O (init w); O (init w) — O (init w)
by (rule NextContra)
have 11:F O (init w) = ((init w) A O (init w))
by (rule BoxEqvAndBox)
have 12:+ empty ; O (init w) = O (init w)
by (rule EmptyChop)
have 13:F ((init w) A empty ); O (init w) = ((init w) A ( empty ; O (init w)))
by (rule StateAndChop)
have 14:F O (init w) = ((init w) A empty ); O (init w)
using 11 12 13 by fastforce
have 15:F (init w) A empty — O (init w)
by (rule StateAndEmptylmpBoxState)
hence 16: +- ((init w) A empty ); O (init w) — O (init w); O (init w)
by (rule LeftChoplmpChop)
have 17:+ O (init w) — O (init w); O (init w)
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using 14 16 by fastforce
from 7 17 show ?thesis by fastforce
ged

lemma NotBoxStatelmpBoxYieldsNotBox:

F o =( O (init w)) — (O (init w)) yields (—=( O (init w)))

proof —

have I:F O (init w); O (init w) = O (init w) by (rule BoxStateChopBoxEqvBox)

have 2:+ O (init w) = (= —( O (init w))) by auto

hence 3: - O (init w); O (init w) = O (init w); (= =( O (init w))) by (rule RightChopEqvChop)
have 4:+ =( 0 (init w)) — = (O (init w); (= = (O (init w)))) using 1 3 by auto

from 4 show 7thesis by (simp add: yields-d-def)

ged

lemma StateEqvBi:

F o (init w) = bi (init w)

proof —
have 1:+ (init w) — bi (init w) by (rule StatelmpBi)
have 2: - bi (init w) — (init w) by (rule BiElim)
from 1 2 show ?thesis by fastforce

ged

lemma TrueChopEqvDiamond.:
F #True, f =< fF
by (simp add: sometimes-d-def)

4.5 Properties of Da and Ba

lemma DaEqvDtDi:

' da f=<(di f)

proof —

have I1:t #True; (f; # True) = # True; (f; # True) by auto

hence 2: & # True; (f; # True) = # True; di f by (simp add: di-d-def)
have 3:F #True; di f =<(di f) by (rule TrueChopEqvDiamond)
have 4:t #True; (f; # True) = &( di f) using 2 3 by fastforce
from 4 show ?thesis by (simp add:da-d-def)

ged

lemma DaEqvDiDt:

Foda f= di(CF)

proof —

have 1:F #True; f =< f by (rule TrueChopEqvDiamond)

hence 2: & (# True; f); # True = (< f); # True by (rule LeftChopEqvChop)
hence 3: & (# True; f); # True = di( < f) by (simp add: di-d-def)

have 4:t #True; (f; # True) = (# True; f); # True by (rule ChopAssoc)
have 5: & #True; (f; # True) = di (¢ f) using 3 4 by fastforce

from 5 show ’thesis by (simp add: da-d-def)

ged
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lemma DtDiEqvDiDt:
- O (di f) = di (Of)
by (metis ChopAssoc di-d-def sometimes-d-def)

lemma DiamondNotEqvNotBox:
|_<>(—| f-):(ﬁ(D f))
by (simp add: always-d-def)

lemma BaEqvBiBt:
o ba f=bi(Of)
proof —

have I:+ da(— f)= di( < (= f)) by (rule DaEqvDiDt)
have 2:+ < (= f) = (—( O f)) by (rule DiamondNotEqvNotBox)
hence 3: + di (O(— f)) = di (=

O f)) by (rule DiEqvDi)
have 4:+ da (- f)= di (= )) using 1 3 by fastforce
hence 5: F (= (da (= f))) (di (=(Tf)))) by auto
hence 6: + (= (da (= f))) = bi( O f) by (simp add: bi-d-def)
from 6 show ’thesis by (simp add: ba-d-def)
ged

lemma DiNotEqvNotBi:

proof —

have 1: + bi f = (=~ (di (= f))) by (simp add: bi-d-def)
from 1 show ?7thesis by auto

ged

lemma NotDiamondNotEqvBox:
F(=(O(=1f)=0of
by (simp add: always-d-def)

lemma BaEqvBtBi:

o ba f=0O(bi f)

proof —

have I:+ da(— f)= (di (= f)) by (rule DaEqvDtDi)

have 2:F di (—| f) = (= (bi f)) by (rule DiNotEqvNotBi)

hence 3: - < (di (- )) O(= (bi f)) by (rule DiamondEqvDiamond)
have 4:+ (= (O(— (bi f)))) =0O(bi f) by (rule NotDiamondNotEqvBox)
have 5:F (= (da (= f))) =0(bi f) using I 2 34 by fastforce

from 5 show ’thesis by (simp add: ba-d-def)

ged

lemma BtBiEqvBiBt:

F oo(bi f)=bi(Of)

proof —

have I: + ba f =0 (bi f) by (rule BaEqvBtBi)
have 2: = ba f = bi( O f) by (rule BaEqvBiBt)
from 1 2 show ?thesis by fastforce

ged
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lemma BoxStateEqvBaBoxState:

F oo (init w) = ba (O (init w))

proof —

have I:t (init w) = bi (init W) y (rule StateEqvBi)

hence 2: - O (init w) = O (bi (/n/t w)) by (rule BoxEqvBox)

have 3:+ O (bi (init w)) = bi( O (init w)) by (rule BtBiEqvBiBt)
have 4:+ O (init w) = O(0O (init w)) by (rule BoxEqvBoxBox)
hence 5: - bi( O (init w)) = bi (O(O (init w))) by (rule BiEqvBi)
have 6:  ba( O (init w)) = bi( O(O (init w))) by (rule BaEqvBiBt)
from 2 3 5 6 show ?thesis by fastforce

ged

lemma BalmpBi:

F ba f— bi f

proof —

have I: - ba f = 0O(bi f) by (rule BaEqvBtBi)
have 2: - O(bi f) — bi f by (rule BoxElim)

from 1 2 show ’thesis using lift-imp-trans by fastforce
ged

lemma BalmpBt:

F ba f—0Of

proof —

have 1: = ba f = bi( O f) by (rule BaEqvBiBt)
have 2: - bi( O f) — O f by (rule BiElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
ged

lemma DiamondIimpDa:
F Of— da f
by (metis Dilntro DiamondlmpDiamond da-d-def di-d-def sometimes-d-def)

lemma DilmpDa:
o di f— da f
by (metis NowlmpDiamond da-d-def di-d-def sometimes-d-def)

lemma BoxAndChoplmport:

H OhANf,g— f;(hAg)

proof —

have 1: - h— g — (hA g) by auto

hence 2: - 0O h — O(g — (hA g)) by (rule ImpBoxRule)

have 3:+0O(g — (hA g)) — f; g — f; (hA g) by (rule BoxChoplmpChop)
from 2 3 show ?thesis by fastforce

ged

lemma BaAndChoplmport:
F ba fA(g gl)— (fNAg) (fAgl)
proof —
have I:+ ba f — bi f by (rule BalmpBi)
have 2: - bi f A (g; g1) — (f A g); g1 by (rule BiAndChoplmport)
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have 3:+ ba f — O f by (rule BalmpBt)

have 4:FOf A(fAg), gl — (fAg) (fAgl) by (rule BoxAndChoplmport)
from 1 2 3 4 show ?thesis by fastforce

ged

lemma ChopAndCommute:

- fi(gngl)="i (gl Ng)

proof —

have I: - (g A g1) = (gl A g) by auto

from 1 show 7thesis by (rule RightChopEqvChop)
ged

lemma ChopAndA:

H fi(gngl)—f, g

proof —

have 1:+ (g A gl) — g by auto

from 1 show ?thesis by (rule RightChoplmpChop)
ged

lemma ChopAndB:

(g Ngl)—f; gl

proof —

have 1:+ (g A gl1) — gl by auto

from 1 show ?thesis by (rule RightChoplmpChop)
ged

lemma BoxStateAndChopEqvChop:

F (O (init w) A (f; g)) = ((O (init w) A f); (O (init w) A g))

proof —

have I:+ O (init w) = ba( O (init w))
by (rule BoxStateEqvBaBoxState)

have 2:+ ba( O (init w)) A (f; g) — (O (init w) A f); (O (init w) A g)
by (rule BaAndChoplmport)

have 3:F O (init w) A (f; g) — (O (init w) A f); (T (init w) A g)
using 1 2 by fastforce

have 11:+ (O (init w) A f); (T (init w) A g) — (O (init w)); (O (init w) A g)
by (rule AndChopA)

have 12: - (O (init w)); (O (init w) A g) — (O (init w)); (O (init w))
by (rule ChopAndA)

have 13: F (O (init w)); (O (init w)) = O (init w)
by (rule BoxStateChopBoxEqvBox)

have 14: F (O (init w) A f); (O (init w) A g) — £, (O (init w) A g)
by (rule AndChopB)

have 15: + f; (O (init w) AN g) — f; g
by (rule ChopAndB)

have 16: - (O (init w) A f); (O (init w) A g) — O (init w) A (f; g)
using 11 12 13 14 15 by fastforce

from 3 16 show 7thesis by fastforce

ged
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lemma DiEqvNotBiNot:
- di f=(=(bi(= f))
proof —
have 1: - bi (= f) = (= (di (-~ f))) by (simp add: bi-d-def)
hence 2: + di (-~ f)=(=( bi (= f))) by auto
have 3:+f = (=~ f) by auto
hence 4:+ di f = di (=~ f) by (rule DiEqvDi)
from 2 4 show ?thesis by auto
ged

lemma ChopAndBoxImport:

F f,gANOh—f; (g Ah)

proof —

have I: - 0O h A f;, g — f, (h A g) by (rule BoxAndChoplmport)
have 2: - f; (h A g) = f; (g A h) by (rule ChopAndCommute)
from 1 2 show ’thesis by fastforce

ged

lemma AndChopAndCommute:

E (FAg)(flngl)=(gnf)(gl ATl

proof —

have I: - (f A g); (f1 N gl) = (g A f); (f1 A g1) by (rule AndChopCommute)
have 2: - (g AN f); (f1 N gl) = (g N f); (g1 A f1) by (rule ChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma Chop/mpChop:

assumes - f— f1 F g— gl

shows F f; g — fl; gl

proof —

have 1:+ f — fl using assms by auto

hence 2: + f; g — f1; g by (rule LeftChoplmpChop)
have 3:+ g — gl using assms by auto

hence 4: + f1, g — f1; g1 by (rule RightChoplmpChop)
from 2 4 show ?thesis by fastforce

ged

lemma ChopEqvChop:

assumes - f=fl I g= gl

shows + f; g="fI; gl

proof —

have 1:+ f = fl1 using assms by auto

hence 2: + f; g = f1; g by (rule LeftChopEqvChop)
have 3:+ g = gl using assms by auto

hence 4: + f1;, g = f1; gl by (rule RightChopEqvChop)
from 2 4 show ?thesis by fastforce

ged

lemma BoxImpBoxImpBox:
Foh—0oO(g—O0OhAg)
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proof —

have I: O h— (g — O h A g) by auto

hence 2: - 0O(0O h) — O(g — O h A g ) by (rule ImpBoxRule)
have 3: - 0O h = O(Oh) by (rule BoxEqvBoxBox)

from 2 3 show ?7thesis by fastforce

ged

lemma BoxChoplmpChopBox:

H Ooh—fig—f,(ODhAg)

proof —

have I: F O h— O(g — O h A g ) by (rule BoximpBoxImpBox)

have 2: - 0O(g — O hANg)— f, g — f; (0~ A g) by (rule BoxChoplmpChop)
from 1 2 show ?thesis by fastforce
ged

lemma NotChopEqvYieldsNot:

(= (f; g)) = fyields (= g)

proof —

have 1:+ g = (- g) by auto

hence 2: + f; g = f; (- = g) by (rule RightChopEqvChop)
hence 3: + (= (f; g)) = (= (f; (= = g))) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma NotDiFalse:

F = (di #False)

proof —

have 1:t (init #True) — bi (init # True) by (rule StatelmpBi)
hence 2: - # True — bi # True by (auto simp: bi-defs)
have 3:F # True by auto

have 4:+ bi # True using 2 3 MP by auto

hence 5: - — ( di (- #True)) by (simp add: bi-d-def)
have 6:F (- #True) = #False by auto

hence 7: + di (= #True) = di #False by (rule DiEqvDi)
from 5 7 show ?thesis by auto

ged

lemma StateAndEmptyChop:

o ((init w) A empty ); f = ((init w) A f)

proof —

have 1:F ((init w) A empty ); f = ((init w) A empty ; f) by (rule StateAndChop)
have 2: - empty ; f = f by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

ged

lemma StateAndNextChop:

Fo ((init w) A O f); g = ((init w) A O(f; g))

proof —

have I:F ((init w) A O f); g = ((init w) A (O f); g) by (rule StateAndChop)
have 2: - (O f); g = O(f; g) by (rule NextChop)
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from 1 2 show ?thesis by fastforce
ged

lemma NextAndEqvNextAndNext:
FOo(frhg)=(0OfANOg)
by (auto simp: next-defs)

lemma NextStateAndChop:

F o O(((init w) A f); g) = (O (init w) A O(f; g))

proof —

have 1:t ((initw) A f); g = ((init w) A f; g) by (rule StateAndChop)

hence 2: = O(((init w) A f); g) = O((init w) A f; g) by (rule NextEqvNext)

have 3:+ O((init w) A f; g) = (O (init w) A O(f; g)) by (rule NextAndEqvNextAndNext)
from 2 3 show ?thesis by fastforce

ged

lemma StateYieldsEqv:

o ((init w) — (f yields g)) = ((init w) A f) yields g

proof —

have I:F ((initw) A f); (= g) = ((initw) A f; (= g)) by (rule StateAndChop)
hence 2: + ((init w) — = (f; (= g))) = (= (((init w) A f); (- g))) by auto
from 2 show ?thesis by (simp add: yields-d-def)

ged

lemma StateAndDi:

Fo ((init w) A di £) = di ((init w) A f)

proof —

have 1:F ((init w) A f); # True= ((init w) A f; # True) by (rule StateAndChop)
from 1 show ?thesis by (metis di-d-def inteq-reflection)

ged

lemma DilNext:

Fodi(Of)=0(di f)

proof —

have 1:+ (O f); #True = O(f; # True) by (rule NextChop)
from 1 show 7thesis by (simp add: di-d-def)

ged

lemma DilNextState:

o di( O (init w)) = O (init w)

proof —

have I:F di( O (init w)) = O( di (init w)) by (rule DiNext)
have 2:F di (init w) = (init w) by (rule DiState)

hence 3: = O( di (init w)) = O (init w) by (rule NextEqvNext)
from 1 3 show ?thesis by fastforce

ged

lemma StatelmpBiGen:

assumes - (init w)— f
shows  (init w) — bi f
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proof —

have I:F (init w) — f using assms by auto

hence 2: + -~ f — = (init w) by auto

hence 3: - di (- f) — di (= (init w)) by (rule DilmpDi)

hence 4: + di (- f) — di (init (—w)) by (metis Initprop(2) inteq-reflection)
have 5:+ di (init (- w)) = (init (- w)) by (rule DiState)

have 6:+ di (= f) — = (init w) using 4 5 using Initprop(2) by fastforce
hence 7: + (init w) — = ( di (= f)) by auto

from 7 show ?thesis by (simp add: bi-d-def)

ged

lemma ChopAndNotChoplmp:

F o figN-(fgl)— f (g N~ gl)

proof —

have 1:+g — (gA - gl)V gl by auto

hence 2: + f; g — f; ((gN = g1)V gl) by (rule RightChoplmpChop)

have 3:+f; ((gN— gl)V gl) — (f; (gN— gl))V (f; gl) by (rule ChopOrlmp)
have 4:+f; g — f; (g\ — gl)V f; gl using 23 MP by fastforce

from 4 show ?thesis by auto

ged

lemma ChopAndYieldsimp:

E f, g A fyields g1 — f; (g A gl)

proof —

have I:+g — (gNgl)V — gl by auto

hence 2: - f; g — f; ((gN gl) Vv - gl) by (rule RightChoplmpChop)

have 3:+f; ((gA gl)Vv - gl) — (f; (gN gl))V (f; (- gl)) by (rule ChopOrimp)
have 4.+ f;, g — f; (g gl)V f; (- gl) using 2 3 MP by fastforce

hence 5: - f; g A= (f; (= gl)) — f; (g A gl) by auto

from 5 show ?thesis by (simp add: yields-d-def)

ged

lemma ChopAndYieldsMP:

F f; g A fyields (g— gl1) — f; gl

proof —

have I:+f; g A fyields (g— gl) — f; (g AN (g — g1)) by (rule ChopAndYieldsimp)
have 2:+ g A (g — gl) — gl by auto

hence 3: + f; (g A (g — g1)) — f; g1 by (rule RightChoplmpChop)

from 1 3 show ?thesis by fastforce

ged

lemma OrYieldsimp:

F o (f Vv f1) yields g = ((fyields g) A (f1 yields g))
proof —

have 1:F ((fv fI); (- g))=((f;(— g))V (fI;, (- g))) by (rule OrChopEqv)
hence 2: + (= ((fv fI); (= g))) = (= (f; (= g)) A =(f1; (= g))) by auto
from 2 show 7thesis by (simp add: yields-d-def)
ged

lemma LeftYieldsimpYields:

74



assumes - f— f1

shows | (f1 yields g) — (f yields g)

proof —

have 1:+ f — fl1 using assms by auto

hence 2: + f; (- g) — f1, (- g) by (rule LeftChoplmpChop)
hence 3: + - (f1; (- g)) — — (f; (= g)) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma LeftYieldsEqvYields:

assumes - f = fI

shows + (f yields g) = (f1 yields g)

proof —

have 1:F f = f1 using assms by auto

hence 2: + f; (= g) = f1; (- g) by (rule LeftChopEqvChop)
hence 3: - (= (f; (— g))) = (= (fI; (= g))) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

4.6 Properties of Fin

lemma FinEqvTrueChopAndEmpty:
b fin f = # True;(f A\ empty)

proof —

have I:+fin f = O(empty — f)
by (simp add: fin-d-def)

have 2: - O(empty — ) = (=(O(—(empty — ) ) ))
by (simp add: always-d-def)

have 3: - (=(empty — f )) = (= f A empty)
by auto

hence 4: - O(=(empty — 1)) = O(— £ A empty)
using DiamondEqvDiamond by blast

hence 5: - =(O(=(empty — f))) = (=(O(= £ A empty)))
by auto

have 6: - (=(O(— f A empty))) = # True;(f A\ empty)
using Finprop(4) sometimes-d-def by (metis int-eq int-simps(4))

from 1 25 6 show ?thesis by fastforce

ged

lemma DiamondFin:

F O(fin w) = fin w

by (metis DiamondDiamondEqvDiamond FinEqvTrueChopAndEmpty TrueChopEqvDiamond integ-reflection)
lemma ChopFinExportA:

Ffi(g A finw) — finw

using DiamondFin

by (metis ChopAndB ChoplmpDiamond inteq-reflection lift-imp-trans)

lemma FinlmpBox:
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F fin w — O(fin w)
by (metis BoxImpBoxBox fin-d-def)

lemma FinAndChoplmport:

F (fin w) A (f;8) — ;((fin w) A g)

proof —

have 1:F fin w — 0O(fin w) by (rule FinlmpBox)

hence 2: - fin w A f;g — O(fin w) A (f;g) by auto

have 3: F O(fin w) A (f;g) — f;((fin w) A g) using BoxAndChoplmport by blast
from 2 3 show ?thesis using MP by fastforce

ged

lemma FinAndChop:
F(fi(g A finw)) = (finw A f;g)
using FinAndChoplmport ChopFinExportA ChopAndA ChopAndCommute by fastforce

lemma ChopAndEmptyEqvEmptyChopEmpty:

F ((f;g) A empty) = (f A empty);(g N empty)
by (auto simp: empty-defs chop-defs)

lemma FinAndEmpty:

F ((fin w) A empty) = (w A empty)

proof —

have 1:+ ((fin w) A empty) = (# True;(w A empty) A empty)
using FinEqvTrueChopAndEmpty by fastforce

have 2: = (#True;(w A empty) A empty) = ((# True A empty);(w A empty))
using ChopAndEmptyEqvEmptyChopEmpty
by (smt int-eq int-iffD2 lift-and-com Propl0 Propl2)

have 3: F (#True A empty);(w A empty) = (empty;(w A empty))
using LeftChopEqvChop by fastforce

have 4: F (empty;(w A empty)) = (w A empty)
using EmptyChop by blast

from 1 2 3 4 show ?thesis by fastforce

ged

lemma AndFinEqvChopAndEmpty:

F (FA fing)="1; (g N empty)

proof —

have I:+ (f A fin g) = (f;empty A fin g)
using ChopEmpty by (metis int-eq)

have 2: - (fin g A f;empty) = (f;(empty A fin g))
using FinAndChop by fastforce

have 3: - (empty A fin g) = (fin g N\ empty)
by auto

have 4: - (fin g A\ empty) = (g N empty)
using FinAndEmpty by metis

have 5: - (empty A fin g) = (g N empty)
using 3 4 by auto

hence 6: + f;(empty A fin g) = f;(g N empty)
using RightChopEqvChop by blast
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from 1 2 5 show 7thesis by (metis inteq-reflection lift-and-com)
ged

lemma AndFinEqvChopStateAndEmpty:
o (F A fin (init w)) = f; ((init w) A empty )
using AndFinEqvChopAndEmpty by blast

lemma FinStateEqvStateAndEmptyOrNextFinState:
F fin (init w) = (((init w) A empty ) vV O( fin (init w)))
proof —
have 1:  fin (init w) = O( empty — init w)
by (simp add: fin-d-def)
have 2 : - O(empty — init w) =
((empty — init w) A wnext (O (empty — init w)))
by (rule BoxEqvAndWhnextBox)
have 3: |- fin (init w) = ((empty — init w) A wnext (fin (init w)))
using 1 2 by (simp add: fin-d-def)
have 4: - wnext (fin (init w)) = (empty V O (fin (init w)))
by (rule WnextEqvEmptyOrNext)
have 5: - fin (init w) = ((empty — init w) A (empty V O (fin (init w))))
using 3 4 by fastforce
have 6: - ((empty — init w) A (empty V O (fin (init w)))) =
(((empty — init w) A empty) V ((empty — init w) A O (fin (init w))))
by auto
have 7: - ((empty — init w) A empty) = ((init w) A empty)
by auto
have 8: - ((empty — init w) A O (fin (init w))) = O (fin (init w))
by (metis 1 BoxElim DiamondFin NextDiamondlmpDiamond int-eq lift-and-com
lift-imp-trans Prop10)
have 9: - (((empty — init w) A empty) V ((empty — init w) A O (fin (init w)))) =
((init w) A empty ) VvV O( fin (init w))
using 7 8 by auto
from 5 6 8 9 show ?thesis by fastforce
ged

lemma FinChopEqvOr:
Fo (fin (init w)); £ = (((init w) A ) v O(( fin (init w)); f))
proof —
have I:+ fin (init w) = (((init w) A empty )V O( fin (init w)))
by (rule FinStateEqvStateAndEmptyOrNextFinState)
hence 2: - ( fin (init w)); f = (((init w) A empty )V O( fin (init w))); f
by (rule LeftChopEqvChop)
have 3:F (((init w) A empty )V O (fin (init w))); f
= (((init w) A empty ); £V (O (fin (init w))); f)
by (rule OrChopEqv)
have 4:t ((init w) A empty ); f = ((init w) A f)
by (rule StateAndEmptyChop)
have 5: - (O (fin (init w))); f = O(( fin (init w)); f)
by (rule NextChop)
from 2 3 4 5 show ?thesis by fastforce
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ged

lemma FinChopEqvDiamond:

F o ( fin (init w)); f = < ((init w) A f)

proof —

have I:F ( fin (init w)) = (# True;((init w) A empty))
by (rule FinEqvTrueChopAndEmpty)

hence 2: - ( fin (init w));f = (# True;((init w) A empty));f
by (rule LeftChopEqvChop)

have 3:t #True;(( (init w) A empty);f) = (# True;((init w) A empty));f
by (rule ChopAssoc)

have 4:t # True;(( (init w) A empty);f)= < ( ( (init w) A empty);f)
by (simp add: sometimes-d-def)

have 5:F ( (init w) A empty);f = ((init w) A f)
using StateAndEmptyChop by blast

hence 6: - <& ((( (init w) A empty);f) = < ( (init w) A f)
by (rule DiamondEqvDiamond)

from 2 3 4 6 show ?thesis by fastforce

ged

lemma NotDiamondAndNot:

F=(O (fAAF))

proof —

have I: - (=( © ( f A= f))) = O(—(f A =f)) using NotDiamondNotEqvBox by fastforce
have 2: - —(f A —f) by simp

have 3: F O(=(f A —f)) using 2 by (simp add: BoxGen)

from 1 3 show ?thesis by fastforce

ged

lemma FinYields:

F o ( fin (init w)) yields (init w)

proof —

have 1:+ (fin (init w)); (=(init w)) = <&((init w) A —(init w)) by (rule FinChopEqvDiamond)
have 2: = —( O((init w) A = (init w))) by (rule NotDiamondAndNot)

have 3: = = (( fin (init w)); (= (init w))) using 1 2 by fastforce

from 3 show 7thesis by (simp add: yields-d-def)

ged

lemma ImpAndFinStateOrFinNotState:
Ff — (f A fin (init w)) V fin (= (init w))
by (simp add: fin-defs Valid-def)

lemma AndFinChopEqvStateAndChop:
o (fF A fin (init w)); g = f; ((init w) A g)
proof —
have 1:F ( fin (init w)) yields (init w)
by (rule FinYields)
have 2:+ f A fin (init w) — fin (init w)
by auto
hence 3: I+ ( fin (init w)) yields (init w) — (f A fin (init w)) yields (init w)
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by (rule LeftYieldsImpYields)
have 4:+ (f A fin (init w)) yields (init w)
using 1 3 MP by fastforce
have 5:+ (f A fin (init w)); g A (f A fin (init w)) yields (init w)
— (f A fin (init w)); (g A (init w))
by (rule ChopAndYieldsimp)
have 6:F (f A fin (init w));, g — (f A fin (init w)); (g A (init w))
using 4 5 by fastforce
have 7:F (f A fin (init w)); (g A (init w)) — f; (g A (init w))
by (rule AndChopA)
have 8:+ g A (init w) — (init w) A g
by auto
hence 9: f; (g A (init w)) — f; ((init w) A g)
by (rule RightChoplmpChop)
have 10:+ (f A fin (init w)); g — f; ((init w) A g)
using 6 7 9 by fastforce
have 1I:+f — (f A fin (init w)) VvV fin (= (init w))
by (rule ImpAndFinStateOrFinNotState)
hence 12: - f; ((init w) A g) —
((f N fin (init w))V fin (= (init w))); ((init w) A g)
by (rule LeftChoplmpChop)
have 13:+ ((f A fin (init w))V fin (= (init w))); ((init w) A g)

((f A fin (init w)); ((init w) A g) vV ( fin (= (init w))); ((init w) A g))
by (rule OrChopEqv)
have 14:+ ( fin (init (= w))); ((init w) A g) — O( (init (= w)) A ((init w) A g))
using FinChopEqvDiamond by fastforce
have 141: = —=( &( (init (= w)) A ((init w) A g))) —
= ((fin (init (- w))); ((init w) A g))
using 14 by fastforce
have 15:F —( O( (init (= w)) A ((init w) A g)))
using NotDiamondAndNot Initprop(2) by (auto simp: sometimes-defs init-defs)
have 151: + = ( ( fin (init (= w))); ((init w) A g))
using 15 141 by fastforce
have 1511: + ( fin (= (init w))); ((init w) A g) — #False
using 151 by (metis Initprop(2) int-simps(14) inteq-reflection)
have 152: - (f A fin (init w)); ((init w) A g) vV ( fin (= (init w))); ((init w) A g) —
(f A fin (init w)); ((init w) A g)
using 1511 by fastforce
have 16:F f; ((init w) A g) — (f A fin (init w)); ((init w) A g)
using 12 13 152 by fastforce
have 17:+ (f A fin (init w)); ((init w) A g) — (fA fin (init w)); g
by (rule ChopAndB)
have 18:+ f; ((init w) A g) — (f A fin (init w)); g
using 16 17 by fastforce
from 10 18 show ?thesis by fastforce
ged

lemma DiAndFinEqvChopState:
Fo o di (f A fin (init w)) = f; (init w)
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proof —

have I:F (f A fin(init w)); # True = f;((init w) A # True) by (rule AndFinChopEqvStateAndChop)
have 2:F ((init w) A # True) = (init w) by auto

hence 3: - (f; ((init w) A #True)) = (f; (init w)) by (rule RightChopEqvChop)

have 4:F (f A fin (init w)); # True = f; (init w) using 1 3 by auto

from 4 show ?thesis by (simp add: di-d-def)

ged

lemma FinNotStateEqvNotFinState:

t fin  (init (= w)) = (=( fin (init w)))

using FinEqvTrueChopAndEmpty

by (metis (no-types, hide-lams) Finprop(4) Initprop(2) int-eq int-simps(4) int-simps(7) sometimes-d-def)

lemma BilmpFinEqvYieldsState:

F bi (f — fin (init w)) = fyields (init w)

proof —

have 1:F di (f A fin (init (= w))) = f; (init (= w))
by (rule DiAndFinEqvChopState)

have 2: + (f A fin(init (= w))) = (f A =(fin(init w)))
using FinNotStateEqvNotFinState by fastforce

have 3:F (f A = (fin(init w))) = (= (f — fin (init w)))
by auto

have 4:t (f A fin(init (= w))) = (= (f — fin(init w)))
using 2 3 by fastforce

hence 5: + di (f A fin (init (= w))) = di (= (f — fin(init w)))
by (rule DiEqvDi)

have 6:+ di (= (f — fin (init w))) = (=( bi (f — fin(init w))))
by (rule DiNotEqvNotBi)

have 7:+ — (bi (f — fin (init w))) = f;(init (- w))
using 1 5 6 Initprop by fastforce

hence 8: + bi (f — fin (init w)) = (= (f; (= (init w))))
by (metis Initprop(2) int-eq int-simps(7))

from 8 show ?thesis by (simp add: yields-d-def)

ged

lemma StatelmpYields:

assumes + (init w) A f — fin (init wl)

shows + (init w) — (f yields (init wl))

proof —

have I:F (initw) A f — fin (init wl) using assms by auto

hence 2: - (init w) — (f — fin (init wl)) by auto

hence 3: + (init w) — bi (f — fin (init wl)) by (rule StatelmpBiGen)

have 4:F bi (f — fin (init wl)) = fyields (init wl) by (rule BilmpFinEqvYieldsState)
from 3 4 show ?thesis by fastforce

ged

lemma StateAndYieldsImpYields:

assumes — (init w) A f — f1

shows | (init w) A (f1 yields g) — (f yields g)
proof —
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have I1:F (initw) A f — fI using assms by auto

hence 2: - (init w) A (f; (= g)) — f1; (- g) by (rule StateAndChoplmpChopRule)
hence 3: F (init w) A = (f1; (= g)) — - (f; (= g)) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma AndYieldsA:

- fyields g — (f A 1) yields g

proof —

have 1: - f A f1 — f by auto

from 1 show ?thesis by (rule LeftYieldsimpYields)
ged

lemma AndYieldsB:
t f1 yields g — (f A 1) yields g
proof —
have 1:+ f A f1 — f1 by auto
from 1 show ?thesis by (rule LeftYieldsimpYields)
ged

lemma RightYieldsimpYields:

assumes - g— gl

shows + (fyields g) — (f yields gI)

proof —

have 1:+F g — gl using assms by auto

hence 2: - - gl — - g by auto

hence 3: + f; (- gl) — f, (— g) by (rule RightChoplmpChop)
hence 4: + - (f; (- g)) — — (f; (-~ gl)) by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma RightYieldsEqvYields:

assumes - g= gl

shows |+ (fyields g) = (fyields gl)

proof —

have 1:+ g = gl using assms by auto

hence 2: + (= g) = (- gl) by auto

hence 3: + f; (- g) =f; (- gl) by (rule RightChopEqvChop)
hence 4: + (= (f; (= g))) = (= (f; (= gl1))) by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma BoxImpYields:

F Og— fyields g

proof —

have I:+-f; (= g) — <(— g) by (rule ChoplmpDiamond)
hence 2: + - (¢(= g)) — — (f; (- g)) by auto

from 2 show ?thesis by (simp add: yields-d-def always-d-def)
ged
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lemma BoxEqvTrueYields:

F O f = #True yields f

proof —

have I:+ #True; (= ) =< (= f) by (rule TrueChopEqvDiamond)
hence 2: F (= (#True; (= £))) = (—=( < (= f))) by auto

have 3:F0Of = (= (< (= f))) by (simp add: always-d-def)

have 4:+ 0O f = (= (#True; (= f))) using 2 3 by fastforce

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma YieldsGen:
assumes - g
shows F fyields g
proof —
have I1:F g using assms by auto
hence 2: - O g by (rule BoxGen)
have 3:+ 0O g — fyields g by (rule BoxImpYields)
from 2 3 show ?thesis using MP by fastforce
ged

lemma YieldsAndYieldsEqvYieldsAnd:

F o ((fyields g) N (f yields gl)) = fyields (g N gI)
proof —

have I:+f; (- gV = gl)=((f; (
hence 2: - ((f; (- g)) vV (f; (=
have 3:F (- gV = gl) = (= ) by auto

hence 4:+f; (- gV - gl) = f; (- (g N gl)) by (rule RightChopEqvChop)

have 5:F (f; (= g)) VvV (f; (- g1))="1; (- (g N gl)) using 2 4 by fastforce

hence 6: - (= (f; (= g)) A~ (f; (- gl1))) = (—(f; (- (g N gl)))) by (auto simp: chop-defs)
from 6 show ?thesis by (simp add: yields-d-def)
ged

g)V (f; (= gl))) by (rule ChopOrEqv)
(- gV - gl) by auto

lemma YieldsAndYieldsimpAndYieldsAnd:
F (fyields g) A (f1 yields g1) — (fA f1) yields (gA g1)
proof —
have 1:+ fyields g — (f N f1) yields g
by (rule AndYieldsA)
have 2: \- f1 yields gl — (f A f1) yields gl
by (rule AndYieldsB)
have 3: - ((f A f1) yields g A (f A f1) yields g1) = (f A f1) yields (g N gl)
by (rule YieldsAndYieldsEqvYieldsAnd)
from 1 2 3 show ?thesis by fastforce
ged

lemma YieldsYieldsEqvChopYields:

F fyields (g yields h) = (f; g) yields h

proof —

have I:+f;(g; (= h)) =(f;g); (= h) by (rule ChopAssoc)
hence 2: + f; (g; (= h)) = (f; g); (= h) by auto

have 3:F g; (= h) = (== (g; (= h))) by auto
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hence 4: + f; (g; (= h)) =f, (-~ = (g; (= h))) by (rule RightChopEqvChop)
have 5.+ f; (== (g; (= h))) =(f; g); (= h) using 2 4 by auto

hence 6: - f; (= (g yields h)) = (f; g); (= h) by (simp add: yields-d-def)
hence 7: + (= (f; (= (g yields h)))) = (= ((f; g); (= h))) by auto

from 7 show 7thesis by (simp add: yields-d-def)

ged

lemma EmptyYields:

F empty vyields f =f

proof —

have 1:+ empty; (= f)= (- f) by (rule EmptyChop)
hence 2: + (= (empty ; (- f))) = f by auto

from 2 show ?thesis by (simp add: yields-d-def)

ged

lemma NextYields:

(O f) yields g = wnext (f yields g)

proof —

have 1.+ (O f); (= g) = O(f; (= g)) by (rule NextChop)

hence 2: - (= (O f); (= £))) = (= (O(; (= g)))) by auto

hence 3: + (O f) yields g = (= (O(f; (= g)))) by (simp add: yields-d-def)

have 4:F (=( O(f; (- g)))) = wnext (— (f; (— g))) by (auto simp: wnext-d-def)
have 5:F (O f) yields g = wnext (- (f; (- g))) using 3 4 by fastforce

from 5 show ?thesis by (simp add: yields-d-def)

ged

lemma SkipChopEqvNext:
F skip; f=0f
by (simp add: next-d-def)

lemma SkipYieldsEquWeakNext:

F  skip yields f = wnext f

proof —

have 1:F skip; (= f)=O(= f) by (rule SkipChopEqvNext)
hence 2: - (= (' skip ; (= 1)) = (=( O(= f))) by auto

have 3:F (= (O(= f))) = wnext f by (auto simp: wnext-d-def)
have 4:F (= ( skip; (= f))) = wnext f using 2 3 by fastforce
from 4 show 7thesis by (simp add: yields-d-def)

ged

lemma NextImpSkipYields:

F Of — skip yields f

proof —

have 1: - O f — wnext f using WnextEqvEmptyOrNext by fastforce
have 2: - skip yields f = wnext f by (rule SkipYieldsEqvWeakNext)
from 1 2 show ?thesis by fastforce

ged

lemma MoreEqvSkipChop True:
F more = skip; # True
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proof —

have 1:\ skip; #True = O# True by (rule SkipChopEqvNext)
hence 2: - O# True = skip ; # True by auto

from 2 show ?thesis by (simp add: more-d-def)

ged

lemma MoreChoplmpMore:

F  more; f — more

proof —

have 1:+ (O#True); f = O(# True; f) by (rule NextChop)

have 2: - O(#True; f) — more by (auto simp: more-defs next-defs)
have 3: - (O# True; f) — more using 1 2 by fastforce

from 3 show ?thesis by (metis more-d-def)

ged

lemma ChopMorelmpMore:

F f; more — more

proof —

have I:+ f; more — < more by (rule ChoplmpDiamond)

have 2: - & more — more by (auto simp: more-defs sometimes-defs)
from 1 2 show ?thesis by fastforce

ged

lemma MoreChopEqvNextDiamond.:

o more ; f = O(< f)

proof —

have 1:+ more ; f = (O #True); f by (simp add: more-d-def)
have 2: - (O#True); f = O(# True; ) by (rule NextChop)
have 3: - more ; f = O(#True; f) using 1 2 by fastforce
from 3 show ?thesis by (simp add: sometimes-d-def)

ged

lemma WeakNextBoxImpMoreYields:

F more yields f = wnext( O f)

proof —

have 1:+ more ; (- f) = O(C (—=f)) by (rule MoreChopEqvNextDiamond)
have 2: - O(¢ ( f)) = O(—(af)) by (auto simp: always-d-def)

have 3: - O(—(0f)) = (= ( wnext( O f) )) by (auto simp: wnext-d-def)
have 4: - more ; (= f) = (=(more yields f)) by (simp add: yields-d-def)
from 1 2 3 4 show ?thesis by fastforce

ged

lemma NotEqvYieldsMore:

F (= f) = fyields more

proof —

have 1:+ f; empty = f by (rule ChopEmpty)

hence 2: + (— (f; empty )) = (= f) by auto

have 3:+ empty = (= more) by (auto simp: empty-d-def)
hence 4: + f; empty = f; (= more) by (rule RightChopEqvChop)
hence 5: - (= (f; empty )) = (= (f; (= more ))) by auto
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have 6:+ (= f) = (- (f; (= more) )) using 2 5 by fastforce
from 6 show ?thesis by (metis yields-d-def)
ged

lemma LeftChoplmpMoreRule:

assumes - f — more

shows - f; g — more

proof —

have 1:+ f — more using assms by auto

hence 2: + f; g — more ; g by (rule LeftChoplmpChop)
have 3: = more ; g — more by (rule MoreChoplmpMore)
from 2 3 show ?7thesis using lift-imp-trans by blast

ged

lemma RightChoplmpMoreRule:

assumes - g — more

shows F f; g — more

proof —

have 1:+ g — more using assms by auto

hence 2: + f; g — f; more by (rule RightChoplmpChop)
have 3:+ f; more — more by (rule ChopMorelmpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma NotDiEqvBiNot:

(= (di f))=bi(~ f)

proof —

have I:+f = (-~ f) by auto

hence 2: + di f = di (=~ f) by (rule DiEqvDi)
hence 3: (= (di f))=(=(di (-~ f))) by auto
from 3 show ’thesis by (simp add: bi-d-def)

ged

lemma Chop/mpDi:

F fig— di f

proof —

have I1:+ g — #True by auto

hence 2: + f; g — f; # True by (rule RightChoplmpChop)
from 2 show ?thesis by (simp add: di-d-def)

ged

lemma TrueEqvTrueChopTrue:

F #True = # True; # True

proof —

have 1:F #True;, # True — # True by auto

have 2:+ #True — di # True by (rule Dilntro)

hence 3: - # True — # True; # True by (simp add: di-d-def)
from 1 3 show ?thesis by auto

ged
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lemma DiEqvDiDi:

- di f= di( di f)

proof —

have 1:t # True = # True; # True by (rule TrueEqvTrueChopTrue)
hence 2: & f; # True = f; (# True; # True) by (rule RightChopEqvChop)
have 3: & f; (#True; # True)= (f; # True); # True by (rule ChopAssoc)
have 4:t f; #True = (f; # True); # True using 2 3 by fastforce

from 4 show ?thesis by (metis di-d-def)

ged

lemma BiEqvBiBi:
F bi f=bi( bi f)
proof —

have I1:+ di (= f)= di( di (= f)) by (rule DiEqvDiDi)
have 2:+ di (= )= (= (bi f)) by (rule DiNotEqvNotBi)
hence 3:+ di (di (= f)) = di (- ( bi f)) by (rule DiEqvDi)

using 1 3 by fastforce
( bi f)))) by fastforce

ged

lemma DiOrEqv:

Eodi(fv g)= (di fVv di g)

proof —

have 1:+ (fV g); #True = (f; #True V g, # True) by (rule OrChopEqv)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndA:

- di(FAg)— di f

proof —

have 1:+ (f A g); #True — f; # True by (rule AndChopA)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndB:

Fodi(fAg)— di g

proof —

have I:+ (f A g); #True — g; # True by (rule AndChopB)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndImpAnd:

Fodi(fAg)— di fA dig

proof —

have I:+ di (f A g) — di f by (rule DiAndA)
have 2: - di (f A g) — di g by (rule DiAndB)
from 1 2 show ?thesis by fastforce

ged
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lemma DiSkipEqvMore:

F  di skip = more

proof —

have 1:+ skip ; # True = O# True by (rule SkipChopEqvNext)
have 2: - O#True = more by (auto simp: more-d-def)

have 3: - skip ; #True = more using 1 2 by fastforce

from 3 show ’thesis by (simp add: di-d-def)

ged

lemma DiMoreEqvMore:

= di more = more

proof —

have 1:+ di (O #True ) = O( di #True) by (rule DiNext)

have 2:+ O( di #True) — more by (auto simp: next-defs di-defs more-defs)
have 3:F di( O #True) — more using 1 2 by fastforce

hence 4: = di more — more by (simp add: more-d-def)

have 5:+ more — di more by (rule ImpDi)

from 4 5 show ?thesis by fastforce

ged

lemma DilfEqvRule:

assumes - f = if; (init w) then g else h
shows + di f = if; (initw) then (di g) else (di h)
proof —

have I:+ f = if; (init w) then g else h using assms by auto

hence 2: + f; #True = if; (init w) then (g; # True) else (h; # True) by (rule IfChopEqvRule)
from 2 show 7thesis by (simp add: di-d-def)

ged

lemma DiEmpty:

F  di empty

proof —

have 1:+ #True by auto

have 2: - empty ; # True = # True by (rule EmptyChop)
have 3: - empty ; # True using 1 2 by auto

from 3 show 7thesis by (simp add: di-d-def)

ged

lemma DaNotEqvNotBa:

H da(—| f):(—\(ba f))

proof —

have I: = ba f = (—~(da(— f))) by (simp add: ba-d-def)
from 1 show ?7thesis by fastforce

ged

lemma DaEqvDa:

assumes - f =g

shows—-da f= da g

using assms using int-eq by force
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lemma DaEqgvNotBaNot:

H da f:(—|(ba(—| f)))

proof —

have 1:+ ba (- f)= (- (da(—~— f))) by (simp add: ba-d-def)
hence 2: + da (- — f)=(=( ba(— f))) by fastforce

have 3:+f = (= - f) by simp

hence 4:+ da f = da (- - f) by (rule DaEqvDa)

from 2 4 show ?thesis by simp

ged

lemma BaElim:

F ba f—f

proof —

have I:+ ba f = 0O(bi f) by (rule BaEqvBtBi)

have 2:+ bi f — f by (rule BiElim)

hence 3: - O(bi f — f) by (rule BoxGen)

have 4:+0O(bi f — f) — O(bi f) — O f by (rule BoxImpDist)
have 5:+ O(bi f) — O f using 3 4 MP by fastforce

have 6:+ 0O f — f by (rule BoxElim)

from 1 5 6 show ?thesis using BalmpBt lift-imp-trans by metis
ged

lemma Dalntro:

F f— da f

proof —

have I:+ ba (= f) — (= f) by (rule BaElim)

hence 2: - -~ f — = ( ba (= f)) by fastforce

have 3:+f = (-~ f) bysimp

have 4:+ da f = (= (ba (= f))) by (rule DaEqvNotBaNot)
from 2 3 4 show ?thesis by fastforce

ged

lemma BaGen:

assumes - f

shows + ba f

proof —

have 1:+ f using assms by auto

hence 2: - O f by (rule BoxGen)

hence 3: - bi( O f) by (rule BiGen)

have 4:+ ba f = bi (O f) by (rule BaEqvBiBt)
from 3 4 show 7thesis by fastforce

ged

lemma BalmpDist:

b ba(f — g) — ba f — ba g

proof —

have I:+ bi (f — g) — (bi f — bi g) by (rule BilmpDist)
hence 2: - O(bi (f — g) — (bi f — bi g)) by (rule BoxGen)
have 3:+ O(bi (f — g) — (bi f — bi g))
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N
(O (bi (f — g)) — (O(bi f) — O(bi g)))
by (meson 2 BoxImpDist MP lift-imp-trans Prop01 Prop05 Prop09)

have 4: - 0O(bi (f — g)) — (a(bi f) — O(bi g)) using 2 3 MP by fastforce

have 5.+ ba (f— g) = 0O(bi (f — g)) by (rule BaEqvBtBi)

have 6:+ ba f = 0O(bi f) by (rule BaEqvBtBi)

have 7:+ ba g = 0O(bi g) by (rule BaEqvBtBi)

from 4 5 6 7 show ?thesis by fastforce

ged

lemma BaAndEqv:
F ba(fANg)= (ba f A ba g)
proof —
have 1:+ ba(f Ag)= 0O(bi (fAg))
by (rule BaEqvBtBi)
have 2:+ bi (f N g) = (bif A big)
by (auto simp: bi-defs)
hence 3: - O(bi (f A g)) = O(bi f A bi g)
using BoxEqvBox by blast
have 4:F O(bi f A big)= (O(bi f) A O(bi g))
by (metis 2 BoxAndBoxEqvBoxRule integ-reflection)
have 5:tba f=0(bi f)
by (rule BaEqvBtBi)
have 6:+ ba g =0(bi g)
by (rule BaEqvBtBi)
from 1 3 4 5 6 show ?thesis by fastforce
ged

lemma BalmpBaEqvBa:
F ba(f=g) — (ba f= ba g)

proof —

have I:+ ba(f — g) — ba f — ba g by (rule BalmpDist)

have 2:+ ba(g — f) — ba g — ba f by (rule BalmpDist)

have 3.+ ba (f =g) = ba ((f — g) N (g — f)) by (auto simp: ba-defs)

have 4:+ ba ((f — g) A (g — f)) = (ba((f — g)) A ba((g — ))) by (rule BaAndEqv)
have 5:+ ((ba f — ba g) A (ba g — ba f))=(ba f = ba g) by auto

from 1 2 3 4 5 show ?thesis by fastforce
ged

lemma BalmpBa:

assumes - f — g

shows Fba f— ba g

using BaGen BalmpDist MP assms by metis

lemma BaEqvBa:

assumes - f =g

shows Fba f= ba g

using BaGen BalmpBaEqvBa MP assms by metis

lemma DalmpDa:
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assumes - f — g
shows Fda f— da g

using assms by (metis DaEqvDtDi DiAndB DiamondImpDiamond inteq-reflection Propl0)

lemma DiamondEqvDiamondDiamond:
FOf =90 (0f)
proof —
have 1: - O (O f) = # True;(# True;f)
by (simp add: sometimes-d-def)
have 2: - # True;(# True;f) = (# True;# True);f
by (rule ChopAssoc)
have 3: - (# True;# True);f = # True;f
using LeftChopEqvChop TrueEqvTrueChopTrue by (metis int-eq)
have 4: - #True;,f = Of
by (simp add: sometimes-d-def)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma DaEqvDaDa:
b da f= da( da f)

proof —

have 1:F da f=<(di 1)
by (rule DaEqvDtDi)

have 2:+ di f = (di (di f))
by (rule DiEqvDiDi)

hence 3: - <O (di ) =< (di (di 1))
by (rule DiamondEqvDiamond)

have 4: < (di ) =<(Q (di (di 1)))
using DiamondEqvDiamondDiamond DiEqvDiDi using 3 by fastforce

have 5: < (di (di f)) = di (¢ (di f))
by (rule DtDiEqvDiDt)

hence 6: - O(O (di (di 1)) =< (di (& (di 1)))
by (rule DiamondEqvDiamond)

have 7:+ da f =< (di( < (di f)))
using 1 3 4 6 by fastforce

have 8:+ da (O (di ) =<(di (O (di f)))
by (rule DaEqvDtDi)

have 9:F da(da )= da (& (di f))
using I by (rule DaEqvDa)

from 7 8 9 show ?thesis by fastforce

ged

lemma BaEqvBaBa:

F ba f= ba (ba f)

proof —

have 1:+ da (= f)= da (da (-~ f)) by (rule DaEqvDaDa)

have 2: - da (da (= f)) = (= (ba(—~ (da(— f))))) by (rule DaEqvNotBaNot)
have 3: - (= (da (da (— f)))) = ba(— (da (= f))) by (auto simp: ba-d-def)

have 4: - (= (da (= f))) = ba (= (da(—~ f))) using 1 2 3 by fastforce
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from 4 show 7thesis by (metis ba-d-def)
ged

lemma BalLeftChoplmpChop:

F ba(f— fl)—f,g—fl, g

proof —

have 1:+ ba (f — f1) — bi (f — f1) by (rule BalmpBi)

have 2: - bi (f — f1) — f; g — f1; g by (rule BiChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma BaRightChoplmpChop:

F ba(g— gl) — f, g — f; gl

proof —

have 1: + ba (g — gl) — O(g — gl) by (rule BalmpBt)

have 2: + 0O(g — gl) — f;, g — f; gl by (rule BoxChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma ChopAndBalmport:

F o (f, fI) N ba g — (f A g); (f1 A g)
proof —

have I: - ba g A (f; f1) — (g A f); (g A f1) by (rule BaAndChoplmport)
have 2: - (g A f); (g A1) = (f A g); (f1 A g) by (rule AndChopAndCommute)
from 1 2 show ’thesis by fastforce
ged

lemma BalmpBalmpBaAnd:

- bah — ba(g — bahAg)

proof —

have 1:+ bah — (g — bah A g ) by fastforce

hence 2: - ba(ba h) — ba(g — ba h A g ) by (rule BalmpBa)
have 3:F ba h = ba(ba h) by (rule BaEqvBaBa)

from 2 3 show ?thesis by fastforce

ged

lemma BaChoplmpChopBa:

F ba f— g gl — g;((ba )N gl)

proof —

have I: - ba f — ba (gl — (ba f) A g1 ) by (rule BalmpBalmpBaAnd)

have 2:+ ba (gl — ba f ANgl)— g, g1 — g;( ba f A gl) by (rule BaRightChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma DiNotBalmpNotBa:

Fodi(—~(ba f)) — —(ba f)
proof —
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have I:+ ba f = ba( ba f) by (rule BaEqvBaBa)

have 2:+ ba( ba f) — bi ( ba f) by (rule BalmpBi)

have 3:+ ba f — bi ( ba f) using 1 2 by fastforce

hence 4:+ ba f — = (di (- ( ba f))) by (simp add: bi-d-def)
from 4 show 7thesis by fastforce

ged

lemma NotBaChoplmpNotBa:

F (= (ba f)), g — —(ba f)

proof —

have 1: + (= ( ba f)); g — di (= ( ba f)) by (rule ChoplmpDi)
have 2: + di (= ( ba f)) — = ( ba f) by (rule DiNotBalmpNotBa)
from 1 2 show ?thesis using lift-imp-trans by blast

ged

lemma DiamondFinlmpFin:
F < (fin f) — fin f
proof —
have 1:F finf = #True;(f A empty)
by (rule FinEqvTrueChopAndEmpty)
hence 2: - < (fin f) = # True;(# True;(f N\ empty))
by (metis ChopEqvChop TrueEqvTrueChop True inteqg-reflection sometimes-d-def)
have 3: & # True;(# True;(f N empty)) = (F True;# True);(f N empty)
by (rule ChopAssoc)
have 4:t (# True,# True);(f N\ empty) = # True;(f N\ empty)
using TrueEqvTrueChop True using LeftChopEqvChop by (metis int-eq)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma ChopFinlmpFin:

F o f; fin (init w) — fin (init w)
proof —

have 1:+ f; fin (init w) — < ( fin (init w)) by (rule ChoplmpDiamond)
have 2: = & (fin (init w)) — fin (init w) by (rule DiamondFinlmpFin)
from 1 2 show ?thesis using lift-imp-trans by blast
ged

lemma FinlmpYieldsFin:

F fin (init w) — fyields ( fin (init w))

proof —

have 1:+ f; fin (init (= w)) — fin (init (= w))
by (rule ChopFinlmpFin)

have 2:+ fin (init (= w)) = (= ( fin (init w)))
using FinNotStateEqvNotFinState by blast

hence 3: - f; fin (init (= w)) = f; (= ( fin (init w)))
by (rule RightChopEqvChop)

have 4:+ f; (= ( fin (init w))) — = ( fin (init w))
using 1 2 3 by fastforce

hence 5: - fin (init w) — = (f; (= ( fin (init w))))

92



by fastforce
from 5 show ?thesis by (simp add: yields-d-def)
ged

lemma ChopAndFin:
Fo((f; g) A fin (init w)) = f; (g A fin (init w))

proof —

have 1:t fin (init w) — fyields ( fin (init w))
by (rule FinlmpYieldsFin)

hence 2: + (f; g) A fin (init w) — (f; g) A fyields ( fin (init w))
by auto

have 3:F (f; g) A fyields ( fin (init w)) — f; (g A fin (init w))
by (rule ChopAndYieldsimp)

have 4:+ (f; g) A fin (init w) — f; (g A fin (init w))
using 2 3 by fastforce

have 11:+ f; (g A fin (initw)) — f; g
by (rule ChopAndA)

have 12: + f; (g A fin (init w)) — f; fin (init w)
by (rule ChopAndB)

have 13: + f; fin (init w) — < ( fin (init w))
by (rule ChoplmpDiamond)

have 14: = &( fin (init w)) — fin (init w)
by (rule DiamondFinlmpFin)

have 15: - f; (g A fin (init w)) — (f; g) A fin (init w)
using 11 12 13 14 by fastforce

from 4 15 show 7thesis by fastforce

ged

lemma ChopAndNotFin:
o (fig A= (fin (initw)))=f; (g A= (fin (init w)))

proof —

have 1:+ (f; g A fin (init (= w)))="f; (g A fin (init (- w)))
by (rule ChopAndFin)

have 2:+ fin (init (- w)) = (= ( fin (init w)))
using FinNotStateEqvNotFinState by blast

hence 3: - (g A fin (init (= w))) = (g A =( fin (init w)))
by auto

hence 4: - f; (g A fin  (init (- w))) = f; (g A= ( fin (init w)))
by (rule RightChopEqvChop)

from 1 2 4 show ?thesis by fastforce

ged

lemma FinChopChain:
F o ((init w)— fin (init wl)); ((init wl) — fin (init w2))
— ((init w) — fin (init w2))
proof —
have I:+ (init w) A ((init w)— fin (init wl)); ((init wl) — fin (init w2))
—
( (init w) A ((init w)— fin (init wl))); ((init wl)— fin (init w2))
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by (rule StateAndChoplmport)
have 2: + (init w) A ((init w) — fin (init wl)) — fin (init wl)
by auto
have 3: + ((init w) A ((init w)— fin (init wl))); ((init wl) — fin (init w2))
—
( fin (init wl)); ((init wl) — fin (init w2))
using 2 by (rule LeftChoplmpChop)
have 4:+ ( fin (init wl)); ((init wl) — fin (init w2)) =
O((init wi) A ((init wl) —  fin (init w2)))
by (rule FinChopEqvDiamond)
have 41: + ((init wl) A ((init wl) — fin (init w2))) — fin (init w2)
by auto
have 42: = O((init wl) A ((init wl) — fin (init w2))) — < ( fin (init w2))
using 41 DiamondImpDiamond by blast
have 5: - O( fin( init w2)) — fin (init w2)
using DiamondFinImpFin by blast
have 6: F (init w) A ((init w)— fin (init wl)); ((init wl) — fin (init w2))
— fin (init w2)
using 1 34 5 42 by fastforce
from 6 show 7thesis by fastforce
ged

lemma ChopRule:
assumes — (init w) A f — fin (init wl)
F o (init wI)A f1 — fin (init w2)

shows + (init w) A (f; f1) — fin (init w2)

proof —

have I:F+ (init w) A (f; fI) — ((init w) A f); fI by (rule StateAndChoplmport)
have 2:+ (init w) A f — fin (init wl) using assms by auto

hence 3: - ((init w) A f); f1 — ( fin (init wl)); f1 by (rule LeftChoplmpChop)
have 4:t ( fin (init wl)); f1 = <((init wl) A f1) by (rule FinChopEqvDiamond)
have 5:F (init wl) A f1 — fin (init w2) using assms by auto

hence 6: - O((init wl) A f1) — < (fin (init w2)) by (rule DiamondImpDiamond)
have 7:+ O( fin (init w2)) — fin (init w2) using DiamondFinlmpFin by blast
from 1 3 4 6 7 show ?thesis by fastforce
ged

lemma ChopRep:
assumes - (init w) A f — fI A fin (init wl)
F o (init wl) A g — gl
shows + (init w) A (f; g) — (f1; g1)
proof —
have I1:F (initw) Af — fI A fin (init wl) using assms by auto
hence 2: - (init w) A (f; g) — (f1 A fin (init wl)); g by (rule StateAndChoplmpChopRule)
have 3:+ (f1 A fin (init wl)); g = f1; ((init wl) A g) by (rule AndFinChopEqvStateAndChop)
have 4:+ (init wl)A g — gl using assms by auto
hence 5: + f1; ((init wl) A g) — f1; g1 by (rule RightChoplmpChop)
from 2 3 5 show ?thesis by fastforce
ged
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lemma ChopRepAndFin:
assumes (init w) A f — fI A fin (init wl)
F o (init wl) A g — g1 A fin (init w2)
shows  (init w) A (f; g) — (f1; g1) A fin (init w2)

proof —

have I:F (initw) Af — fI A fin (init wl) using assms by auto

have 2:+ (init wl) A g — g1 A fin (init w2) using assms by auto

have 3:+ (init w) A (f; g) — f1; (g1 A fin (init w2)) using 1 2 by (rule ChopRep)
have 4:+ f1; (g1 N fin (init w2)) — f1; g1 by (rule ChopAndA)

have 5:+ f1; (g1 N fin (init w2)) — f1; fin (init w2) by (rule ChopAndB)

have 6:F f1; fin (init w2) — fin (init w2) by (rule ChopFinlmpFin)

from 1 2 3 4 5 6 show 7thesis using ChopRep ChopRule by fastforce
ged

lemma TrueChopMoreEqvMore:
F # True ; more = more
by (metis ChopMorelmpMore NowlmpDiamond TrueChopEqvDiamond int-eq int-iffl)

lemma MoreChopLoop:
assumes - f — more ; f
shows F - f
proof —
have I1:+~f — more: f
using assms by auto
hence 11: - & f — & (more;f)
by (rule DiamondimpDiamond)
have 12:+ <& (more;f) = # True;(more;f)
by (simp add: sometimes-d-def)
have 13: & # True;(more;f) = (# True;more);f
by (rule ChopAssoc)
have 14:+ < (more;f) = more;f
using TrueChopMoreEqvMore 12 13 by (metis int-eq)
have 2:+ more ; f = O(< f)
by (rule MoreChopEqvNextDiamond)
have 3:F & f — O(C f)
using 11 14 2 by fastforce
hence 4:+ = (< f)
by (rule NextLoop)
have 52|——w(<>f)—>—\f
using Now/mpDiamond by fastforce
from 4 5 show 7thesis using MP by blast
ged

lemma MoreChopContra:

assumest f A—- g — (more; (fAN—- g))

shows Hf — g

proof —

have 1:+-f A= g — (more; (f A\ = g)) using assms by auto
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hence 2: + - (f A = g) by (rule MoreChopLoop)
from 2 show ?thesis by auto
ged

lemma ChopLoop:
assumes - f — g;f

Fg — more
shows F - f
proof —
have 1:+ f — g; f using assms by auto
have 2:+ g — more using assms by auto
hence 3: + g; f — more ; f by (rule LeftChoplmpChop)
have 4:+ f — more ; f using 1 3 by fastforce
from 4 show ?thesis using MoreChopLoop by auto
ged

lemma ChopContra:

assumes - fA- g— h fA-(hg)
Fh— more

shows +Hf— g

proof —

have 1:+f A= g — h; f A = (h; g) using assms by auto

have 2: - h — more using assms by auto

have 3:+ h; f A= (h; g) — h; (f A = g) by (rule ChopAndNotChoplmp)

have 4:+ h; (f A= g) — more ; (f A\ = g) using 2 by (rule LeftChoplmpChop)

have 5:Ff A= g — more; (f AN = g) using 1 3 4 by fastforce
from 5 show ?’thesis using MoreChopContra by auto
ged

4.7 Properties of Chopstar and Chopplus

lemma EmptylmpCS:

Fempty — *

proof —

have I:+ f* = (empty V (f A more);f*) by (rule ChopstarEqv)
have 2: - empty — empty V (f A more);f* by auto

from 1 2 show ?thesis by fastforce

ged

lemma CSEqvOrChopCS:

= (empty VvV (f; f*))

proof —

have 1: F f* = (empty V (f A more);f*) by (rule ChopstarEqv)

have 2: - (f A more);f* — f;f* by (rule AndChopA)

have 3: - f* — empty V f; * using 1 2 by (metis int-iffD1 Prop08)
have 4: - empty — f* by (rule EmptylmpCS)

have 5: = f — empty V (f A more) by (auto simp: empty-d-def)

have 6: F f; f* — f* VvV (f A more ); f* using 5 by (rule EmptyOrChoplmpRule)
have 7: + f* — empty V (f A more);f* using 1 by fastforce

have 8: + f; f* — empty V (f A more ); f* using 6 7 by fastforce
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hence 9:  f; f* — * using 1 by fastforce

have 10: - empty V f; f* — f* using 9 4 by fastforce
from 3 10 show ?thesis by fastforce

ged

lemma CSAndMoreEqvAndMoreChop:
F (f* A more) = (f A more ); f*

proof —

have I:+ (empty V (f A more); f*) A more — (f A more ); f*
by (auto simp: empty-d-def)

have 2:+ f* = (empty V (f A more);f*)
by (rule ChopstarEqv)

have 3:+ f* A more — (f A more ); f*
using 1 2 by fastforce

have 4:+ (f A more ); f* — f*
using 2 by fastforce

have 5:+ (f A more ) — more
by auto

hence 6: - (f A more ); f* — more
by (rule LeftChoplmpMoreRule)

have 7:+ (f A more ); f* — f* A more
using 4 6 by fastforce

from 3 7 show ?thesis by fastforce

ged

lemma CSAndMorelmpChopCS:

F A more — f; f*

proof —

have I:+ (f* A more) = (f A more ); f* by (rule CSAndMoreEqvAndMoreChop)
have 2: - (f A more ); f* — f; f* by (rule AndChopA)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndMoreEqvEmptyOr:
= = (f A more) = (empty V —f)
by (auto simp: empty-d-def)

lemma MoreAndEmptyOrEqvMoreAnd:
F (more A (empty V —f)) = (more A\ — f)
by (auto simp: empty-d-def)

lemma CSMoreNotImpChopCSAndMore:
F f*A more A= f— (f A more); (F*A more )
proof —
have 1:+ (f* A more) = (f A more); *
by (rule CSAndMoreEqvAndMoreChop)
have 2: - empty V more
by (auto simp: empty-d-def)
hence 3: + f* — empty vV (f* A more )
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by auto
hence 4: - (f A more ); f* — (f A more ) V ((f A more ); (f* A more ))
by (rule ChopEmptyOrimpRule)
hence 5: - (f A more ); f* A =(f A more) — ((f A more ); (f* A more))
by fastforce
have 6:F (f A more ); f* = ((f A more ); f* A more) using 1
by auto
have 7:F ((f A more ); f* A =(f A more)) = ((f A more ); f* A more A =(f A more))
using 6 by auto
have 8:+ (f A more ); f* A\ more N — f— (f A more ); (f* A more)
using 5 7 by auto
have 9:F (f* A more A= )= ((f* A more) A (more N = f))
by auto
have 10:F ((f* A more) A (more AN = f)) = ((f A more); f* A (more N = f))
using 1 by fastforce
from 1 8 9 10 show 7thesis by fastforce
ged

lemma CSAndMorelmpCSChop:
F AN more — f*; f
proof —
have 1:F (f* A more) = (f A more); *
by (rule CSAndMoreEqvAndMoreChop)
have 2: - empty V more
by (auto simp: empty-d-def)
hence 3: + f* — empty vV (f* A more )
by auto
hence 4: + (f A more ); f* —
(f A more )V ((f N more ), (f*N\ more))
by (rule ChopEmptyOrimpRule)
have 5:F f* A more N~ f — (f A more ); (f*\ more)
by (rule CSMoreNotImpChopCSAndMore)
have 6:+ f* = (empty V (f A more); f*)
by (rule ChopstarEqv)
hence 7: - f*; f = (f Vv ((f A more); *); f)
by (rule EmptyOrChopEqvRule)
have 8:+ (f A more ); (f*; f)= ((f A more ); f*); f
by (rule ChopAssoc)
have 9:F (f* A more ) A = (f*; f) —
(f A more ); (f*\ more ) A = ((f A more ); (f*; f))
using 5 7 8 by fastforce
have 10: - f A more — more
by auto
from 9 10 show ?thesis by (rule ChopContra)
ged

lemma NotEmptyEqvMore:

F (= empty) = more
by (simp add: empty-d-def)
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lemma NotCSImpMore:

= (f*) — more

proof —

have 1:t empty — (f*) using EmptylmpCS by blast
hence 2: - — empty V (f*) by fastforce

from 2 show ?thesis using 1 NotEmptyEqvMore by fastforce
ged

lemma CSChopCSImpCS:

o — f*

proof —

have I:+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)

hence 2: - f*; f* = (f* Vv ((f A more ); f*); f*)
by (rule EmptyOrChopEqvRule)

have 21: + %, f* A = (f*) — ((f A more ); f*); f*
using 2 by auto

have 22: - = (f*) = (mempty A = ((f A more ); f*))
using 1 by fastforce

have 23: + — (f*) — = ((f A more ); f*)
using 2 22 by fastforce

have 24: - *; f* A = (f*) — = ()
by auto

have 25: - *; f* A= (f*) — = ((f A more ); *)
using 23 24 MP by auto

have 3:F f* f* A= (F*) — ((f A more ); £*); F*A = ((f A more ); )
using 21 25 by fastforce

have 4:+ (f A more );( f*; f*)= ((f A more ); f*); f*
by (rule ChopAssoc)

have 5:F f*, * A= (f*) — (f A more ); (f*; £*) A= ((f A more ); f*)
using 3 4 by fastforce

have 6:+ f A more — more
by auto

from 5 6 show ?thesis using ChopContra by blast

ged

lemma ImpChopPlus:

Fof—

proof —

have 1:F f* = (empty V f; f*) by (rule CSEqvOrChopCS)

hence 2: + f;f* = (f,empty vV f; (f;f*)) using ChopOrEqvRule by blast
have 3:F f;empty = f using ChopEmpty by blast

from 2 3 show ?thesis by fastforce

ged

lemma ImpCS:

Ff— f*

proof —

have 1.+ f — f;f* by (rule ImpChopPlus)
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hence 2: + f — empty V f;f* by auto
from 2 show ?thesis using CSEqvOrChopCS by fastforce
ged

lemma CSChoplmpCS:

[ e L

proof —

have I:+f — f* by (rule ImpCS)

hence 2: + f*; f — *; * by (rule RightChoplmpChop)
have 3:t f*; f* — f* by (rule CSChopCSImpCS)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma ChopPlusimpCS:
e B R L
proof —
have 1: - f;f* — empty V f;f* by auto
from 1 show ?thesis using CSEqvOrChopCS by fastforce
ged

lemma CSChopEqvOrChopPlusChop:

F feg=(gV (fif*):g)

proof —

have 1: + f* = (empty VvV f;f*) by (rule CSEqvOrChopCS)
from 1 show ?thesis using EmptyOrChopEqvRule by blast
ged

lemma CSElim:
assumes - empty — g
F(fA more), g — g
shows FHf* — g
proof —
have 1.+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)
have 2: - empty — g
using assms by blast
have 3:F (f A more ); g — g
using assms by blast
have 31: - = g — more
using 2 by (auto simp: empty-d-def)
have 32: - =g — — ((f A more ); g)
using 3 by fastforce
have 33: + f* A more — (f A more ); f*
using 1 using CSAndMoreEqvAndMoreChop by fastforce
have 34: - f* A= g — f* A more
using 31 by auto
have 35:+ f* A= g — (f A more ); f*
using 33 34 by fastforce
have 36: - f* A= g — = ((f A more ); g)

100



using 32 by auto

have 4:+f*AN—= g — (f A more ); f* A = ((f A more ); g)
using 35 36 by fastforce

have 5:+ f A more — more
by auto

from 4 5 show ?thesis using ChopContra by blast

ged

lemma CSCSImpCS:

Fo(F) — f*

proof —

have I: + empty — f* by (rule EmptylmpCS)

have 2: - (f* A more ); f* — f*; f* by (rule AndChopA)

have 3: - *;, f* — f* by (rule CSChopCSImpCS)

have 4: - (f* A more ); f* — f* using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using CSElim by blast

ged

lemma RightEmptyOrChopEqv:

- gi(empty vV f)=(gV (g f))

proof —

have 1:+ g;( empty V f) = (g;empty V g;f) by (rule ChopOrEqv)
have 2: - g;empty = g by (rule ChopEmpty)

from 1 2 show 7thesis by fastforce

ged

lemma RightEmptyOrChopEqvRule:

assumes - f = (empty V 1)

shows  g;f = (g V (g:f1))

proof —

have I:+ f = (empty V f1) using assms by auto

hence 2: + g;f = g:(empty V f1) by (rule RightChopEqvChop)

have 3:+ g;(empty V f1) = (g V (g:f1)) by (rule RightEmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma ChopPlusEqvOrChopChopPlus:

Fo(ff%) =(f Vv f; (fif*))

proof —

have I:+ f* = (empty VvV f;f*) by (rule CSEqvOrChopCS)
from 1 show ?thesis by (rule RightEmptyOrChopEqvRule)
ged

lemma CSAndEmptyEqvEmpty:
F((f*) A empty) = empty

using EmptylmpCS by fastforce
lemma NotAndMoreChopAndEmpty:
F =(((F A more);g) A empty)
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by (metis AndChopA ChopEmpty LeftChoplmpMoreRule Prop01 empty-d-def int-simps(14)
int-simps(25) int-simps(4) inteq-reflection lift-and-com)

lemma NotChopAndMoreAndEmpty:

= =((f;(gA more)) N empty)

by (metis (no-types, lifting) NotAndMoreChopAndEmpty REmptyEqvEmpty RMoreEqvMore RevChop
ReverseEqv integ-reflection rev-funl rev-fun2)

lemma ChopCsAndEmptyEqvAndEmpty:
F((F;f*) A empty) = (f A empty)

proof —

have I:F ((f;f*) A empty) = (fA empty);(f* A empty)
using ChopAndEmptyEqvEmptyChopEmpty by blast

have 2: = (fA empty);(f* A empty) = (fA empty),empty
using CSAndEmptyEqvEmpty using RightChopEqvChop by blast

have 3: - (fA empty),empty = (f\ empty)
by (rule ChopEmpty)

from 1 2 3 show ?thesis by fastforce

ged

lemma AndMoreChopAndMoreEqvAndMoreChop:
= ((f A more);g N more) = (f A more);g
using ChoplmpDi DiAndB DiMoreEqvMore by fastforce

lemma ChopPlusEqv:
E(fif*) =(f VvV (fA more); (%))
proof —
have 1:+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)
have 2:+ f* = (empty V f;f*)
by (rule CSEqvOrChopCS)
hence 3: + (empty V f;f*) = (empty V (f A more );f*)
using 1 2 by fastforce
have 4:+ (f A more );(f*) = (f A more );(empty V f;f*)
using 2 using RightChopEqvChop by blast
hence 5: = empty V f;f* =empty V (f A more ),(empty V f,f*)
using 3 4 by fastforce
have 6:F (f A more ); (empty V f;f*) =
((f A more ); empty vV (f A more ); (f;f*))
using ChopOrEqv by blast
have 7:F (f A more); empty = (f A more)
using ChopEmpty by blast
have 8:+ (empty VvV f,f*) =
(empty vV (f A more )V (f A more); (f;f*))
using 5 6 7 by (metis 2 3 inteqg-reflection)
have 9:+ ((empty V f;f*) A more) = (f;f* A more)
by (auto simp: empty-d-def)
have 10: + ((empty V (f A more ) vV (f A more ); (f;f*)) A more) =
(((f A more )V (f N more); (f;f*)) A more)
by (auto simp: empty-d-def)
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have 11: - (((f A more ) v (f A more ); (f;f*)) A\ more) =
((f A\ more )V (f A more); (f;f*))
using 10 6 7 int-eq
using AndMoreChopAndMoreEqvAndMoreChop by fastforce
have 12: - (f;f* A more) = ((f A more )V (f A more ); (f;f*))
using 8 9 10 11 by fastforce
have 13: & (f;f* A empty) = (f N empty)
by (rule ChopCsAndEmptyEqvAndEmpty)
have 14: + ((f A more ) vV (f A more ); (f;f*) V (f A empty)) =
(f v (f A more );(f;f*))
by (auto simp: empty-d-def)
have 15: - f;f* = (( f;f* A empty) vV ( f;f* A more))
by (auto simp: empty-d-def)
from 12 13 14 15 show ?thesis by fastforce
ged

lemma ChopPlusimpChopPlus:

assumes - f — g

shows - f;f* — g;g*

proof —

have I: - f — g
using assms by auto

have 2: - f;f* = (f Vv (fA more ); (f;f*))
by (rule ChopPlusEqv)

have 3:+ g;g* = (g Vv (g A more );(g:g"))
by (rule ChopPlusEqv)

have 4: - f;f* A= (g:g*) — ((FA more ); (f;f*) ) A= ((g A more ); (g:8%) )
using 1 2 3 by fastforce

have 5: - f A more — g A more using 1
by auto

have 6: - (fA more ); (f;f*) — (g A more ); (f;f*)
using 5 by (rule LeftChoplmpChop)

have 7: - f;f* A - (g:g*) —

((gn more ); (fif*) ) A= ((g A more ); (g:87))

using 4 6 by fastforce

have 8: - g A more — more
by auto

from 7 8 show ?thesis using ChopContra by blast

ged

lemma ChopChopPlusimpChopPlus:

oo (i) — £ifF

proof —

have I1:+ empty V more by (auto simp: empty-d-def)

hence 2: - f — empty V (f A more ) by auto

hence 3: + f; (f;f*) — (f;f*) VvV (f A more );(f;f*) by (rule EmptyOrChoplmpRule)
have 4.+ f;f* = (f Vv (fA more); (f;f*)) by (rule ChopPlusEqv)

hence 5: = (fA more ); (f;f*) — f;f* by auto

from 3 5 show ?thesis using ChopPluslmpCS RightChoplmpChop by blast

103



ged

lemma CSImpCS:

assumes - f — g

shows F ¥ — g*

proof —

have 1:+ f — g using assms by auto

hence 2: + f;f* — g;g* by (rule ChopPluslmpChopPlus)

hence 3: - empty VvV f;f* — empty V g;g* by auto

from 2 3 show 7thesis using CSEqvOrChopCS by (metis integ-reflection)
ged

lemma ChopPluslintro:
assumest f A- g — (g AN more); f
shows +f — g;g*
proof —
have I: - f A= g — (g A more ); f using assms by auto
have 2: + g;g* = (g Vv (g N more); (g;g*)) by (rule ChopPlusEqv)
have 3: - f A= (gig* ) —
(g A more ), f A= ((g N more); (g:g*) ) using 12 by fastforce
have 4: - g A more — more by auto
from 3 4 show ?thesis using ChopContra by blast
ged

lemma ChopPlusElim:
assumes - f — g

F(fA more ), g — g
shows F f;f* — g
proof —
have I:+ f;f* =(fVv (fA more); (f;f*)) by (rule ChopPlusEqv)
have 2:+F f — g using assms by blast
hence 21: - - g — = f by auto
have 3:+ (fA more ); g — g using assms by blast
hence 31: - = g — = ((fA\ more ); g) by fastforce
hence 32: + f;f* A= g — = ((fA\ more ); g) by auto
have 33:Ff;f* A= g — (f A more ); (f;f*) using 1 21 by fastforce
have 4:F fif*N=- g —

(f A more ); (f;f*) AN = ((FA more ); g) using 31 33 by fastforce

have 5:Ff A more — more by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma ChopPlusElimWithoutMore:
assumes - f — g
Ffg—g
shows F f;f* — g
proof —
have 1:+ f — g using assms by blast
have 2: \- (f; g) — g using assms by blast
have 3: = (f A more ); g — f; g by (rule AndChopA)
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have 4: - (f A more ); g — g using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using ChopPlusElim by blast
ged

lemma ChopPlusEqvChopPlus:

assumes - f =g

shows F f;f* = g;g*

proof —

have 1:+ f = g using assms by auto

hence 2: - f — g by auto

hence 3: + f;f* — g;g* by (rule ChopPlusimpChopPlus)
have 4:+ g — f using 1 by auto

hence 5: + g;g* — f;f* by (rule ChopPlusimpChopPlus)
from 3 5 show ?thesis by fastforce

ged

lemma CSEqvCS:

assumes - f =g

shows F f* = g*

proof —

have 1:F f = g using assms by auto

hence 2: + f;f* = g;g* by (rule ChopPlusEqvChopPlus)
hence 3: + (empty V f;f*) = (empty V g;g*) by auto
from 3 show ?thesis using CSEqvOrChopCS by (metis int-eq)
ged

lemma AndCSA:

Fo(FAg —

proof —

have I: - f AN g — f by auto

from 1 show ?thesis using CSImpCS by blast
ged

lemma AndCSB:

- (Frg)r — g

proof —

have 1: - f AN g — g by auto

from 1 show ?thesis using CSImpCS by blast
ged

lemma CSintro:

assumes - f A more — (g A more ); f

shows +Hf — g*

proof —

have I1:+f A more — (g A more); f
using assms by auto

have 2:+ more = (= empty)
by (auto simp: empty-d-def)

have 3:+f A - empty — (g A more ); f
using 1 2 by fastforce

105



have 4:F g* = (empty V (g A more ); g*)
by (rule ChopstarEqv)
hence 41: + (—(empty V (g A more ); g*)) = (mempty A —=((g A more ); g*))
by fastforce
have 411:F (—empty A —((g A more ); g*)) = (more A —~((g A more ); g*))
using NotEmptyEqvMore by fastforce
have 42:+ —( g*) = (more A —((g A more ); g*))
using 4 41 411 by fastforce
have 43:Hf A —(g*) — f A more A = ((g A more ); g*)
using 42 by fastforce
have 44:+f A more A = ((g A more ); g*) — (g A more ); f A = ((g A more ); g*)
using 3 43 1 by auto
have 5:FfA-(g") —
(g N more); f A= ((g N more ); g*)
using 43 44 lift-imp-trans by fastforce
have 6:F g A more — more
by auto
from 5 6 show ?thesis using ChopContra by blast
ged

lemma CSElimWithoutMore:
assumes - empty — g
Ffg—g
shows +f* — g
proof —
have 1: - empty — g using assms by blast
have 2: - f; g — g using assms by blast
have 3: - (f A more ); g — f; g by (rule AndChopA)
have 4: + (f A more ); g — g using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using CSElim by blast
ged

lemma ChopAssocB:
= (fig):ih = fi(g:h)
using ChopAssoc by fastforce

lemma CSChopEqvChopOrRule:

assumes - = (g*; h)

shows 1 =((g;f)V h)

proof —

have 1I1:+ f = (g*; h) using assms by auto

have 2:+ g* = (empty V (g; g*)) by (rule CSEqvOrChopCS)
hence 3:+g*; h=(hV ((g; g); h)) by (rule EmptyOrChopEqvRule)
have 4:+ (g; g*); h= g; (g~ h) by (rule ChopAssocB)

hence 41: + g*; h=(h V g; (g*; h)) using 3 by fastforce

have 5:+ g;f =g; (g* h) using I by (rule RightChopEqvChop)
hence 6:t+ (g*; h) = (h Vv g; f) using 41 by fastforce

hence 61: - (g*; h) = ((g; f) vV h) by auto

from 1 61 show 7thesis by fastforce

ged
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lemma CSChoplntroRule:
assumes - fA- h— g, f
Fg — more
shows Hf — g*; h
proof —
have I: - f A h— g, f
using assms by blast
have 2: - g — more
using assms by blast
hence 3: g — g A more
by auto
hence 4: + g; f — (g A more ); f
by (rule LeftChoplmpChop)
have 5:-f — (g A more); fV h
using 1 4 by fastforce
have 6:+ g* = (empty V (g A more ); g*)
by (rule ChopstarEqv)
hence 7: - (g*); h=(hV ((g A more ); g*); h)
by (rule EmptyOrChopEqvRule)
have 8:+ ((g A more ); g*); h= (g N more ); (g*; h)
by (rule ChopAssocB)
have 9:F (g*); h=(hV (g A more); (g*; h))
using 7 8 by fastforce
have 10: - f A = (g*; h) — (g A more); f A = ((g N more); (g*; h))
using 5 9 by fastforce
have 11: - g A more — more
by fastforce
from 10 11 show ?thesis using ChopContra by blast
ged

lemma DiamondAndEmptyEqvAndEmpty:
F (O f A empty) = (f A empty)
by (auto simp: sometimes-defs empty-defs)

lemma /nitAndEmptyEqvAndEmpty:
F ((init w) A empty) = (w A empty)
proof —
have I:+ ((init w) A empty) = ((w A empty);# True A\ empty)
by (metis init-d-def int-eq lift-and-com)
have 2: - ((w A empty);# True A empty) = (w A empty);(# True A\ empty)
by (meson AndChopA ChopAndA ChopAndEmptyEqvEmptyChopEmpty lift-imp-trans Prop11 Propl2)
have 3: - (w A empty);(# True A empty) = (w A empty);empty
using RightChopEqvChop by fastforce
have 4: - (w A empty);empty = (w A empty)
using ChopEmpty by blast
from 1 2 3 4 show ?thesis by fastforce
ged
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lemma /nitAndNotBoxInitimpNotEmpty:
Finit w A =( O (init w)) — = empty
proof —
have I: ((init w) A empty) = (w A empty)
by (rule InitAndEmptyEqvAndEmpty)
have 2: - (=( O (init w)) A empty) = (<& (= (init w)) A empty)
by (auto simp: always-d-def)
have 3: F (& (= (init w)) A empty) = (= (init w) A empty)
by (simp add: DiamondAndEmptyEqvAndEmpty)
have 4: - (= (init w)) = (init (= w)) using Initprop(2) by blast
have 5: - (= (init w) A empty) = (= w A empty)
using 4 InitAndEmptyEqvAndEmpty by (metis inteq-reflection)
have 6: - (=( O (init w)) A empty) = (- w A empty)
using 2 3 5 by fastforce
have 7: = =(init w A =( O (init w)) A\ empty)
using 1 6 by fastforce
from 7 show ?thesis by auto
ged

lemma BoxImpTrueChopAndEmpty:
F O f — #True,(f A empty)
using BoxAndChoplmport Finprop(3) by fastforce

lemma BoxInitAndMorelmpBoxInitAndMoreAndFininit:

FO( init w) A more — (O (init w) A more ) A fin (_init w)

proof —

have I:+ fin (init w) = # True ; (init w A empty) using FinEqvTrueChopAndEmpty by blast
have 2: - O( init w) — # True;(init w A empty) by (rule BoxImp TrueChopAndEmpty)
from 1 2 show 7thesis by fastforce

ged

lemma CSImpBox:

assumes - f — empty V (O (init w) A more ); f

shows  initw A f — O (init w)

proof —

have 1:+f — empty Vv (Q( init w) A more );
using assms by auto

have 2: + init w A =( O (init w)) — — empty
by (rule InitAndNotBoxInitimpNotEmpty)

have 3:F initw A f A =( O (init w)) — (O (init w) A more ); f
using 1 2 by fastforce

have 4:+ O (init w) A more — (O (init w) A more ) A fin ( init w)
by (rule BoxInitAndMorelmpBoxInitAndMoreAndFinlnit)

hence 5: + (O( init w) A more ); f — ((O (init w) A more ) A fin (init w) ); f
by (rule LeftChoplmpChop)

have 6:F ((O (init w) A more ) A fin ((init w) ); f =

(O( init w) A more ); (init w A f)

by (rule AndFinChopEqvStateAndChop)

have 7:F —( O( init w)) — (O (init w)) yields (—( O (init w)))
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by (rule NotBoxStatelmpBoxYieldsNotBox)
have 8:+ (O( init w)) yields (= (O (init w))) —
(O (init w) A more ) yields (=( O( init w)))
by (rule AndYieldsA)
have 9:F (O( init w) A more ); (init w A f) A (O( init w) A more ) yields (=( O (init w)))
—
(O (init w) A more ); ((init w A f) A = (O (init w)))
by (rule ChopAndYieldsimp)
have 10: F (init w A f) A =( O (init w)) —
(a( init w) A more ); ((init w A f) A =( O (init w)))
using 35 6 7 8 9 by fastforce
have 11:+ (O( init w) A more ); ((init w A f) A =( O (init w))) —
more ; ((init w A f) A =( O (init w)) )
by (rule AndChopB)
have 12: - (init w A f) A =( O (init w)) —
more ; ((init w A f) A =( O (init w)) )
using 10 11 by fastforce
from 12 show 7thesis using MoreChopContra by blast
ged

lemma BoxCSEqvBox:

o (init w A (O( init w))*) = O (init w)

proof —

have I:F (O (init w))* = (empty Vv (O (init w) A more ); (O (init w))*)
by (rule ChopstarEqv)

hence 2: - (O (init w))* — empty Vv (O (init w) A more ); (O (init w))*
by fastforce

hence 3: I init w A (O (init w))* — O (init w)
by (rule CSImpBox)

have 11: + 0O (init w) — (init w)
using BoxElim by blast

have 12: - O( init w) — (O (init w))*
by (rule ImpCS)

have 13: - O (init w) — init w A (O (init w))*
using 11 12 by fastforce

from 3 13 show ?thesis by fastforce

ged

lemma BoxStateAndCSEqv(Cs:
o (a(init w) A £*) = (init w A (T( init w) A £)*)
proof —
have I:+ O (init w) — initw
using BoxElim by blast
have 2:+ (f* A more) = (f A more); *
by (rule CSAndMoreEqvAndMoreChop)
have 3:+ (O( init w) A ((f A more ); f*)) =
((O (init w) A f A more ); (O (init w) A f*))
by (rule BoxStateAndChopEqvChop)
have 4:F O (init w) A f A more — (O (init w) A f) A more
by auto
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hence 5: - (O (init w) A f A more ); (
((a (init w) A f) A more ); (O
by (rule LeftChoplmpChop)
have 6: + (O( init w) A f*) A more —
((O (init w) A f) A more ); (O (init w) A f*)
using 2 3 5 by fastforce
hence 7: - O (init w) A f* — (O (init w) A f)*
by (rule CSintro)
have 71: & init w A O (init w) A f* — init w A (O (init w) A £)*
using 7 by fastforce
have 8:F O( init w) A f* — init w A (O (init w) A f)*
using 1 71 by fastforce
have 11: F (O (init w) A f)* — (O (init w))*
by (rule AndCSA)
have 12: + (init w A (O (init w))*) = O (init w)
by (rule BoxCSEqvBox)
have 13: F (O (init w) A f)* — f*
by (rule AndCSB)
have 14: & init w A (O (init w) A £)* — init w A (O (init w))* A *
using 11 13 by fastforce
have 15: - init w A (O (init w))* A f* — O (init w) A f*
using 12 by auto
have 16: - init w A (O (init w) A f)* — O (init w) A f*
using 14 15 lift-imp-trans by blast
from 8 16 show 7thesis by fastforce
ged

O (init w) A f*) —
(init w) A f*)

lemma BaCSImpCS:
o ba(f —g) — *— g*
proof —
have I1:+ f*= (empty vV (f A more); *)
by (rule ChopstarEqv)
have 2:+ g*= (empty V (g A more); g*)
by (rule ChopstarEqv)
have 21:+ —(g*) = (—empty A —( (g A more ); g*))
using 2 by fastforce
hence 22: - —(g*) = (more N =( (g A more ); g*))
using NotEmptyEqvMore by fastforce
have 3:+f* A= (g*) —
(empty V (f A more ); f*) A more A = ((g A more ); g*)
using 1 22 by fastforce
have 3I:+ ((empty Vv (f A more); f*) A more) = ((f A more ); f* A more)
by (auto simp: empty-d-def)
have 32:F f* A= (g*) — (f A more ); f* A = ((g A more ); g*)
using 3 31 by fastforce
have 4:+ (f — g) — (f A more — g A more )
by auto
hence 5:+ ba(f — g) — ba (f A more — g A more)
by (rule BalmpBa)
have 6:+ ba(f A more — g A more ) —
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(f N more ); f* — (g A more ); f*
by (rule BaLeftChoplmpChop)
have 7:+ ba(f — g) A (f A more ); f* — (g A more ); f*
using 5 6 by fastforce
have 8:+ (g A more ); f* A= ((g A more ); g*)
— (g A more ); (f* A = (g%))
by (rule ChopAndNotChoplmp)
have 9:+ (g A more ); (f* A = (g*)) — more ; (F* A = (g%))
by (rule AndChopB)
have 10:+ ba (f — g) — more ; (f* A = (g*)) —
more ; ( ba (f — g) A f* A = (g*))
by (rule BaChoplmpChopBa)
have 11:+ ba(f — g)AFf*N=(g") —
more ; ( ba (f — g) A f* A = (g"))
using 32 7 8 9 10 by fastforce
hence 12: - — ( (ba (f — g)) A (f*) A (= (g%)))
using MoreChopLoop by blast
from 12 show ?’thesis using MP by fastforce
ged

lemma BaCSEqvCS:
o ba(f=g) — (" =g")

proof —

have I:+ ba (f = g) = (ba (f — g) A ba (g — f)) by (auto simp: ba-defs)
have 2: - ba (f — g) — (f* — g*) by (rule BaCSImpCS)

have 3:+ ba (g — f) — (g — *) by (rule BaCSImpCS)

have 4: - ba (f = g) — (f* — g*) A (g* — f*) using 1 2 3 by fastforce

have 5: - ((f* — g*) A (g© — *)) = (f* = g*) by auto
from 4 5 show ?thesis by auto
ged

lemma BaAndCSImport:

o ba fAg"— (fAg)*

proof —

have 1:+f — (g — f A g) by auto

hence 2: + ba f — ba (g — f A g) by (rule BalmpBa)

have 3:+ ba (g — f ANg) — g~ — (f A g)* by (rule BaCSImpCS)
from 2 3 show ?thesis by fastforce

ged

lemma CSSkip:
F skip*
by (metis ChopPluslmpCS EmptylmpCS EmptyNextInducta next-d-def)

4.8 Properties of While

lemma WhileEqvlf:

F while (init w) do f = if; (init w) then (f; ( while (init w) do f)) else empty
proof —

have 1:t while (init w) do f = (((init w) A f)* A fin (= (init w)))
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by (simp add: while-d-def)
have 2:F (initw A f)* = (empty Vv ((init w A f); (init w A £)*))
by (rule CSEqvOrChopCS)
have 21: F (((init w) A £)* A fin (= (init w))) =
((empty v ((init w A f); (init w A £)*)) A fin (= (init w)))
using 2 by fastforce
have 22: + ((empty Vv ((init w A f); (init w A £)*)) A fin (= (init w))) =
(( empty A fin (=(init w))) V ( ((init w A f); (init w A £)*) A fin (= (init w))))
by auto
have 3:+ (empty A fin (= (init w))) = (= (init w) A empty)
using AndFinEqvChopAndEmpty EmptyChop by (metis int-eq)
have 4:F (init w A f); (init w A f)* = (init w A (f; (init w A )*))
by (rule StateAndChop)
have 41:  (((init w A f); (init w A £)*) A fin (= (init w))) =
(init w A (f; (init w A £)*) A fin (= (init w)))
using 4 by auto
have 42: F (init w A (f; (init w A £)*) A fin (= (init w))) =
(init w A (f; (init w A £)*) A fin (init (= w)))
using Initprop(2) by (metis StateAndEmptyChop int-eq)
have 5:F ((f; ((init w A £)*)) A (fin (init (= w))))
= (f; ((init w A £)* A (fin (init (= w)))))
by (rule ChopAndFin)
have 51: - (f; ((init w A £)* A (fin (init (= w))))) =
(f; ((init w A £)* A (fin (= (init w)))))
using Initprop(2) by (smt RightChopEqvChop int-eq lift-and-com)
have 52: & (init w A (f; (init w A £)*) A fin (= (init w))) =
(init w A (f; ((init w A F)* A fin (= (init w)))))
using 42 5 51 by fastforce
have 6: F (f; ((init w A £)* A fin (= ((init w)))) = f; while (init w) do f
by (simp add: while-d-def)
have 61: & (init w A (f; ((init w A £)* A fin (= ((init w))))) =
(init w A (f; while (init w) do f)) using 6
by auto
have 62: = ( empty A fin (= (init w))) V ( ((init w A f); (init w A £)*) A fin (= (init w)))
= (= (init w) A empty )V (init w A (f; while (init w) do f))
using 21 22 3 4 52 61 by fastforce
have 7:+ while (init w) do f
= ((= (init w) A empty )V (init w A (f; while (init w) do f)))
using 1 21 22 62
by (metis 3 41 42 5 51 inteqg-reflection)
have 71: & if; (init w) then (f; ( while (init w) do f)) else empty =
((= (init w) A empty )V (init w A (f; while (init w) do f)))
by (auto simp: ifthenelse-d-def)
from 7 71 show 7thesis by fastforce
ged

lemma WhileChopEqvlf:

F ( while (init w) do f); g = ifi(init w) then (f; ((while ( init w) do f); g)) else g
proof —

have I:+ while (initw) do f =
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ifi (init w) then (f; ( while (init w) do f)) else empty
by (rule WhileEqvif)
hence 2: + ( while (init w) do f), g =
ifi (init w) then ((f; while (init w) do f); g) else (empty ; g)
by (rule IfChopEqvRule)
have 3: - empty ;g =g
by (rule EmptyChop)
have 4:+ if; (init w) then ((f; while (init w) do f); g) else (empty ; g) =
ifi (init w) then ((f; while (init w) do f); g) else g
using 3 using inteq-reflection by fastforce
have 5:F ((f; while (init w) do f); g) = (f; (while (init w) do f; g))
by (rule ChopAssocB)
have 6:F if; (init w) then ((f; while (init w) do f);, g) else g =
ifi (init w) then (f; ((while (init w) do f); g)) else g
using 5 using inteqg-reflection by fastforce
from 1 2 4 6 show ?thesis by fastforce
ged

lemma WhileChopEqvlfRule:
assumes - f = (while (init w) do g); h
shows + f = if; (init w) then (g; f) else h
proof —
have 1:+ f = ( while (init w) do g); h
using assms by auto
have 2: - ( while (init w) do g); h =
ifi (init w) then (g; (( while (init w) do g); h)) else h
by (rule WhileChopEqvif)
have 3: F (g; f) = (g; (( while (init w) do g); h))
using 1 by (rule RightChopEqvChop)
have 4: F (g; (( while (init w) do g); h)) = (g; f)
using 3 by auto
have 5: - if; (init w) then (g; (( while (init w) do g); h)) else h =
ifi (init w) then (g; f) else h
using 4 using inteq-reflection by fastforce
from 1 2 5 show ?thesis by fastforce
ged

lemma WhilelmpFin:

F while (init w) do f — fin (= ( init w))

proof —

have 1:F (init w A f)* A fin (= ( init w)) — fin (= ( init w)) by auto
from 1 show ?thesis by (simp add: while-d-def)

ged

lemma WhileEqvEmptyOrChopWhile:
= while (init w) do f = ((— (init w) A empty) V (init w A (f A more );while (init w) do f))
proof —
have I1:F (initw A f)* = (empty V ((init w A f)A more ); (init w A f)*)
by (rule ChopstarEqv)
have 2: + ((init w A f) A more) = (init w A (f A more))
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by auto
hence 3: - ((init w A f)A more ); (init w A £)* = (init w A f A more ); (init w A f)*
by (rule LeftChopEqvChop)
have 4:t (initw A f)* = (empty V (initw A f A more); (init w A f)*)
using 1 3 by fastforce
have 5:F ((init w A £)* A fin (= (init w))) =
(( empty A fin (= (init w))) V
((init w A £ N more ); (init w A £)*A fin (= ( init w))))
using 1 4 by fastforce
have 6:+ (empty A fin (= (init w))) = (= ( init w) A empty)
using AndFinEqvChopAndEmpty EmptyChop by (metis int-eq)
have 7:F (initw A f A more); (init w A f)* = (init w A (f A more); (init w A f)*)
by (rule StateAndChop)
have 8:F (((f A more); (init w A F)*) A fin (init (- w))) =
((f A more ); ((init w A F)* A fin (init (- w))))
by (rule ChopAndFin)
have 81: F fin ( init (= w)) = fin (= ( init w))
using FinEqvFin Initprop(2) by fastforce
have 82: F ((f A more); (init w A f)* A fin (= (init w))) =
((f A more ); ((init w A £)* A fin (= (init w))))
using 8 81
by (metis inteqg-reflection)
have 9:F ((init w A f)* A fin (= (init w))) =
((= (init w) A empty ) V
(init w A (f A more ); ((init w A £)* A fin (= (init w)))))
using 5 6 7 82 by fastforce
from 9 show ?thesis by (simp add: while-d-def)
ged

lemma Whilelntro:
assumes - - (init w) A f — empty
Finitw A f — (g A more ); f
shows + f— while (init w) do g
proof —
have I:+ = (initw) Af — empty
using assms by blast
have 2:F initw A f — (g A more ); f
using assms by blast
have 3:+ while (init w) do g =
((= (init w) A empty ) VvV (initw A (g A more ); while (init w) do g))
by (rule WhileEqvEmptyOrChopWhile)
hence 31: + — ( while (init w) do g) =
(=( (= (init w) A empty )V (initw A (g A more ); while (init w) do g)))
by fastforce
hence 32: - (f A = ( while (init w) do g)) =
(f A =( (=(init w) A empty) V' (init w A (g A more ); while (init w) do g)))
by fastforce
have 33:+ (f A =( (=(init w) A empty) V (init w A (g A more); while (init w) do g))) =
(f A =(=(init w) A empty ) A =(init w A (g A more ); while (init w) do g))
by auto
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have 34:F (f A =(=(init w) A empty) A =((init w) A ((g A more ); while (init w) do g))) =
(f A ( (init w) vV more ) A (=(init w) V —((g A more); while (init w) do g)))
by (auto simp: empty-d-def)
have 35:F (f A ((init w) V more) A (=(init w) V =((g A more);while (init w) do g))) =
((f A (init w) A = ((g A more ); while ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g N more ); while (init w) do g)) V
(f A more A —(init w)))
by auto
have 36:F (f A = ( while (init w) do g)) =
((f A (init w) A= ((g A more ); while ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g A more ); while (init w) do g)) V
(f A more A —(init w))) using 32 33 34 35 by fastforce
have 37:F =(f A more A =(init w))
using 1 by (auto simp: empty-d-def)
have 38:+ (f A more A = ((g A more ); while (init w) do g)) —
((g A more); f A= ((g AN more); while ( init w) do g))
using 1 2 by (auto simp: empty-d-def Valid-def)
have 39:F (f A (init w) A — ((g A more ); while ( init w) do g)) —
((g A more); f A= ((g A\ more ); while (init w) do g))
using 2 by auto
have 40:+ ((f A (init w) A = ((g A more ); while ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g N more ); while (init w) do g)) V
(f A more A —=(init w))) —
(g A more); f A= ((g A more ); while (init w) do g)
using 39 38 37 38 by fastforce
have 4:+ f A - ( while (init w) do g) —
(g N more); f A= ((g N more); while ( init w) do g)
using 36 40 by fastforce
have 5:F g A more — more
by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma WhileElim:
assumes - - (init w) A empty — g
Finitw A (F A more ); g — g
shows + while (initw) do f — g
proof —
have 1:+ while (initw) do f =
((= (init w) A empty )V (init w A (f A more ); while ( init w) do f))
by (rule WhileEqvEmptyOrChopWhile)
hence 11: F ((while (init w) do f) A - g) =
(((=(init w) A empty) V' (init w A (f A more);while (init w) do f)) A = g)
by auto
have 2:+ - (init w) A empty — g
using assms by blast
hence 21: + -~ g — —(— (init w) A empty)
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by auto
have 22: - ((— (init w) A empty) V (init w A (f A more);while (init w) do f)) A = g —
(init w A (f A more ); while (init w) do f)
using 21 by auto
have 23:F (while ( init w) do f)AN—-g —
(init w A (f A more ); while (initw) do f)AN- g
using 11 21 by fastforce
have 3:F (init w) A ((f A more ); g) — g
using assms by blast
hence 31: - - g — =((init w) A ((f A more ); g))
by fastforce
have 32:F (init w A (f A more ); while (init w) do f)N—-g —
(((f A more); (while (init w) do f)) A= ((f N\ more); g)) N —g
using 31 by auto
have 4:+ (while (initw) do f)A- g —
((f A more); (while (init w) do f)) A= ((f A more); g)
using 23 32 by fastforce
have 5:Ff A more — more
by auto
from 4 5 show 7thesis using ChopContra by blast
ged

lemma BaWhilelmpWhile:

- ba (f — g) — ( while (init w) do f) — ( while (init w) do g)

proof —

have I:+ (f — g) — ((initw A f) — (initw A g))
by auto

hence 2: - ba (f — g) — ba ((init w A f) — (init wA g))
by (rule BalmpBa)

have 3:  ba ((init w A f) — (init wA g)) — ((init wA f)* — (init wA g)*)
by (rule BaCSImpCS)

have 4:F ba (f — g) — ((init wA f)*A fin (= (init w)) — (init wA g)*A fin (= (init w)))
using 2 3 by fastforce

from 4 show ?7thesis by (simp add: while-d-def)

ged

lemma WhilelmpWhile:
assumes - f— g
shows - ( while (init w) do f) — ( while (init w) do g)
proof —
have 1:+f — g
using assms by auto
hence 2: + ba (f — g)
by (rule BaGen)
have 3:+ ba (f — g) — ( while (init w) do f) — ( while (init w) do g)
by (rule BaWhilelmpWhile)
from 2 3 show ?thesis using MP by blast
ged
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4.9 Properties of Halt

lemma WhextAndMoreEqvNext:
F (wnext f A more) = O f
by (auto simp: wnext-defs more-defs next-defs)

lemma BoxStateAndEmptyEqvStateAndEmpty:
F (O(empty = (init w)) A empty) = ((init w) A empty)
by (auto simp: always-defs init-defs empty-defs)

lemma BoxEmptyEqviStateqvEmptyAndStateOrNotStateNext:
F O(empty = (init w)) = ((empty A init w) Vv (=(init w) A O(O(empty = (init w)))))
proof —
have I1:F O(empty = (init w)) =
((O(empty = (init w)) A empty) V (O(empty = (init w)) A more))
by (auto simp: empty-d-def)
have 2:+ (O(empty = (init w)) A empty) = ((init w) A empty)
using BoxStateAndEmptyEqvStateAndEmpty by blast
have 3:F O(empty = (init w)) = ((empty = (init w)) A wnext(O(empty = (init w))))
using BoxEqvAndWhnextBox by blast
hence 4: - (O(empty = (init w)) A more) =
(((empty = (init w)) A more) A (wnext(O(empty = (init w))) A more))
by auto
have 5: + ((empty = (init w)) A more) = (=(init w) A more)
by (auto simp: empty-d-def)
have 6:t (wnext(O(empty = (init w))) A more) = O(O(empty = (init w)))
using WnextAndMoreEqvNext by metis
have 7:t (O(empty = (init w)) A more) =
((= (init w) A more) A (wnext(O(empty = (init w))) A more) )
using 4 5 by fastforce
have 8:F ((— (init w) A more) N\ (wnext(D(empty = (init w))) A more) ) =
((= (init w)) A (wnext(D(empty = (init w))) A more) ) by auto
have 9:F ((— (init w)) A (wnext(D(empty = (init w))) A more) ) =
((= (init w)) A O(O(empty = (init w)))) using 8 6 by auto
have 10: - O(empty = (init w)) = (((init w) A empty) V (O(empty = (init w)) A more) )
using 1 2 by fastforce
from 7 9 10 show ?thesis by fastforce
ged

lemma HaltStateEquifState ThenEmptyElseNext:
Fhalt( init w) = if; (init w) then empty else ( O( halt ( init w)))
proof —
have I: I halt( init w) = O(empty = (init w))
by (simp add: halt-d-def)
have 2: - O(empty = (init w)) =
((empty A init w) V (=(init w) A O(O(empty = (init w)))))
by (rule BoxEmptyEqviIStateqvEmptyAndStateOrNotStateNext)
have 21: F ((empty A init w) V (=(init w) A O(O(empty = (init w))))) =
((init w A empty) V (=(init w) A O(O(empty = (init w)))))
by auto
have 22: + O(halt ( init w)) = O(O(empty = (init w)))

117



using NextEqvINext using 1 by blast
have 3: & if; (init w) then empty else ( O( halt ( init w))) =
((init w A empty ) V (=(init w) A O( halt ( init w))))
by (simp add: ifthenelse-d-def)
from 1 221 22 3 show ?thesis by fastforce
ged

lemma HaltChopEqv:
F ((halt ((init w)) ; f) = (if; (init w) then ( f ) else (O( (halt ( init w)); f)))
proof —
have 1:t halt(init w) =
(if; (init w) then empty else ( O( halt ( init w))))
by (rule HaltStateEqvlfState ThenEmptyElseNext)
hence 2: = ((halt(init w));f) =
(ifi (init w) then (empty;f) else ( O( halt ( init w));f))
by (rule IfChopEqvRule)
have 3:+ empty ; f =f
by (rule EmptyChop)
have 4:+ (O (halt ( init w))); f = O( halt ( init w); f)
by (rule NextChop)
from 2 3 4 show ?thesis by (metis integ-reflection)
ged

lemma AndHaltChoplmp:

= init w A ( halt ((init w); f) — f

proof —

have 1:+ halt (init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: - init w A if; (init w) then f else ( O( halt ( init w); f)) — f
by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndHaltChoplmpNext:

F = (init w) A ( halt (init w); f) — O( halt ( init w); f)

proof —

have 1:F halt (init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: = = (init w) A if; (init w) then f else ( O( halt ( init w); f)) —

O( halt ( init w); f)

by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndHaltChoplmpSkipYields:

F = (init w) A ( halt ( init w); f) — skip yields ( halt (init w); f)

proof —

have 1: F = (init w) A ( halt ( init w); f) — O( halt ( init w); f)
by (rule NotAndHaltChoplmpNext)

have 2: = O( halt ( init w); f) — skip yields ( halt ( init w); f)
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by (rule NextimpSkipYields)
from 1 2 show ?thesis by fastforce
ged

lemma TrueChopAndEmptyEqvChopAndEmpty:

= ((# True;(f A empty)) A g) = (g:(fA empty))
using AndFinEqvChopAndEmpty FinEqvTrueChopAndEmpty by (metis int-eq lift-and-com)

lemma WprevEqvEmptyOrPrev:
+ wprev f = (empty V prev f)
by (auto simp: wprev-defs empty-defs prev-defs)

lemma NotChopSkipEqvMoreAndNotChopSkip:

F (= f);skip = (more N —(f;skip))

proof —

have I1:+ wprev f = (empty V prev f) using WprevEqvEmptyOrPrev by auto
hence 2: + (=(wprev f)) = (—(empty V prev f)) by auto

have 3: = —=(wprev ) = ((— f);skip) by (simp add: wprev-d-def prev-d-def)

have 31: F (empty V prev f) = (empty V (f;skip)) by (simp add: prev-d-def)

have 32: - (empty V (f;skip)) = (~more V —=—(f;skip)) by (simp add: empty-d-def)
have 33: + (=more VV —~—(f;skip)) = (—(more A —(f;skip))) by fastforce

have 34: - (empty V prev f) = (—=(more N\ —(f;skip))) using 31 32 33 by (metis int-eq)
have 4: - —(empty V prev f) = (more N\ —(f;skip)) using 34 by fastforce

from 2 3 4 show ?thesis by fastforce

ged

lemma HaltChoplmpNotHaltChopNot:
o halt ((init w); f — = ( halt ( init w); (= f))
proof —
have 1:+ halt (init w);, f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)
have 2:F if; (init w) then f else ( O( halt ( init w); f)) —
( ((init w) — ) A ( =(init w) — ( O( halt ( init w); f))))
by (rule IfThenElselmp)
have 3:F halt (init w); (=f) =
ifi (init w) then (—f) else ( O( halt ( init w); (=f)))
by (rule HaltChopEqv)
have 4: 1 if; (init w) then (=f) else ( O( halt ((init w); (=f))) —
( ((init w) — =f) A ((=(init w) — ( O( halt (init w); (—f)))))
by (rule IfThenElselmp)
have 5:F halt (init w); f A halt (init w); (
( ((init w) — ) A ( =(init w) — ( O( halt (init w); )))) A
( ((init w) — =f) A ( =(init w) — ( O( halt (init w); (=f)))))
using 1 2 3 4 by fastforce
have 6:F ( ((init w) — f) A ( =(init w) — ( O( halt ( init w); £)))) A
( ((init w) — =f) A ( =(init w) — ( O( halt (init w); (=f))))) —
( O( halt ((init w); £)) A ( O( halt (init w); (=f)))
by auto

—~ >
}QJ
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have 7:t+ halt (init w); f A halt (init w); (=f) —
( O( halt ( init w); f)) A ( O( halt ( init w); (—=f)))
using 5 6 lift-imp-trans by blast
have 8:F (( O( halt (init w); £)) A ( O( halt ( init w); (=f)))) =
O (halt ( init w); f A halt ( init w); (=f))
using NextAndEqvNextAndNext by fastforce
have 9: I halt (init w); f A halt (init w); (=f) —
O (halt ( init w); £ A halt ( init w); (=f))
using 7 8 by fastforce
hence 10: - —(halt (init w); f A halt (init w); (=f))
using NextLoop by blast
from 10 show 7thesis by auto
ged

lemma HaltChoplmpHaltYields:

o halt (init w); f — ( halt ( init w)) yields f

proof —

have 1:+ halt (init w); f — = ( halt ( init w); (= f)) by (rule HaltChoplmpNotHaltChopNot)
from 1 show ?thesis by (simp add: yields-d-def)

ged

lemma HaltChopAnd:
F ( halt (init w)); £ A ( halt (init w)); g — ( halt (init w)); (f A g)
proof —
have I:+ ( halt (init w)); g — ( halt (init w)) yields g by (rule HaltChoplmpHaltYields)
hence 2: - ( halt (init w)); f A ( halt (init w)); g —
( halt (init w)); f A ( halt (init w)) yields g by auto
have 3:+ ( halt (init w)); f A ( halt (init w)) yields g—
( halt (init w)); (f A\ g) by (rule ChopAndYieldsimp)
from 2 3 show ?thesis by fastforce
ged

lemma HaltAndChopAndHaltChoplmpHaltAndChopAnd-:
F o (halt (init w) A f); f1 A ( halt (init w); g) — ( halt (init w) A f); (f1 A g)
proof —
have 1:+-fl — - gV (f1 Ag)
by auto
hence 2:+ ( halt (init w) A f); f1 —
( halt (init w) A f); (= g) Vv (( halt (init w) A f); (f1 A g))
by (rule ChopOrimpRule)
have 3:F (halt (init w) A f); (= g) — halt (init w); (- g)
by (rule AndChopA)
have 31:F ( halt (init w) A f); f1 —
halt (init w); (- g) Vv (( halt (init w) A f); (f1 A g))
using 23 by fastforce
have 4:F halt (init w); g — — ( halt (init w); (- g))
by (rule HaltChoplmpNotHaltChopNot)
hence 41: - ( halt (init w); (= g)) — —(halt (init w); g)
by auto
have 42:+ ( halt (init w) A f); f1 —
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=( halt (init w); g) vV (( halt (init w) A f); (f1 A g))
using 31 41 by fastforce
from 42 show ?’thesis by auto
ged

lemma HaltimpBoxYields:
o (halt (init w)); f — (O(— ( init w))) yields (( halt (init w)); )
proof —
have I1:+ (O (- (init w))); (= ( halt (init w); f)) — di (O (= (init w)))
by (rule ChoplmpDi)
have 2:+ O (= (init w)) — = (init w)
by (rule BoxElim)
hence 3:+ di (O (= (init w))) — di (= (init w))
by (rule DilmpDi)
have 4: di (init (- w)) = (init (-w))
by (rule DiState)
have 41:+ (init (- w)) = (= (init w))
using Initprop(2) by fastforce
have 42:+ di (= (init w)) = (=(init w))
using 4 41 by (metis inteqg-reflection)
have 5:+ ((Q(= (init w))); (= ( halt (init w); f))) — = (init w)
using 1 2 42 using 3 by fastforce
hence 51: F ( halt (init w); f) A ((O(= (init w))); (= ( halt (init w); f))) —
( halt (init w); f) A = ( init w)
by fastforce
have 6:F halt (init w); f = if; (init w) then f else (O( halt (init w); f))
by (rule HaltChopEqv)
hence 61: - (halt (init w); f A = (init w)) =
((if; (init w) then f else (O( halt (init w); f))) A = ( init w))
using 6 by auto
have 62:  (if; (init w) then f else (O( halt (init w); f))) A
= (init w) — (O( halt (init w); f))
by (auto simp: ifthenelse-d-def)
have 63:F halt (init w); f A = (init w) — (O( halt (init w); f))
using 61 62 by fastforce
have 7:+ (‘halt (init w); f) A (T(= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); f)
using 51 63 using lift-imp-trans by blast
have 8:F O (= (init w)) — empty vV O(O(=( init w)))
using BoxBoxImpBox BoxEqvAndEmptyOrNextBox by fastforce
hence 9: ((O (= (init w))); (= ( halt (init w); f))) —
= ((halt (init w); f) v Oo((a(— (init w))); (— ( halt (init w); f)))
by (rule EmptyOrNextChoplmpRule)
hence 10: - (( halt (init w)); f) A (O (= (init w))); (= ( halt (init w); f)) —
o((o(— (init w))); (= ( halt (init w); f)))
by fastforce
have 11:F ( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); £) A O((T(= (init w))); (= ( halt (init w); f)))
using 7 10 by fastforce
have 12:+ O(( halt (init w)); f) A O((T(— (init w))); (= ( halt (init w); f)))
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— O((( halt (init w)); f) A ((O(— (init w))); (= ( halt (init w); £))))

using NextAndEqvNextAndNext by fastforce

have 13:F ( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)) —

O((( halt (init w)); £) A ((TO(= (init w))); (= ( halt (init w); £))))

using 11 12 by fastforce

hence 14: - = (( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)))
using NextLoop by blast

hence 15: - ( halt (init w)); f — = ((O (= (init w))); (= ( halt (init w); f)))
by auto

from 15 show ?thesis by (simp add: yields-d-def)

ged

4.10 Properties of Groups of chops

lemma NestedChoplmpChop:
assumes - init w A f — g; (init wl A fI)
Foinit wl A f1 — g1; (init w2 A 2)
shows  initw A f — g; (g1; (init w2 A 12))
proof —
have I1:F initw Af — g; (init wl A f1) using assms(1) by auto
have 2:t init wl A f1 — gI; (init w2 A f2) using assms(2) by auto
hence 3: F g; (init wl A f1) — g; (g1; (init w2 A 2)) by (rule RightChoplmpChop)
from 1 3 show ?thesis by fastforce
ged

4.11 Properties of Time Reversal

lemma RNot:
F (=) = (=~ f")
by (simp add: rev-funl)

lemma RRNot:

- (+(F) = (+6)

by (metis EqvReverseReverse int-eq rev-funl)

lemma RTrue:
F (# True)" = # True
using rev-const by fastforce

lemma ROr:
F(fvg)=(Vg)
by (simp add: rev-fun2)

lemma RROr:

F(f"veg) =(fVe)

proof —

have I: - (f" Vv g")" = ((f")" V (g")") using ROr by blast

have 2: - ((f")" v (g")") = (f V g) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged
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lemma RAnd:
F(fAg) =(fTNg")
by (simp add: rev-fun2)

lemma RRANd:
(" Agh) = (f Ng)
proof —
have 1: - (f" A g")" = ((f")" A (g")") using RAnd by blast
have 2: = ((f")" A (g")") = (f A g) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce
ged

lemma RImpRule:

assumes - f — g

shows F " — g’

using assms by (simp add: Valid-def reverse-d-def)

sledgehammer-params [minimize=true, preplay-timeout=10,timeout=60,verbose=true,
provers=z3 vampire cvc4 e spass |

lemma RAndEmptyEqvAndEmpty:

= (f A\ empty)” = (f A\ empty)

apply (simp add: Valid-def empty-defs reverse-d-def)
by (metis interval-st-intlen intrev.simps(1))

lemma RNextEqvPrev:
F (O )" = prev (f")
by (metis RevChop RevSkip integ-reflection next-d-def prev-d-def)

lemma RRNextEqvPrev:

= (O (f)" = prev (f)

proof —

have 1:+ (O (f"))" = prev ((f")") using RNextEqvPrev by blast

have 2: F prev ((f")") = prev f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RWNextEqvWPrev:
F (wnext f)" = wprev(f")
by (smt RNextEqvPrev REmptyEqvEmpty WhnextEqvEmptyOrNext WprevEqvEmptyOrPrev int-eq rev-fun2)

lemma RRWNextEqvWPrev:

F (wnext ()" = wprev(f)

proof —

have 1:F (wnext (f"))" = wprev ((f")") using RWNextEqvWPrev by blast

have 2: = wprev ((f")") = wprev f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged
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lemma RPrevEqvNext:
F (prev £)F = O (f")
by (metis RevChop RevSkip inteq-reflection next-d-def prev-d-def)

lemma RRPrevEqvNext:

= (prev (f7))" = O (f)

proof —

have I1:+ (prev (f"))" = O ((f")") using RPrevEqvNext by blast

have 2: - O ((f")") = O f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RWPrevEqvWNext:
F (wprev )" = wnext(f")
by (metis EqvReverseReverse RRWNextEqvWPrev int-eq)

lemma RRWPrevEqvWNext:

F (wprev (f"))" = wnext(f)

proof —

have I:+ (wprev (f"))" = wnext ((f")") using RWPrevEquWNext by blast

have 2: - wnext ((f")") = wnext f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RDiamondEqvDi:
F(OF)" =di (f")
by (simp add: di-d-def sometimes-d-def, metis RevChop RTrue inteq-reflection)

lemma RRDiamondEqvDi:

= (O(f7)" = di (f)

proof —

have I:+ (O (") = di ((f")") using RDiamondEqvDi by blast

have 2: - di ((f")") = di f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RBoxEqvBi:
F (O f) = bi (f")
by (simp add: always-d-def bi-d-def, metis RDiamondEqvDi int-eq rev-funl )

lemma RRBoxEqvBi:

= (@ ()" = bi (f)

proof —

have 1: F (O (f"))" = bi ((f")") using RBoxEqvBi by blast

have 2: - bi ((f")") = bi f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged
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lemma RDiEqvDiamond:
F(dif)r =< ()
by (simp add: di-d-def sometimes-d-def, metis RevChop RTrue inteq-reflection)

lemma RRDiEqvDiamond:

F(di (7)) = < (f)

proof —

have 1:F (di (f"))" = < ((f")") using RDiEqvDiamond by blast

have 2: - & ((f")") = <© f using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RBiEqvBox:
F(bif)r =0 (f")
by (simp add: always-d-def bi-d-def, metis RDiEqvDiamond rev-funl int-eq)

lemma RRBiEqvBox:

F(bi (")) = O (f)

proof —

have 1:F (bi (f"))" = O ((f")") using RBiEqvBox by blast

have 2: - 0O ((f")") = O f using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RDaEqvDa:

F (da f)" = da(f")

proof —

have I:+ (#True;,(f;# True))" = (f;# True)"; # True" using RevChop by blast

have 2: - (f;# True)"; # True" = (f;# True)"; # True using RTrue RightChopEqvChop by blast
have 3: = (f;# True)"; # True = (# True";f");# True by (simp add: RevChop LeftChopEqvChop)
have 4: - (#True";f");# True = (# True;f");# True by (metis 3 RTrue int-eq)

have 5: - (# True;f");# True = # True;(f";# True) using ChopAssocB by blast

have 6: - (# True;(f;# True))" = # True;(f";# True) using 1 2 3 4 5 by fastforce

from 6 show ?thesis by (simp add: da-d-def)

ged

lemma RRDaEqvDa:

F (da (f"))" = da(f)

proof —

have I1:+ (da (f"))" = da ((f")") using RDaEqvDa by blast

have 2: - da ((f")") = da f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RBaEqvBa:
F (ba f)" = ba(f")
by (simp add: ba-d-def, metis RDaEqvDa int-eq rev-funl)

lemma RRBaEqvBa:
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F (ba (f"))" = ba(f)

proof —

have 1:+ (ba (f"))" = ba ((f")") using RBaEqvBa by blast

have 2: - ba ((f")") = ba f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show “thesis by fastforce

ged

lemma ChopCsImpCSChop:

E i — f

by (meson CSChopEqvChopOrRule CSChopEqvOrChopPlusChop ChopAssocB
ChopPlusElimWithoutMore EmptyYields Prop03 Prop04 Prop06)

lemma CSChoplmpChop(CS:
Eef— Ff
proof —
have 1:+ (f7);(f")* — (") (")
using ChopCsImpCSChop by blast
hence 2: - ((f");(f")* — (F")*;(f") )"
using ReverseEqv by blast
have 3: = (((F7);(F")* — (£7):(f") )7) = (((F):(F)*)" — ((F):(F7))")
by (smt 1 2 RImpRule Valid-def unl-ift2)
have 4: = ((F7)i(F7)") = ((F1)* )7 (F7)"
by (simp add: RevChop)
have 5: 1 ((F1)" )7; ()" = ((F)")*5(F7)'
by (simp add: LeftChopEqvChop RevChopstar)
have 6: F (") = f
using EqvReverseReverse by blast
have 7: = ((f") )~ (f")" = f*f
using 6 CSEqvCS ChopEqvChop by blast
have 8: - ((f");(f")*)" = f*f
using 7 5 using 4 by fastforce
have 9: 1 ((F7)"5(F)" = (F1)i((F)")
by (simp add: RevChop)
have 10: - ()" ((F")*)" = ()" ((F)")*
by (simp add: RevChopstar RightChopEqvChop)
have 11:+ ()" ((f")")* = f,f*
using 6 ChopPlusEqvChopPlus by blast
have 12: + ((f");(f")*)" = fif*
using 9 10 11 by (metis 4 5 ChopCsImpCSChop RImpRule int-eq int-iffl)
from 2 3 8 12 show 7thesis by fastforce
ged

lemma CSChopEqvChopCS:
E = f
using ChopCslmpCSChop CSChoplmpChopCS by fastforce

lemma TrueChopSkipEqvSkipChop True:

F # True;skip = skip;# True

proof —

have 1: Fskip;skip* = skip*;skip using CSChopEqvChopCS by blast
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have 2: | skip* = # True using CSSkip by simp

have 3: - skip;skip* = skip;# True using 2 using RightChopEqvChop by blast
have 4: t skip*;skip = # True;skip using 2 using LeftChopEqvChop by blast
from 1 3 4 show ?thesis by fastforce

ged

lemma RinitEqvFin:
F (init f)" = fin(f)
proof —
have 1:t+ (init )" = ((f N\ empty);# True)"
by (metis AndChopCommute REqvRule init-d-def)
have 2: = ((f A empty);# True)" = (# True;(f N\ empty)")
using RTrue by (metis RevChop int-eq)
have 3: - # True;(f N\ empty)" = # True;(f" N\ empty)
by (metis RAnd REmptyEqvEmpty RightChopEqvChop int-eq)
have 4: = # True;(f" N empty) = # True;(f N\ empty)
using RAndEmptyEqvAndEmpty
by (metis REmptyEqvEmpty RightChopEqvChop all-rev-eq(3) int-eq)
have 5: - # True;(f A empty) = fin(f)
using FinEqvTrueChopAndEmpty by fastforce
from 1 2 3 4 5 show 7thesis by fastforce
ged

lemma RFinEqvinit:
F (fin £)" = init (f)
proof —
have 1:F fin f = # True;,(f N empty)
using FinEqvTrueChopAndEmpty by auto
have 2:  (fin f)" = (# True;(f N\ empty))"
using 1 REqvRule by blast
have 3: - (#True;(f A empty))" = (f A empty)";# True
using RTrue by (metis RevChop int-eq)
have 4: - (fA empty)";# True = (f" A empty);# True
using LeftChopEqvChop RAnd REmptyEqvEmpty by (metis int-eq)
have 5: - (fA empty)";# True = (f A\ empty);# True
by (simp add: RAndEmptyEqvAndEmpty LeftChopEqvChop)
have 6: - (f A empty);# True = init(f)
by (simp add: AndChopCommute init-d-def)
from 1 2 34 5 6 show ?’thesis by fastforce
ged

lemma RHaltEqvinitonly:

F (halt £)" = initonly (f")

proof —

have I:+ (halt f)" = (O ( empty = f ))" by (simp add: halt-d-def)

have 2: - (O ( empty = f ))" = bi ( (empty = f)") by (simp add: RBoxEqvBi)

127



have 3: - (empty = )" = (empty = ") by (metis REmptyEqvEmpty inteq-reflection rev-fun2)
hence 4: + bi ( (empty = f)") = bi(empty = f") by (simp add: BiEqvBi)

have 5: - bi(empty = f") = initonly(f") by (simp add: initonly-d-def)

from 1 2 4 5 show ?thesis by fastforce

ged

lemma RinitonlyEqvHalt:

= (initonly )" = halt(f")

proof —

have I: I (initonly f)" = (bi (empty = f))" by (simp add: initonly-d-def)

have 2: + (bi (empty = f))" = O((empty = f)") by (simp add: RBiEqvBox)

have 3: - (empty = )" = (empty = ") by (metis REmptyEqvEmpty inteq-reflection rev-fun2)
hence 4: - O ((empty = f)") = O(empty = f") by (simp add: BoxEqvBox)

have 5: - O(empty = f") = halt(f") by (simp add: halt-d-def)

from 1 2 4 5 show ?thesis by fastforce

ged

lemma RRHaltEqvinitonly:

F (halt (f"))" = initonly (f)

proof —

have 1:t+ (halt (f"))" = initonly ((f")") using RHaltEqvinitonly by blast

have 2: | initonly ((f")") = initonly(f) using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RRinitonlyEqvHalt :

F (initonly (f"))" = halt(f)

proof —

have 1:+ (initonly (f"))" = halt((f")") using RinitonlyEqvHalt by blast

have 2: | halt((f")") = halt(f) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RKeepEqvKeep :

F (keep )" = keep(f")

proof —

have 1:F (keep f)" = (ba(skip — f))" by (simp add: keep-d-def)

have 2: - (ba(skip — f))" = ba((skip — f)") by (simp add:RBaEqvBa)
have 3: - (skip — )" = (skip — ") by (metis all-rev-eq(12) rev-fun2)
hence 4:  ba((skip — f)") = ba(skip — ") by (simp add: BaEqvBa)
have 5: - ba(skip — ") = keep(f") by (simp add: keep-d-def)

from 1 2 4 5 show ?thesis by fastforce

ged

lemma RRKeepEqvKeep :

F (keep (f"))" = keep(f)

proof —

have 1: I (keep (f"))" = keep( (f")" ) using RKeepEqvKeep by blast

have 2: - keep( (f")" ) = keep(f) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

128



ged

lemma NextDiamondEqvDiamondNext:

FO( < f) = <(0f)
proof —

have 1:F # True;skip = skip;# True by (rule TrueChopSkipEqvSkipChopTrue)
hence 2: - (# True;skip);f =( skip;# True);f using LeftChopEqvChop by blast
have 3: & (# True;skip);f = # True;(skip;f) by (simp add: ChopAssocB)
have 4:t ( skip;# True);f = skip;(# True;f) by (simp add: ChopAssocB)
from 2 3 4 show ?thesis by (metis int-eq next-d-def sometimes-d-def)
ged

lemma WeakNextBoxInduct:

assumes - wnext (O f) — f

shows I f

proof —

have I1:+ wnext (O f) — f using assms by blast

hence 2:+ - f — — (wnext (O f)) by fastforce

hence 3:+-f — O (= (O f)) by (simp add: wnext-d-def)

have 4:+ (- (O f)) (< ) by (auto simp: always-d-def)

hence 5: - O(—= (O f)) = O (O (= f)) using NextEqvNext by blast

have 6:--f — O (¢ (= f)) using 35 by fastforce

have 7:F 0O (¢ (= f))=<(0 (= f)) using NextDiamondEqvDiamondNext by blast
have 8:+-f — <O( O (—f)) using 6 7 by fastforce

have 9:+-O(=f) — O(O( O (= f))) using 8 DiamondlmpDiamond by blast
have 10:F O(O( = O( O (= f)) using DiamondDiamondEqvDiamond by blast
have 11:F O(— f O (= f)) using 9 10 by fastforce

have 12: - O(= f <& (= f)) using 7 11 by fastforce

hence 13: - =( &(— f)) using NextLoop by blast

hence 14: - Of by (simp add: always-d-def)

have 15:F Of — f using BoxElim by blast

from 14 15 show ?’thesis using MP by blast

ged

lemma RassignEqvTAssign:

F@v=e)=(ve)

proof —

have I: - ($v = e)" = (($v)" = €") by (simp add: rev-fun2)

have 2: - (($v)" = e") = (('v) = e") by (simp add: all-rev-eq(8))

have 3: F ((lv) = €") = (v « €") by (simp add: intl temporal-assign-d-def)
from 1 2 3 show ?thesis by fastforce

ged

lemma RTAssignEqvAssign:

F(vee) =(Bv=e)

proof —

have 1: + (v < e)" = (Ilv = e)" by (simp add: REqvRule intl temporal-assign-d-def)
have 2: - (lv = e)" = ($v = e") by (metis all-rev-eq(11) rev-fun2)

from 1 2 show ’thesis by fastforce

ged
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lemma RNextAssignEqvPrevAssign:

F(v:=¢e) = (v=:€")

proof —

have I: I (v :=e)" = (v$ = e)" by (simp add: REqvRule intl next-assign-d-def)
have 2: - (v$ = e)" = (v! = ") by (metis all-rev-eq(9) rev-fun2)

have 3: F (v! = e") = (v =: €") by (simp add: prev-assign-d-def)

from 1 2 3 show ?thesis by fastforce

ged

lemma RPrevAssignEqvNextAssign:

F(v=:1e) = (v:i=¢")

proof —

have 1: + (v =: e)" = (v! = e)" by (simp add: REqvRule intl prev-assign-d-def)
have 2: F (v! = e)" = (v$ = €") by (metis all-rev-eq(10) rev-fun2)

have 3: - (v$ = e") = (v := €") by (simp add: next-assign-d-def)

from 1 2 3 show ?thesis by fastforce

ged

lemma RGetsEqvBaSkiplmp:

F (v gets )" = ba(skip — ($v = e"))

proof —

have 1:+ (v gets e)" = (ba(skip — (lv = €)))"
using gets-d-def temporal-assign-d-def keep-d-def REqvRule
by (metis Prop04 ba-d-def int-simps(15))

have 2: - (ba(skip — (lv = €)))" = ba ( (skip — (v =¢€))")
by (simp add: RBaEqvBa)

have 3: F (skip — (lv = €))" = (skip — ($v = €"))
by (simp add: all-rev-eq(11) all-rev-eq(12) all-rev-eq(3))

hence 4: - ba ((skip — (v = e))") = ba (skip — ($v = e"))
by (simp add: BaEqvBa)

from 1 2 4 show ?thesis by fastforce

ged

lemma RIfThenElse:
F (if; fO then f1 else f2)" = if; (f0") then (f1") else (f2")
by (simp add: all-rev-eq(2) all-rev-eq(3) ifthenelse-d-def)

lemma RWhile:

F (init f A while f0 do f1)" = ( fin(f) A ((f0") A (f1"))* A init (=(f0)) )

proof —

have 1:F (init f A while f0 do f1)" = (‘init f A (fO A f1)* A fin (=f0) )"
by (simp add: while-d-def)

have 2: = (init f A (fO A f1)* A fin (=f0) )" = ((init )" A ((f0O A f1)*)" A (fin (—10))")
by (simp add: all-rev-eq(3))

have 3: & (init )" = fin(f)
by (simp add: RinitEqvFin)

have 4: - ((f0 A f1)*)" = ((f0") A (f17))*
by (metis RevChopstar all-rev-eq(3))

have 5: & (fin (=f0))" = init (—(10))
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by (metis RFinEqvinit)
have 6: = ((init £)" A ((f0 A f1)*)" A (fin (=0))") =
( fin(f) A ((f0") A (f17))* A init (—=(f0)) ) using 3 4 5 by fastforce
from 1 2 6 show ?thesis by fastforce
ged

end

theory FOTheorems
imports
Theorems
begin

5 First Order ITL theorems

We give the proofs of a list of first order ITL theorems.
lemmas EExl-unl = EExl[unlift-rule] —w = Fx = w = (33 x. F x)

lemma EExNoDep:
F(E3 x.G)=G
proof —
have 1: - G — (33 x. G) by (meson EExI)
have 2: A x. - G — G by simp
have 3: - (33 x. G) — G using 2 by (meson EEXE)
from 1 3 show ?7thesis using int-iffl by blast
ged

lemma AAxNoDep:

F(VY x. G) =G

using EExNoDep AAxDef EExE EExI

by (smt Valid-def exist-state-d-def intensional-rews(2) intensional-rews(3))

lemma EExEqvRule:

assumes A x. - Fx = G x

shows + (33 x. Fx) = (33 x. Gx)

by (metis EExE EEx| assms int-iffD1 int-iffD2 int-iffl lift-imp-trans)

lemma AAxImpEEx:
F(VY x. Fx) — (33 x. Fx)
by (simp add: exist-state-d-def forall-state-d-def intl)

lemma EExImpRule:

assumes - F x — G x

shows + (33 x. Fx — Gx)
using assms by (meson MP EExl)

lemma EExImpRuleDist:
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assumes - F x — G x

shows + (VV x. Fx) — (33 x. Gx)

proof —

have 1: F (Fx) — (33 x. G x) using EExI assms lift-imp-trans by blast
have 2: - —=(Fx) v (33 x. G x) using 1 by auto

have 3: F =(F x) — (33 x. =(F x)) by (meson EExI)

have 4: F (33 x. =(F x)) = (=(YV x. F x)) using AAxDef by fastforce
from 2 3 4 show ?thesis by fastforce

ged

lemma EExImpNoDepDist:

assumes - R — G x

shows + R — (33 x. Gx)

using assms by (metis EExI lift-imp-trans)

lemma EExOrDist-1:

F(33 x. Hx) — (33 x. (Fx) V (Hx))

proof —

have I: A x. - Hx — Fx V H x by (simp add: Valid-def)

have 2: A x. - FxV Hx — (33 x. (Fx) V (H x)) by (meson EExI)

have 3: A x. - Hx — (33 x. (F x) V (H x)) using I 2 by (meson lift-imp-trans)
from 3 show ?thesis using EExE by blast

ged

lemma EExOrDist-2:

F(33 x. Fx) — (33 x. (Fx) V (Hx))

proof —

have I: A x. - Fx — F x V H x by (simp add: Valid-def)

have 2: A x. - FxV Hx — (33 x. (Fx) V (H x)) by (meson EExI)

have 3: A x. - Fx — (33 x. (F x) V (H x)) using 1 2 by (meson lift-imp-trans)
from 3 show ?thesis using EExE by blast

ged

lemma EExOrDist-3:
F(33 x. Fx) V(33 x. Hx) — (33 x. (Fx) V (Hx))
using EExOrDist-2 EExOrDist-1 by fastforce

lemma EExOrDist-4:

F(33 x. (Fx)V(Hx)) — (33 x. Fx) vV (33 x. Hx)
proof —

have I: A x. - (Fx) vV (Hx) — (33 x. Fx) vV (33 x. Hx)
by (simp add: EExI-unl intl)

from 1 show ?thesis by (simp add: EEXE)
ged

lemma EExOrDist:
F((33 x. Fx) V(33 x. Hx)) = (33 x. (Fx) V (Hx))
using EExOrDist-3 EExOrDist-4 by fastforce

lemma EExOrIimport-1:
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-G — (33 x. GV (Fx))
by (simp add: EExI-unl Valid-def)

lemma EExOrIimport-2:
F(33 x. Fx) — (33 x. GV (Fx))
by (simp add: EExOrDist-1)

lemma EExOrimport-3:
F(GV (33 x. Fx))— (33 x. GV (Fx))
using EExOrImport-1 EExOrlmport-2 by fastforce

lemma EExOrImport-4:

F(33 x.GV Fx)— (GV (33 x. Fx))

proof —

have I: A x. - GV Fx — G V (33 x. F x) by (meson EEx| int-iffD2 int-simps(27) Prop04 Prop08)
from 1 show 7thesis by (simp add: EEXE)

ged

lemma EExOrImport:
F(GV (33 x. Fx))=(33 x. GV Fx)
by (metis EExOrlmport-3 EExOrlmport-4 int-iffl)

lemma EExAndImport-1:
FGA(33 x. Fx)— (33 x. G A Fx)
proof —
have I: - (G A (33 x. Fx) — (33 x. G A Fx))=
(33 x. Fx) — (G — (33 x. G A Fx))) by fastforce
have 2: A x. - Fx — (G — (33 x. G A F x)) by (metis EExI int-eq lift-and-com Prop09)
hence 3: - (33 x. Fx) — (G — (33 x. G A Fx)) by (simp add: EEXE)
from 1 3 show ?thesis by auto
ged

lemma EExAndImport-2:

F(33 x.GAFx)— GA (33 x. Fx)

proof —

have I: Ax.- GAFx — G A (33 x. Fx)

by (metis EExl int-iffD2 lift-and-com lift-imp-trans Prop12)
from 1 show 7thesis by (simp add: EEXE)

ged

lemma EExAndImport:
F(GA (33 x. Fx))=(33 x. G A Fx)
by (simp add: EExAndIlmport-1 EExAndlmport-2 int-iffl)

lemma EExAndDist:

assumes - F x A G x

shows + (33 x. Fx) A (33 x. Gx)
proof —

have 1: + F x using assms by fastforce
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have 2: - G x using assms by fastforce

have 3: - (33 x. F x) using 1 by (meson EExI MP)
have 4: - (33 x. G x) using 2 by (meson EExI MP)
from 3 4 show ?thesis by fastforce

ged

lemma EExAndNoDepDist:

assumes - R A G x

shows F R A (33 x. Gx)

proof —

have 1:+ R using assms by fastforce

have 2: - G x using assms by fastforce

have 3: - (33 x. G x) using 2 by (meson EExI MP)
from 1 3 show ?thesis by fastforce

ged

lemma Spec:

F(VV x. Fx) — Fx

proof —

have I:+ —=(F x) — (33 x. =(F x)) by (meson EExl)
have 2: - =(33 x. =(F x)) — F x using 1 by auto
from 2 show 7thesis using AAxDef by fastforce

ged

lemma AAXE:
assumes - (VV x. F x)
FFx— R
shows R
using MP Spec assms(1) assms(2) by blast

lemma AAxI:

assumes A\ x. F F x

shows F (VV x. F x)

unfolding AAxDef

using AAxDef EExE assms

by (smt Valid-def int-simps(15) unl-lift unl-lift2)

lemma AAxEqvRule:

assumes A x. - Fx = G x

shows + (VV x. Fx) = (VV x. Gx)

by (metis (mono-tags, lifting) AAxDef EExEqvRule assms int-iffD1 int-iffl
inteq-reflection lift-imp-neg)

lemma AAxAndDist:

F(VV x. (Fx)AN(Gx))=((VY x. Fx) A (VV x. G x))

proof —

have 1: F ((33 x. =(F x)) vV (33 x. 7(G x))) = (33 x. =(F x) V =(G x)) by (simp add: EExOrDist)
have 2: - ((33 x. =(F x))) = (=(VV x. Fx) ) using AAxDef by fastforce

have 3: F ((33 x. 7(G x))) = (~(VV x. G x) ) using AAxDef by fastforce
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have 4: - ((33 x. =(F x)) V (33 x. 7(G x))) = (=(VV x. Fx) V =(VV x. Gx) )
using 2 3 by fastforce
have 5: A x . F (=(F x) V =(G x)) = (=((F x) A (G x))) by auto
have 6: F (33 x. 7(F x) V =(G x)) = (33 x. =((F x) A (G x))) using 5 by (simp add: EExEqvRule)
have 7: - (33 x. =((F x) A (G x))) = (=(VV x. (F x) A (G x))) using AAxDef by fastforce
have 8: - (=(VV x. Fx) V =(VVY x. Gx) ) = (=( (VY x. Fx) A (VV x. G x))) by fastforce
have 9: F (=( (YV x. Fx) A (VY x. Gx))) = (=(VV x. (Fx) A (G x)))
using 1 4 6 7 8 by fastforce
from 9 show 7thesis by fastforce
ged

lemma AAxAndImport:
F(GA(VY x. Fx))=(VV x. G A Fx)

proof —

have I: - (- G vV (33 x. =°(F x))) = (33 x. = G V =(F x)) by (simp add: EExOrlmport)
have 2: - ( (EIE! x. 7(F x))) = (=((VV x. F x))) using AAxDef by fastforce

have 3: (= GV (33 x. =(Fx))) = (=(G A (VV x. F x))) using 2 by fastforce

have 4: A x. = (= G V =(F x)) = (=(G A F x)) by auto

have 5: F (33 x. = GV =(F x)) = (33 x. °(G A F x)) using 4 by (simp add: EExEqvRule)
have 6: F (33 x. 7(G A Fx)) = (=(VV x. G A F x)) using AAxDef by fastforce

have 7: - (=(G A (VV x. Fx))) = (=(VV x. G A Fx)) using 1 35 6 by fastforce

from 7 show ?thesis by fastforce

ged

lemma AAxOrimport:
F(GV (VY x. Fx))=(VV x. GV Fx)
proof —

have I: G A (33 x. ~(Fx))) =
have 2: I x. 2(Fx)) = (=((VV

F (= EI x. 7 G A =(F x)) by (simp add: EExAndImport)
(3
have 3: - (= G A (33 x. =(F x)))
A x. = (=(
- (3
-3

))) using AAxDef by fastforce
(G V (VV x. F x))) using 2 by fastforce
V F x)) by auto

(33 x. =7(G V F x)) using 4 by (simp add: EExEqvRule)
(=(VV x. G V F x)) using AAxDef by fastforce

(3

(-

have 4: F (=G A—(Fx)) G

have 5: ElX.—\G/\—!(FX)): =
have 6: I x.2(GV Fx)) =

(6 )

have 7: - (=(G Vv (VV x. Fx))) = (=(VV x. G V F x)) using 1 35 6 by fastforce
from 7 show ?thesis by auto
ged

lemma EExImpChopRule:

assumes - F x — G x

shows F (33 x. H;(F x) — H;(G x))

using RightChoplmpChop EExImpRule assms by (smt MP EExI)

lemma EExChopRight:

F (33 x. (Fx);F1) — (33 x. F x);F1

proof —

have 1: Ax. F (F x);F1 — (33 x. F x);F1 by (simp add: EExI LeftChoplmpChop)
from 1 show 7thesis by (simp add: EEXE)

ged

lemma EExChopRightNoDep:
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F (33 x. (Fx);F1) = (33 x. (Fx));F1
by (simp add: exist-state-d-def Valid-def chop-defs, auto)

lemma EExChopLeft :
F (33 x. F1;,(Fx) ) — FI1;(33 x. Fx)
proof —
have I: A x. - F1;(F x) — FI1;(33 x. F x) by (simp add: EEx| RightChoplmpChop)
from 1 show ?thesis by (simp add: EEXE)
ged

lemma EExChopLeftNoDep:
F(33 x. F1;,(Fx) ) = F1;(33 x. Fx)
by (simp add: exist-state-d-def Valid-def chop-defs, auto)

lemma EExXEExChopEqvEEXEExChop:
F(E3v.(33 y. (F2v);(F3y))) =33 y. (33 v. (F2Vv);(F3y)))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EEXEExChopEqvEExChopEEXA:
F(E3 v.(33 y. (F2v);(F3y))) =33 v.(F2v);(33 y. (F3y)))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EExXEExChopEqvEEXChopEEXB:
F(33y. 33 v.(F2v);(F3y))) =33 y. (33 v. (F2Vv)); (F3y))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EEXEExChopEqvEEXChopEEXC:
F(33 v.(33 y. (F2v);(F3y))) = (33 v. (F2Vv));(33 y. (F3y))
by (metis EExChopRightNoDep EExEExChopEqvEExChopEEXA EExNoDep Prop04)

lemma AAxRev:
F (VY x. Fx)' = (VY x. (Fx)")

proof —

have I: - (VV x. Fx) = (=(33 x. =(F x))) using AAxDef by blast

have 2: - (VV x. Fx)" = (=(33 x. =(F x)))" using REqvRule 1 by blast

have 3: - (=(33 x. °(F x)))" = (=((33 x.(= (F x)))")) by (simp add: rev-funl)
have 4: F ((33 x.(= (F x)))") = ((33 x.(= (F x))")) by (simp add: EExRev)

hence 5: F (=((33 x.(= (Fx)))")) = (=(33 x.(= (Fx))")) by auto

have 51: A x. = (= (F x))" = (=( (F x)")) by (simp add: rev-funl)

hence 52: - (33 x.(—= (F x))") = (33 x.=( (F x)")) using EExEqvRule by fastforce
hence 6: - (=(33 x.(= (Fx))")) = (=(33 x.=( (Fx)"))) by fastforce

have 7: F (=(33 x.—( (Fx)"))) = (VV x. (F x)") using AAxDef by fastforce
from 1 235 6 7 show ?’thesis by fastforce

ged

lemma ExLen:
F 3 n. len(n)
by (simp add: Valid-def len-defs)

lemma CSPowerChop:
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F (f*) = (3 n. powerchop f n)
by (simp add: chopstar-eqv-power-chop Valid-def)

lemma ExChopRightNoDep:
F (3 x. (Fx);F1) = (3 x. (Fx));F1
by (simp add: Valid-def chop-defs, auto)

lemma ExChopLeftNoDep:
(3 x. FI;(Fx) )= FI1;(3 x. Fx)
by (simp add: Valid-def chop-defs, auto)

lemma ExExEqvExEx:

F(3x. 3y (FIx)(F2y)) =3 y. (3 x. (FIx);(F2y)))
by (simp add: Valid-def chop-defs, auto)

end

theory First
imports
Theorems
begin

6 The First Occurrence Operator in ITL

Runtime verification (RV) has gained significant interest in recent years. The behaviour of a program
can be verified in real time by analysing its evolving trace. This approach has two significant benefits
over static verification techniques such as model checking. Firstly, it is only necessary to verify actual
execution paths rather than all possible paths. Secondly, it is possible to react at runtime should the
program diverge from its specified behaviour. RV does not replace traditional verification techniques but
it does provide an extra layer of security.

Linear Temporal Logic (LTL) is a popular formalism for writing specifications from which RV monitors can
be derived automatically. By contrast, Interval Temporal Logic (ITL) has not been as widely represented
in this field despite being more expressive and compositional. The principal issue is efficiency. ITL
uses non-deterministic operators to construct sequential and iterative specifications (chop and chop-star,
respectively) and these introduce combinatorial complexity. Approaches to mitigate this include using
a deterministic subset of ITL or adapting the semantics to include a deterministic chop operator. This
thesis proposes an alternative approach, wholly within existing ITL, and based upon a new, derived operator
called “first occurrence”.

A theory of first occurrence is developed and used to derive an algebra of RV monitors.

6.1 Definitions
6.1.1 Definitions Strict Initial and Final

definition bs-d :: ('a::world) formula = 'a formula
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where
bs-d f = LIFT (empty Vv ((bi f) ; skip))

definition bt-d :: (‘a::world) formula = 'a formula
where
bt-d f = LIFT (empty V (skip;(O f)))

syntax
-bs-d :: lift = lift ((bs -) [88] 87)
_bt-d = lift = lift (bt -) [88] 87)

syntax (ASCII)
-bs-d :: lift = lift ((bs -) [88] 87)
-bt-d :: lift = lift ((bt -) [88] 87)

translations
-bs-d = CONST bs-d
-bt-d = CONST bt-d

definition ds-d :: (‘a::world) formula = 'a formula
where
ds-d f = LIFT (= (bs (~ f)))

definition dt-d :: (‘a::world) formula = 'a formula
where
dt-d f = LIFT (~ (bt (— f)))

syntax
-ds-d = lift = lift ((ds -) [88] 87)
-dt-d :: lift = lift ((dt -) [88] 87)

syntax (ASCII)
“ds-d = lift = lift ((ds -) [88] 87)
“dt-d :: lift = lift ((dt -) [88] 87)

translations

-ds-d = CONST ds-d
-dt-d = CONST dt-d

6.1.2 Definition First and Last Operators

definition first-d :: (‘a::world) formula = 'a formula

where
first-d f = LIFT (f A (bs (= f)))

definition /ast-d :: (‘a::world) formula = 'a formula
where
last-d f = LIFT (f A (bt (= f)))
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syntax
-first-d :: lift = lift ((>> -) [88] 87)
-last-d :: lift = lift ((< -) [88] 87)

syntax (ASCII)
~first-d :: lift = lift ((first -) [88] 87)
-last-d :: lift = lift ((ast -) [88] 87)

translations
-first-d = CONST first-d
-last-d = CONST last-d

6.2 First and Time Reversal

lemma BsEgvRule:

assumes - f = g

shows F bsf =bsg

proof —

have 1: + f = g using assms by auto

hence 2: F bi(f) = bi(g) by (simp add: BiEqvBi)

hence 3: F bi(f);skip = bi(g);skip by (simp add: LeftChopEqvChop)
hence 4: - (empty V bi(f);skip) = (empty V bi(g);skip) by auto
hence 5: - bs(f) = bs(g) by (simp add: bs-d-def)

from 1 2 3 4 5 show ?7thesis by auto

ged

lemma BtEqvRule:

assumes - f = g

shows F btf =btg

proof —

have 1: - f = g using assms by auto

hence 2: - O(f) = O(g) by (simp add: BoxEqvBox)

hence 3: F skip;d(f) = skip;0(g) using RightChopEqvChop by blast
hence 4: - (empty V skip;0(f)) = (empty V skip;0(g)) by auto
hence 5: - bt(f) = bt(g) by (simp add: bt-d-def)

from 1 2 3 4 5 show 7thesis by auto

ged

lemma FstEqvRule:

assumes - f = g

shows +>f =p>g

proof —

have 1: + f = g using assms by auto

hence 2: + (= f) = (- g) by auto

hence 3: F bs(— ) = bs(— g) by (simp add: BsEqvRule)

hence 4: = (f A bs(— f)) = (g A bs(— g)) using I by fastforce
from 4 show ?thesis by (simp add:first-d-def)

ged

lemma LstEqvRule:
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assumes - f = g

shows + <f = «g

proof —

have 1: + f = g using assms by auto

hence 2: (= f) = (= g) by auto

hence 3: - bt(— f) = bt(— g) by (simp add: BtEqvRule)

hence 4: - (f A bt(— f)) = (g A bt(— g)) using 1 by fastforce
from 4 show ?thesis by (simp add:last-d-def)

ged

lemma RBsEqvBt:

F (bs f)" = (bt (f"))

proof —

have I1:+ (bs )" = (empty \V ((bi f) ; skip))"
by (simp add: bs-d-def)

have 2: - (empty V ((bi f) ; skip))" = (empty” \V ((bi f) ; skip)")
using ROr by blast

have 3: F (empty” \ ((bi f) ; skip)") = (empty V (skip";(bi f)"))
using REmptyEqvEmpty RevChop by fastforce

have 4: + (empty V (skip";(bi f)")) = (empty V (skip;a (f")))
by (metis 3 RBiEqvBox RevSkip int-eq)

have 5:  (empty V (skip;0 (f"))) = (bt (f"))
by (simp add: bt-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged

lemma RRBsEqvBt:

= (bs (f7))" = (bt (f))

proof —

have I1:+ (bs (f"))" = bt ((f")") using RBsEqvBt by blast

have 2: - bt ((f")") = bt f using EqvReverseReverse using BtEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

lemma RBtEqvBs:

F (bt £)" = (bs (f"))

proof —

have I: (bt f)" = (empty V (skip;O f))"
by (simp add: bt-d-def)

have 2: F (empty V (skip;0 f))" = (empty" Vv (skip;0 f)")
using ROr by blast

have 3: F (empty” V (skip;0 f)") = (empty V (O f)";skip")
using REmptyEqvEmpty RevChop by fastforce

have 4: F (empty V (O f)";skip") = (empty V (bi (f"));skip)
by (metis 3 RBoxEqvBi RevSkip int-eq)

have 5: - (empty V (bi (f"));skip) = (bs (f"))
by (simp add: bs-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged
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lemma RRBtEqvBs:

= (bt (f7))" = (bs ()

proof —

have I1:+ (bt (f"))" = bs ((f")") using RBtEqvBs by blast

have 2: - bs ((f")") = bs f using EqvReverseReverse using BsEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

lemma RFirstEqvLast:

= (> )" = (< (f))

proof —

have I:+F (> f)" = (f A bs(— f))r by (simp add: first-d-def)

have 2: - (f A bs(— f))" = (f" A (bs (= f))") using RAnd by blast

have 3: = (f" A (bs (= f))") = (f" A bt ((— f)")) using RBsEqvBt by fastforce
have 4: - (f" A bt ((= f)")) = (f" A bt (=(f"))) using RNot int-eq by fastforce
have 5: F (f" A bt (—(f"))) = (< (f")) by (simp add: last-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged

lemma RRFirstEqvlast:

= (> ()" = (< (F))

proof —

have I:F (> (f"))" = < ((f")") using RFirstEqvLast by blast

have 2: - < ((f")") = < f using EqvReverseReverse using LstEqvRule by blast
from 1 2 show 7thesis by fastforce

ged

lemma RLastEqvFirst:

F(a )" = (> ()

proof —

have I:+ (< )" = (f A bt(— 1)) by (simp add: last-d-def)

have 2: - (f A bt(— f))" = (f" A (bt (—=f))") using RAnd by blast

have 3: - (f" A (bt (—f))") = (f" A bs ( (—f)")) using RBtEqvBs by fastforce
have 4: = (f" A bs ( (=f)")) = (f" A bs(—(f"))) using RNot int-eq by fastforce
have 5: - (f" A bs(—(f"))) = (> (f")) by (simp add: first-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged

lemma RRLastEqvFirst:

F (< ()" = (> (F))

proof —

have 1: F (< (f"))" = > ((f")") using RLastEqvFirst by blast

have 2: - > ((f")") = > f using EqvReverseReverse using FstEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

6.3 Semantic Theorems
6.3.1 Semantics First and Last Operators

lemma FstAndBisem:
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(intlen o >0 A (0 = f) A (o = bi (=f);skip)) =
(intlen o >0 A (0 |= f) A (Via<intlen (o). (prefix ia o = —f)) )
apply (simp add: chop-defs bi-defs skip-defs)
apply (simp add: interval-prefix-length interval-suffix-length)
proof —
have 1: (0 < intleno A (o0 =) A
(Fi. (i < intlen 0 — (Via<i. = (prefix ia (prefix i o) = f)) A
intlen o — i = Suc 0) A i < intlen o)
) =
(0 < intlen o A (o = ) A
(3i. (i < intlen 0 — (Via<i. - (prefix ia (prefix i o) = f)) A
i = intlen o — Suc 0) A i < intlen o)
)
by auto
also have ... =
(0 < intleno N (o E ) A
(Via<(intlen o — Suc 0). — (prefix ia (prefix (intlen o — Suc 0) ¢) = f) )
)
using diff-le-self by blast
also have ... =
(intlen o >0 A (o =) A
(Via<intlen ( o). - (prefix ia (prefix (intlen o — Suc 0) o) |= f))
) by (metis Suc-pred less-Suc-eq-le)
also have ... =
(intlen o >0 A (o =) A
(Via<intlen ( o). (prefix ia (prefix (intlen 0 — Suc 0) o) = —f))
)
by auto
also have ... =
(intlen 0 >0 A (0 = f) A (Via<intlen ( o). = (prefix ia o = f)))
by (simp add: interval-pref-pref-help)
finally show (0 < intlen o A (o = ) A
(3i. (i < intlen 0 — (Via<i. - (prefix ia (prefix i o) = f)) A
intlen 0 — i = Suc 0) A i < intlen o)

) =
(0 < intlen o A (o = ) A (Via<intlen o. = (prefix ia o = f))) .
ged

lemma Fstsem-0:
(Ef F>f) =
(o= f Nempty)V (intleno >0 A (o |=f) A (o = bi (—f);skip))

)
apply (simp add: first-d-def bs-d-def) using empty-defs by auto
lemma Emptysem:
(o =f N empty) = ((o = f) A intlen o = 0)
using empty-defs by auto

lemma Fstsem:
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(7> =
((o = f) Aintleno = 0) Vv
(intlen o>0 A (o |= f) A (Via<intlen (o). (prefix ia o |= —f)))
)

using Fstsem-0 Emptysem FstAndBisem by metis

lemma Lstsem:
(0F<f) =
(((c =f)Aintleno = 0) Vv
(intlen 0 >0 A (o = ) A (Via < intlen o. (suffix ((intlen o) —ia) o = —f)))
)

proof —

have (0 =< f) = (o = (> (f"))")

using RRFirstEqvlast by fastforce

also have ... = (intrev o = > ("))
by (metis reverse-d-def)

also have ... =

(

( (intrev o = f") A intlen (intrev o) = 0) V
(intlen (intrev 0)>0 A (intrev o = f") A
(Via<intlen (intrev o). (prefix ia (intrev o) = —(f"))))
)
using Fstsem by blast
also have ... =

((o = f)Aintlen (o) = 0) Vv
(intlen (c)>0 A (o = f) A
) (Via<intlen (intrev o). (prefix ia (intrev o) = (=(f))")))
by (simp add: reverse-d-def)
also have ... =
(
((o = f) Aintlen (o) =0) Vv
(intlen (6)>0 A (o =) A
) (Via<intlen (intrev o). (intrev (prefix ia (intrev o)) = (=(f)))))
by (simp add: reverse-d-def)
also have ... =
(
((o | f)Aintlen (0) = 0) Vv
(intlen (6)>0 A (o =) A
) (Via<intlen (o). ( (suffix ((intlen o) — ia) (o)) E (=(f)))))
by (simp add: interval-intrev-prefix)
finally show
(c =<f)=
(( (0 =f) Aintleno = 0) Vv
(intlen o >0 N (0 = f) A
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(Via < intlen o. (suffix ((intlen o) —ia) o | —f)))

)
ged

6.3.2 Various Semantic Lemmas

lemma Dilensem:
(o Edi (f A len(i))) =
( (prefix i o = f) A i<intlen o)
apply (simp add: di-defs len-defs)
using interval-prefix-length-good by auto

lemma PrefixFstsem:
( (prefix i o |= >f) A i<intlen o) =
( i<intlen o N
(
((prefixio =f)Ni=0)V
(i>0 N (prefix i o = ) A (Via<i. (prefix ia o = —f)))
)
)

proof —
have I: ( ((prefixi o) | >f)) =
(
( ((prefix i o) |= f) A intlen (prefix i o) = 0) V
(intlen (prefix i 0)>0 N ((prefix i o) = f) A
(Via<intlen (prefix i o). (prefix ia (prefix i o) = —f)) )

)
using Fstsem by blast
hence 2: ( ((prefix i o) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefix i o) |= f) A intlen (prefix i o) = 0) V
(intlen (prefix i 0)>0 A ((prefix i o) = f) A
(Via<intlen (prefix i o). (prefix ia (prefix i o) = —f)))

)

)
by auto
hence 3: ( ((prefix i ¢) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefixio) =f) Ni=0)V
(>0 A ((prefix i o) = ) A (Via<i. (prefix ia (prefix i o) = —f)))
)

)
by auto
hence 4: ( ((prefix i o) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefixio) =f)Ni=0)V
()i>0 A ((prefix i o) = f) A (Via<i. (prefix ia o |= —f)))
)

using interval-pref-pref-3 using less-imp-add-positive by fastforce
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from 4 show ?thesis by auto
ged

lemma PrefixFstAndsem:
( (prefix i o |=>f A g) A i<intlen o) =
( i<intlen o N\
(
((prefixio=fANg)ANi=0)V
(i>0 A (prefixi o = f A g) A (Via<i. (prefix ia o |= —f)))
)
)

using PrefixFstsem by (metis unl-lift2)

lemma Dil enFstsem:
(o = di (>f A len(i))) =
( i<intlen o A
(
((prefixio=f)ANi=0)V
(i>0 N (prefix i o = ) A (Via<i. (prefix ia o = —f)))
)
)

by (simp add: DilLensem PrefixFstsem)

lemma DilenFstAndsem:
(o = di ((f A g) A len(i))) =
( i<intlen o A
(
((prefixio=f ANg)Ni=10)V
(>0 A (prefixi o = f A g) A (Via<i. (prefix ia o = —f)))
)
)

using Dilensem PrefixFstAndsem by metis

lemma FstLenSamesem:
( (i<intlen o A
(
((prefixiol=f)Ni=0)V
(i>0 A (prefixi o = ) A (Via<i. (prefix ia o = —f)))
)
) A
(j<intlen o A
(
((prefixjo =f)Nj=10)V
(j>0 A (prefix j o = ) N (Via<j. (prefix ia o = —f)))
)
)

) — (i=))

by (metis not-less-iff-gr-or-eq unl-lift)
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6.4 Theorems
6.4.1 Fixed length intervals

lemma LenZeroEqvEmpty:
F len(0) = empty
by simp

lemma LenOneEqvSkip:
 len(1) = skip
by (simp add: len-d-def ChopEmpty)

lemma LenNPlusOneA:
- len(n+1) = skip;len(n)
by simp

lemma LenEqvlenChopLen:

F len(i+j) = len(i);len(j)

proof

(induct i)

case 0

then show Zcase

by (metis EmptyChop comm-monoid-add-class.add-0 int-eq len-d.simps(1))
next

case (Suc i)

then show Zcase

by (metis ChopAssoc add-Suc inteqg-reflection len-d.simps(2))
ged

lemma LenNPlusOneB:

- len(n+1) = len(n);skip

proof —

have I:t len(n+1) = len(n);len(1) by (rule LenEqvLenChopLen)

have 2:+ len(1) = skip by (rule LenOneEqvSkip)

hence 3: + len(n);len(1) = len(n);skip using RightChopEqvChop by blast
from 1 3 show ?thesis by fastforce

ged

lemma LenCommute:
= (skip;(len n)) = (len n);skip
proof
(induct n)
case 0
then show Zcase using EmptyChop ChopEmpty len-0 by (metis int-eq)
next
case (Suc n)
then show ?case using ChopAssoc len-Suc by (metis inteq-reflection)
ged

lemma Skip TrueEqv TrueSkip:
b skip;# True = # True;skip
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using TrueChopSkipEqvSkipChop True by fastforce

lemma PowerCommute:
F (f;(power f n)) = ((power f n);f)
proof
(induct n)
case (0
then show 7case using EmptyChop ChopEmpty pow-0 by (metis int-eq)
next
case (Suc n)
then show ?case using ChopAssoc pow-Suc by (metis inteqg-reflection)
ged

lemma PowerRev:

+ (power skip n)" = (power skip n)

proof

(induct n)

case 0

then show ?case using REmptyEqvEmpty by auto

next

case (Suc n)

then show ?case using PowerCommute RevChop pow-Suc by (metis RevSkip int-eq)
ged

lemma RlLenEqvlLen:
F (len k)" = (len k)
proof
(induct k)
case (0
then show ?case using REmptyEqvEmpty by auto
next
case (Suc k)
then show ?case using LenCommute RevChop len-Suc by (metis RevSkip int-eq)
ged

lemma PowerSkipEqvLen:
= (power skip n) = (len n)
proof
(induct n)
case (0
then show ?case by auto
next
case (Suc n)
then show ?case by (metis LenEqvLenChoplLen Suc-eq-plusl int-eq len-Suc pow-Suc)
ged

lemma ExistslLen:

- 3 k. len(k)
by (simp add: len-defs Valid-def)
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lemma AndExistsLen:
Hf=(f A (k. len(k)))
using ExistsLen by fastforce

lemma AndExistsLenChop:
F(f:g) = (3 k. (f A len(k));g)
by (simp add: Valid-def len-defs chop-defs)

lemma AndExistsLenChopR:
F(f;g) = (3 k. f;(g A len(k)))
by (simp add: Valid-def len-defs chop-defs)

lemma LFixedAndDistr:

F ((f0 A len(k));g0 A (f1 A len(k));g1) = ((fO A f1) A len(k));(g0 N g1)

apply (simp add: Valid-def len-defs chop-defs interval-prefix-length interval-suffix-length)
by blast

lemma RFixedAndDistr:

F (f0;(g0 A len(k)) A f1;(g1 A len(k))) = (f0 A f1);((g0 A g1) A len(k))

apply (simp add: Valid-def len-defs chop-defs interval-prefix-length interval-suffix-length)
by (metis diff-diff-cancel)

lemma LFixedAndDistrA:

F ((f0 A len(k));g0 A (f1 A len(k));g0) = ((f0 A f1) A len(k));g0

proof —

have 1:+ ((f0 A len(k));g0 A (f1 A len(k));g0) = ((fO A 1) A len(k));(g0 A g0)
by (rule LFixedAndDistr)

have 2: - ((f0 A f1) A len(k));(g0 N g0) = ((f0 A f1) A len(k));g0
by auto

from 1 2 show 7thesis by fastforce

ged

lemma LFixedAndDistrB:

F ((f0 A len(k));g0 A (fO A len(k));g1) = (0 A len(k));(g0 A g1)

proof —

have 1:+ ((f0 A len(k));g0 A (fO A len(k));g1) = ((f0 A f0) A len(k));(g0 A gl)
by (rule LFixedAndDistr)

have 2: - ((f0 A f0) A len(k));(g0 N g1) = (0 A len(k));(g0 N g1)
by auto

from 1 2 show ?thesis by fastforce

ged

lemma LFixedAndDistrB1:
F (len(k);f A len(k);g) = len(k);(f N\ g)

proof —

have 1:+ len(k);f = (# True A len(k));f
by auto

have 2: - len(k);g = (# True A len(k));g
by auto

have 3: = (len(k);f A len(k);g) = ((# True A len(k));f A (# True A len(k));g)
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using 1 2 by auto

have 4: = ((#True A len(k));f A (#True A len(k));g) = (# True A len(k));(f A g)
using LFixedAndDistrB by blast

have 5: F (#True A len(k));(f N g) = (len(k));(f N g)
by auto

from 1 2 3 4 5 show ?thesis by auto

ged

lemma RFixedAndDistrA:

F (f0;(g0 A len(k)) A f0;(g1 A len(k))) = f0;((g0 N g1) A len(k))

proof —

have I: (f0;(g0 A len(k)) A f0;(g1 A len(k))) = (f0 A f0);((g0 A g1) A len(k))
by (rule RFixedAndDistr)

have 2: - (f0 A 0);((g0 A g1) A len(k)) = f0;((g0 N gI) A len(k))
by auto

from 1 2 show “thesis by fastforce

ged

lemma RFixedAndDistrB:

F (f0;(g0 A len(k)) A f1;(g0 A len(k))) = (f0 A f1);(g0 A len(k))

proof —

have 1:+ (f0;(g0 A len(k)) A f1;(g0 A len(k))) = (f0 A f1);((g0 A g0) A len(k))
by (rule RFixedAndDistr)

have 2: - (f0 A f1);((g0 A g0) A len(k)) = (fO A f1);(g0 A len(k))
by auto

from 1 2 show ?thesis by fastforce

ged

lemma ChopSkipAndChopSkip:

- (f0;skip N\ f1;skip) = (fO A fI);skip

proof —

have I: (f0;(#True A len(1)) A f1;(# True A len(1))) = (fO A f1);(# True A len(1))
by (rule RFixedAndDistrB)

have 2: - (#True A len(1)) = skip
using LenOneEqvSkip by fastforce

hence 3: - f0;(# True A len(1)) = f0;skip
using RightChopEqvChop by blast

have 4: - f1;(# True A len(1)) = f1;skip
using 2 RightChopEqvChop by blast

have 5:  (f0;(# True A len(1)) A f1;(# True A len(1))) = (f0;skip A f1;skip)
using 3 4 by fastforce

have 6: (0 A f1);(# True A len(1)) = (fO A f1);skip
using 2 RightChopEqvChop by blast

from 1 5 6 show ?thesis by fastforce

ged

lemma BiAndChopSkipEqv:

F (bi (f A g));skip = ((bi f);skip A (bi g);skip)
proof —

have 1: F bi (f A g) = ((bi f) A (bi g))
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by (simp add: bi-defs Valid-def, auto)

hence 2: + (bi (f A g));skip = (bi f A bi g);skip
by (rule LeftChopEqvChop)

have 3: = (bi f A bi g);skip = ((bi f);skip A (bi g);skip)
using ChopSkipAndChopSkip by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma DiAndChopSkipEqv:

F (di (f A g));skip — (di f);skip A (di g);skip

proof —

have I: - di (f AN g) — (di f) A (di g)
by (simp add: DiAndImpAnd)

hence 2: - (di (f A g));skip — (di f A di g);skip
by (rule LeftChoplmpChop)

have 3: - (di f A di g);skip = ((di f);skip A (di g);skip)
using ChopSkipAndChopSkip by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma ChopEmptyAndEmpty:

F (f:g A empty) = (f A g A empty)

apply (simp add: Valid-def chop-defs empty-defs)

by (metis interval-prefix-intlen interval-suffix-zero le-zero-eq)

lemma ChopSkiplmpMore:
F f;skip — more
using ChoplmpDiamond MoreEqvSkipChop True Skip TrueEqv TrueSkip TrueChopEqvDiamond by fastforce

lemma MoreEqvMoreChop True:
F more = more;# True
proof —
have 1: - more = skip;# True
using MoreEqvSkipChopTrue by blast
have 2: - # True = # True;# True
by (simp add: Valid-def chop-defs, auto)
hence 3: & skip;# True = skip;(# True;# True)
using RightChopEqvChop by blast
have 4: = skip;(# True;# True) = (skip;# True);# True
using ChopAssoc by blast
have 5: = (skip;# True);# True = more;# True
using MoreEqvSkipChopTrue by (simp add: more-d-def next-d-def)
from 1 3 4 5 show ?thesis by fastforce
ged

lemma NotNotChopSkip:

= (=((= f) ;skip)) = (empty V (f:skip))
by (metis WprevEqvEmptyOrPrev prev-d-def wprev-d-def )
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lemma NotChopFixed:

- ((Filg A len(K)))) = (~(S(g A len(k))) v ((+F)i(g A len(K)))

apply (simp add: len-defs Valid-def sometimes-defs chop-defs interval-suffix-length)
by (smt diff-diff-cancel)

lemma NotFixedChop:

= (=((g A len(k))if)) = (=(di(g A len(k))) V ((g A len(k))i(=f)))
by (simp add: len-defs Valid-def di-defs chop-defs interval-prefix-length, auto)

lemma NotChopNotSkip:

= (=(f;skip)) = (empty V ((= f);skip))

proof —

have 1: F (—((—(=f));skip)) = (empty Vv ((— f);skip)) using NotNotChopSkip by blast
have 2: - (=((—(—f));skip)) = (—(f;skip)) by auto

from 1 2 show ?thesis by auto

ged

6.4.2 Additional ITL theorems

lemma BiOrBilmpBiOr:

Fbif VvV big — bi(f V g)

proof —

have I: +f — f V g by auto

hence 2: - bi f — bi(f V g) by (rule BilmpBiRule)
have 3: g — f V g by auto

hence 4: - bi g — bi(f V g) by (rule BilmpBiRule)
from 2 4 show ?thesis by fastforce

ged

lemma MoreAndBilmpBiChopSkip:

F more A bi f — (bi f);skip

proof —

have 1: F (bi f);skip = ((—=(di (= f)));skip) by (simp add: bi-d-def)

have 2: = (=( (—(di (= f)));skip)) = (empty V (di (= f));skip) by (rule NotNotChopSkip)
have 3: - empty — empty V di (= f) by auto

have 4: - (di (= f));skip — di (— f) using ChoplmpDi DiEqvDiDi by fastforce
hence 5: + (di (— f));skip — empty \V di (= f) by (rule Prop05)

have 6: - —( (=(di (= f)));skip) — empty V di (= f) using 2 3 5 by fastforce
hence 7: = —(empty V di (= f)) — —=(=( (=(di (= f)));skip)) by fastforce
have 8: = (=( ~( (=(di (= f)));skip))) = ((=(di (= f)));skip) by auto

have 9: - (=(empty V di (= f))) = (more A =( di (= )))

using NotAndMoreEqvEmptyOr by fastforce

have 10: - (more A —( di (= f))) = (more A bi ) by (simp add: bi-d-def)
from 1 6 7 8 9 10 show ?thesis by (metis int-eq)

ged

lemma DiChoplmpDiB:

- di(f;g) — di f

proof —

have 1:+ f ; (g;# True) — di f by (rule ChoplmpDi)

151



have 2: & f ; (g;# True) = (f;g);# True by (rule ChopAssoc)
from 1 2 show ?thesis by (metis di-d-def int-eq)
ged

lemma BiBiOrlmpBi:
Fbi (bifVbig)— bifVbig
using BiElim by auto

lemma BilmpBiBiOr:

Fbif — bi ( bi f V big)

proof —

have 1:+ bif — bi f V bi g by auto

hence 2: - bi (bi f) — bi(bi f VvV bi g) using BilmpBiRule by blast
have 3: = bi (bi f) = bi f using BiEqvBiBi by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma BilmpBiBiOrB:

- big — bi ( bifV big)

proof —

have 1: - big — bi f V bi g by auto

hence 2: + bi (bi g) — bi(bi f V bi g) using BilmpBiRule by blast
have 3: - bi (bi g) = bi g using BiEqvBiBi by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma BiBiOrEqvBi:

- bi (bifVbig)=bifVbig

proof —

have I: - bi ( bif VvV big) — bif V bi g by (rule BiBiOrlmpBi)
have 2: + bif — bi ( bi f VvV bi g) by (rule BilmpBiBiOr)

have 3: - big — bi ( bi f V bi g) by (rule BilmpBiBiOrB)
have 4: - bif VvV big — bi ( bi f V bi g) using 2 3 by fastforce
from 1 4 show ?thesis by fastforce

ged

lemma DiEqvOrDiChopSkipA:

Fdi f = (f V di(f;skip))

proof —

have I:+ dif = f ;# True by (simp add: di-d-def)

hence 2: + di f = f; ( empty V more) by (simp add: empty-d-def)
hence 3: -f; ( empty V more) = (f;empty \ f;more) using ChopOrEqv by blast
have 4: - f;empty = f by (rule ChopEmpty)

have 5: - more = skip;# True using MoreEqvSkipChopTrue by blast
hence 6: \ f;more = f;(skip;# True) using RightChopEqvChop by blast
have 7: = f;(skip;# True) = (f;skip);# True by (rule ChopAssoc)

from 2 3 4 6 7 show ?thesis by (metis di-d-def int-eq)

ged

lemma DiEqvOrDiChopSkipB:
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Fdi f = (f Vv (di f);skip)

proof —

have I: - (di f) = (f V di(f;skip)) by (rule DiEqvOrDiChopSkipA)
have 2: = di(f;skip) = (f;skip);# True by (simp add: di-d-def)
have 3: |- (f;skip);# True = f;(skip;# True) by (rule ChopAssocB)
have 4: |- di(f;skip) = f;(skip;# True) using 2 3 by fastforce
have 5: - skip;# True = # True;skip by (rule Skip TrueEqv TrueSkip)
hence 6: \ f;(skip;# True) = f,(# True;skip) using RightChopEqvChop by blast
have 7: - di(f;skip) = f;(# True;skip) using 4 6 by fastforce

have 8: &= f;(# True;skip) = (f;# True);skip by (rule ChopAssoc)
have 9: = (f;# True);skip = (di f);skip by (simp add: di-d-def)
have 10 : \ di(f;skip) =(di f);skip using 7 8 9 by fastforce
hence 11:F (f Vv di(f;skip)) = (f V (di f);skip) by auto

from 1 11 show ?thesis by fastforce

ged

lemma BiEqvAndEmptyOrBiChopSkip:
F bi f = (f A (empty V (bi f);skip))

proof —

have I: - di (- f)=(~f v (d/ (= f);skip)) by (rule DiEqvOrDiChopSkipB)

have 2: - di (= f) = (=( bi ) by (rule DiNotEqvNotBi)

have 3: + (=( bif)) = (— f VvV (di (- f);skip)) using 1 2 by fastforce

hence 4: + bi f = (=(—~ f V ( (— f);skip))) by auto

have 5: - (=(= f VvV (di (= f); sklp))) (f A =(di (— f);skip)) by auto

have 6: - di (= f);skip = ((—|( f));skip) by (simp add: 2 LeftChopEqvChop)

hence 7: + (—(di (= f);skip)) = (=((—(bi f));skip)) by auto

have 8: - (= ((—(bi )),sk/p)) (empty V (bi f);skip) using NotNotChopSkip by blast

hence 9:  (f A =(di (= f);skip)) = (f A (empty V (bi f);skip)) using 7 8 by fastforce
from 4 5 9 show ?thesis by fastforce
ged

lemma DiDiAndEqvDi:
Fdi(dif Ndig)=(dif Adig)
proof —
have 1: F bi ( bi (= f) V bi (- g)) = (bi (=f) V bi (— g))
by (meson BiBiOrlmpBi BilmpBiBiOr BilmpBiBiOrB Prop02 int-iffl)
have 2: F bi (=f) = (= (di f))
by (simp add: bi-d-def)
have 3: - bi (-g) = (- (di g))
by (simp add: bi-d-def)
have 4: - (bi (=f) V bi (- g)) = (= (dif) V = (di g))
using 2 3 by fastforce
have 5: - (= (di f) V = (di g)) = (=(di f A di g))
by auto
have 6: - bi ( bi (= f)V bi (- g))=(=(dif Adig))
using 1 5 4 by fastforce
hence 7: + (—(bi ( bi (= )V bi (= g)))) = (dif Adig)
by auto
have 8 : + (=(bi ( bi (= )V bi (= g)))) =di ( ~(bi (—f)V bi(—g)))
using DiNotEqvNotBi by fastforce
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have 9 : + (—=(bi (~ f)V bi (- g))) = (di f A dig)
using 1 7 by fastforce

hence 10: - di ( —(bi (= f) VvV bi(—g)))=di (dif ANdig)
using DiEqvDi by blast

from 7 8 10 show 7thesis by fastforce

ged

lemma Bilnduct:

F bi(f — wprev f) A f — bi f

proof —

have 1: F O((f") — wnext(f")) A f" — O(f") using BoxInduct by blast

hence 2: - (O((f") — wnext(f")) A f* — O(f"))" using ReverseEqv by blast

have 3: - ((f")" ) = f by (simp add: EqvReverseReverse)

have 4: - (O (f"))" = bi (f) using RRBoxEqvBi by blast

have 5: F ((f") — wnext(f"))" = ( (f")" — (wnext(f"))" ) by (simp add: rev-fun2)

have 6: - (wnext(f"))" = wprev(f) using RRWNextEqvWPrev by blast

have 7: - ( (f")" — (wnext(f"))" ) = ( f — wprev(f) ) using 6 3 by fastforce

have 8: F bi( (f")" — (wnext(f"))" ) = bi( f — wprev(f) ) using 7 3 BiEqvBi by blast
have 9: F (O((f") — wnext(f")))" = bi ( ((f") — wnext(f"))" ) using RBoxEqvBi by blast
have 10: - (O((f") — wnext(f")))" = bi( f — wprev(f) ) using 8 9 5 int-eq by fastforce
have 11: + (O((f") — wnext(f")) A f7 — O(f"))" =

(O )
(((O((f") — wnext(f")))" A ( N — (T(f"))")) by (metis int-eq rev-fun2)
have 12: - ((O((f") — wnext(f")))" A (f")" — (O(f"))") =
(bi( f — wprev(f) ) AN f — bi f ) using 8 3 4 10 by fastforce
from 2 11 12 show ?thesis using MP by fastforce
ged

lemma Prevloop:

assumes - f — prev f

shows +F - f

proof —

have 1:+ f — prev f using assms by auto

hence 2: = f — ( more A wprev f)

by (smt intl int-eq more-defs prev-defs Prop10 unl-lift2 wprev-defs)
hence 3: - f — wprev f by auto

hence 4: + bi(f — wprev f) by (rule BiGen)

have 5:+ bi(f — wprev f) A f — bi f by (rule Bilnduct)
hence 6: - bi(f — wprev f) — (f — bi f) by fastforce

have 7:F (f — bi f) using 4 6 MP by blast

have 8:F bif — f by (rule BiElim)

have 9:+ f = bi f using 7 8 by fastforce

have 10: - f — more using 2 by auto

hence 11: + bi f — bi more using BilmpBiRule by blast

have 12:+ —(bi more) using DiEmpty bi-d-def empty-d-def by (simp add: bi-d-def empty-d-def)
from 7 9 11 12 show ?thesis using MP by fastforce

ged

lemma PrevimpNotPrevNot:

F prev f — —(prev (= f))
by (metis (no-types, lifting) NextlmpNotNextNot RPrevEqvNext ReverseEqv inteq-reflection
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rev-funl rev-fun2)

lemma BiEqvAndWoprevBi:

F bi f = (f A\ wprev(bi f))

using BoxEqvAndWhnextBox

by (metis (no-types, lifting) RBiEqvBox RRAnd RRBoxEqvBi RWPrevEqvWNext int-eq)

lemma DilntrolLoop:

assumes t (f A - g) — prev f

shows+f — dig

using assms DiamondIntro

by (metis (no-types, lifting) RDiEqvDiamond RPrevEqvNext ReverseEqv integ-reflection
rev-fun2 rev-funl)

lemma DiEqvOrChopMore:

Fdi f = (f V f;more)

proof —

have 1:+ di f = f;# True by (simp add: di-d-def)

hence 2: + di f = f; (empty VV more) by (simp add: empty-d-def)

have 3:F f; (empty V more) = (f;empty \V f;more) by (simp add: ChopOrEqv)
have 4:+ f;empty = f by (rule ChopEmpty)

from 2 3 4 show ?thesis by fastforce

ged

lemma DiAndDiEqvDiAndDiOrDiAndDi:
F(dif ANdig)=(di(f Ndig)V di(g A dif))
proof —
have I:+ dif = (f V f;more)
using DiEqvOrChopMore by blast
have 2: - dig = (g VvV g;more)
using DiEqvOrChopMore by blast
have 3: - (di f A dig) = ((f V f;more) A (g V g;more))
using 1 2 by fastforce
have 4: - ((f vV f;more) A (g V g;more)) =
((F ANg)V (fAg;more)V (g A f,more) V (f;more \ g;more ))
by auto
have 5: - more = # True;skip
using MoreEqvSkipChop True Skip TrueEqv TrueSkip by fastforce
hence 6: - f;more = f;(# True;skip)
using RightChopEqvChop by blast
have 7: & f;(# True;skip) = (f;# True);skip
by (rule ChopAssoc)
have 8:+F f;more = prev (di f)
using 6 7 by (metis di-d-def int-eq prev-d-def)
have 9:t g;more = g;(# True;skip)
using 5 RightChopEqvChop by blast
have 10: - g;(# True;skip) = (g;# True);skip
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by (rule ChopAssoc)
have 11:+ g;more = prev (di g)
using 9 10 by (metis di-d-def int-eq prev-d-def)
have 12: F (f;more A g;more) = (prev (di f) A prev (di g))
using 8 11 by fastforce
hence 13: - (f;more A g;more) = prev (di f A di g)
by (metis ChopSkipAndChopSkip int-eq prev-d-def)
have 14: + (dif N dig) =
((f Ng)V (fAg;more)V (g A f;more)) V (f;more N\ g;more)
using 3 4 by auto
have 15: + (dif A dig) =
((fF Ng)V (fAgmore)V (g A f,more))V prev (di f A di g)
using 13 14 by fastforce
hence 16:  (di f A dig) —
((fF Ng)V (fAgmore)V (g A f,more)) V prev (di f A di g)
by fastforce
hence 17: + (dif Adig) AN =((f N g)V (f A g;more) V (g A f;more)) —
prev (di f A di g)
by fastforce
hence 18: - (dif Ndig) — di((f Ng)V ( f A g;more) V (g A f;more))
using DilntroLoop by blast
have 19:F di((f AN g) VvV ( f A g;more) V (g A f;more)) =
(di(f N g) Vv di( f A g;more) V di(g N f;more))
by (meson DiOrEqv Prop06)
have 20: - f — dif
using Dilntro by blast
hence 21: - f ANg — gANdif
by auto
hence 22: - di(f N g) — di(g N di )
using DilmpDi by blast
hence 23: - di(f A g) — di(g A dif) VvV di(f A dig)
by auto
have 24:+ gimore — di g
by (simp add: ChoplmpDi)
hence 25: - f A g;more — f N di g
by auto
hence 26: + di(f A g;more) — di(f A di g)
using DilmpDi by blast
hence 27: - di(f A g;more) —  di(f A dig) Vv di(g A dif)
by auto
have 28:+ f;more — di f
by (simp add: ChoplmpDi)
hence 29: - g A fmore — g N di f
by auto
hence 30: + di(g N f;more) — di(g A di f)
using DilmpDi by blast
hence 31: + di(g N fymore) — di(f N dig) VvV di(g A dif)
by auto
have 32:F di(f A g) Vv di( f A gimore) V di(g N f;more) —
di(f Ndig)Vv di(g A dif)
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using 23 27 31 by fastforce
have 33:Fdi((f ANg) Vv (f A g;more) V (g N f;more)) —
di(f Ndig)Vv di(g Adif)
using 19 32 by fastforce
have 34:F (dif ANdig) — di(f Ndig)V di(g Ndif)
using 18 33 by fastforce
have 35:F f — di f
using Dilntro by blast
hence 36: - f ANdig — dif Ndig
by auto
hence 37: F di (f ANdig) — di (di f A di g)
using DilmpDi by blast
have 38: - di (dif ANdig)=(dif Adig)
using DiDiAndEqvDi by blast
have 39:Fdi (f ANdig) — dif Ndig
using 37 38 by fastforce
have 40:+ g — dig
using Dilntro by blast
hence 41: - gAdif — dif Ndig
by auto
hence 42: + di (g Ndif) — di (dif A di g)
using DilmpDi by blast
have 43: b di (dif Ndig)=(dif Adig)
using DiDiAndEqvDi by fastforce
have 44:Fdi (g Ndif) — dif Ndig
using 42 43 by fastforce
have 45:Fdi (f Ndig)Vdi(gNdif)y— dif Ndig
using 39 44 by fastforce
from 34 45 show ?’thesis by fastforce
ged

lemma BoxStateEqvBiFinState:
F 0 (init w) = bi (fin (init w))
proof —
have 1: F < (= (init w)) = # True ; (=(init w))
by (simp add: sometimes-d-def)
have 2: - < (init(— w)) = #True ; init (- w)
by (simp add: sometimes-d-def)
have 3: = di (#True A fin (init (- w))) = # True ; init (- w)
using DiAndFinEqvChopState by blast
have 4: = < (init(— w)) = di (# True A fin (init (= w)))
using 1 2 3 by fastforce
have 5: - (= (O (init(= w)))) = (= (di (#True A fin (init (= w)))))
using 4 by fastforce
have 6: - 0O (init w) = (= (di (# True A fin (init (= w)))))
using 5 always-d-def Initprop(2) by (metis int-eq)
have 7: - 0O (init w) = bi (= (fin (init (= w))))
using 6 by (simp add: bi-d-def)
have 8: - init (= w) = (= (init w))
using Initprop(2) by fastforce
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have 9: - fin (init (= w)) = fin (= (init w))
using 8 FinEqvFin by blast

have 10: = fin (init (= w)) = (= (fin (init w)))
using 8 FinNotStateEqvINotFinState FinEqvFin by blast

have 11:+ (= (fin (init (= w)))) = (fin (init w))
using 10 by fastforce

have 12: + bi (= (fin (init (= w)))) = bi (fin (init w))
using 11 by (simp add: BiEqvBi)

have 13: F 0O (init w) = bi (fin (init w))
using 7 12 by fastforce

from 13 show 7thesis by simp

ged

lemma DiamondStateEqvDiFinState:
F <& (init w) = di (fin (init w))
proof —
have 1: F 0O (init (- w)) = bi (fin (init (= w)))
using BoxStateEqvBiFinState by blast
have 2: = (= (O (init (= w)))) = (= (bi (fin (init (= w)))))
using 1 by auto
have 3: - & (= (init (= w))) = di (= (fin (init (= w))))
using 2 by (simp add: always-d-def bi-d-def)
have 4: - & (init w) = di (= (fin (init (- w))))
by (metis 3 DiEqvNotBiNot DiState Initprop(2) StateEqvBi int-eq)
have 5: = < (init w) = di (fin (init w)) using 4 FinNotStateEqvNotFinState
by (metis DiEqvNotBiNot DiNotEqvNotBi inteq-reflection)
from 1 2 3 4 5 show ?thesis by simp
ged

lemma OrDiEqvDi:
F(fvdif)y=dif
proof —
have 1:+ f — di f using Dilntro by blast
from 1 show ?thesis by auto
ged

lemma AndDiEqv:
F(FAdif)=f
proof —
have 1.+ f — di f using Dilntro by blast
from 1 show ?thesis by auto
ged

lemma BiEmptyEqvEmpty:

F bi empty = empty

proof —

have 1:+ bi empty = (- (di (= empty))) by (simp add: bi-d-def)

have 2: - (= (di (= empty))) = (= ((— empty);# True)) by (simp add: di-d-def)
have 3: - (= ((— empty);# True)) = (— (more;# True)) by (simp add: empty-d-def)

have 4: + more;# True = more using MoreEqvMoreChopTrue by auto
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hence 5:  (—(more;# True)) = (- more) by fastforce
from 1 2 3 5 show ?thesis using NotEmptyEqvMore by fastforce
ged

lemma EmptyChopSkipInduct:
assumes - empty —
F prev f — f
shows + f
proof —
have 1: - empty — f using assms(1) by auto
have 2: - prev f — f using assms(2) by blast
have 3: - (empty V prev f) — f using 1 2 by fastforce
have 4: - wprev f = (empty V prev f) by (simp add: WprevEqvEmptyOrPrev)
hence 5: - wprev f — f using 3 by fastforce
hence 6: - ~f — — (wprev f) by fastforce
hence 7: - —~f — prev (= f) by (simp add: wprev-d-def)
hence 8: - = = f by (rule PrevLoop)
from 8 show ?thesis by auto
ged

lemma MorelmplmpChopSkipEqv:
F more — ( (f—g);skip = ((f;skip)—(g;skip)) )
proof —
have 01: + (f—g) = (= f V g) by auto
hence 02: + (f—g);skip = (= f V g);skip by (simp add: LeftChopEqvChop)
hence 1: + (more A (f—g);skip) = (more A (= f V g);skip) by fastforce
have 2: - (= f V g);skip = ((— f);skip V g;skip)
using OrChopEqv by auto
hence 3: - (more A (= f V g);skip) = (more A ((— f);skip V g;skip))
by auto
have 4: - (—((— f);skip)) = (empty V (f;skip))
using NotNotChopSkip by blast
hence 5: + ((— f);skip) = (—(empty V (f;skip)))
by fastforce
have 6: - —(empty V (f;skip)) = (more A —(f;skip))
using 5 NotChopSkipEqvMoreAndNotChopSkip by fastforce
have 7: - ((— f);skip \V g;skip) = ( (more N\ —(f;skip)) V g;skip)
using 5 6 by fastforce
hence 8: - (more A\(— f;skip V g;skip)) = (more A ( (more N\ —(f;skip)) V g;skip))

by auto

have 9: = (more A ( (more A —(f;skip)) V g;skip)) = (more A (—(f;skip) V g;skip))
by auto

have 10: = (more N (—(f;skip) V g;skip)) = (more A ((f;skip)—(g;skip)))
by auto

have 11:+ (more N (f—g);skip) = (more A ((f;skip)—(g;skip)))
using 1 2389 10 7 by fastforce

from 11 show ?thesis using MP by fastforce

ged

lemma MorelmplmpPrevEqv:
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+ more — ( prev(f—g) = (prev f— prev g) )
by (simp add: MorelmplmpChopSkipEqv prev-d-def)

lemma BiBoxNotEqvNot TrueChopChop True:
F bi(O (= ) = (=((# True;f);# True ))
by (simp add: bi-d-def always-d-def di-d-def sometimes-d-def)

lemma DiAndEmptyEqvAndEmpty:
F(di f N\ empty) = (f A empty)
proof —
have I :F dif = (f V di f;skip)
using DiEqvOrDiChopSkipB by blast
hence 2: = (di f N empty) = ((f V di f;skip) A\ empty)
by fastforce
have 3 : + ((f Vv di f;skip) N empty) = ((f A empty) V (di f;skip A\ empty))
by auto
have 4: - —(di f;skip A empty)
by (metis AndChopB AndDiEqv ChopAndEmptyEqvEmptyChopEmpty DiEmpty MoreEqvSkipChop True
TrueChopSkipEqvSkipChop True empty-d-def int-eq int-eq-true int-simps(14) int-simps(21)
lift-and-com)
hence 5 : - ((f A empty) V (di f;skip A\ empty)) = (f A empty)
by auto
from 2 3 5 show ?thesis by fastforce
ged

6.4.3 Strict initial intervals

lemma DsMoreDi:
F ds f = (more A (di f);skip)
proof —
have 1:+ ds f = (=(bs (- f)))
by (simp add: ds-d-def)
have 2: - (=(bs (= f))) = (—(empty V (bi (= f));skip))
by (simp add: bs-d-def)
have 3: F (—(empty Vv (bi (— f));skip)) = (mempty A —((bi (—f));skip))
by auto
have 4: - (mempty A =((bi (=f));skip)) = (more A —((bi (—f));skip))
using NotEmptyEqvMore by auto
have 5: F (more N —((bi (—f));skip)) = (more A —=(—(di f);skip))
by (metis DiEqvNotBiNot Dilntro DiSkipEqvMore NotChopSkipEqvMoreAndNotChopSkip
Prop10 RightChoplmpMoreRule int-simps(4) integ-reflection lift-and-com)
have 6: - (more A —((—(di f));skip)) = (more A (empty V (di f);skip))
using NotNotChopSkip by fastforce
have 7: = (more A (empty V (di f);skip)) = (more A (di f);skip)
using NotEmptyEqvMore by auto
from 1 23456 7 show 7thesis by fastforce
ged

lemma DsDi:
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Fds f = (di f);skip

proof —

have I:+ dsf = (more A (di f);skip) by (rule DsMoreDi)

have 2: - (di f);skip — more by (metis Dilntro DiSkipEqvMore RightChoplmpMoreRule int-eq)
hence 3: - (more A (di f);skip) = (di f);skip by auto

from 1 2 show ?thesis by fastforce

ged

lemma BsEqvNotDsNot:

F bs f = (=(ds (= f)))

proof —

have I: - ds (= f) = (more A (di (= f));skip)
by (rule DsMoreDi)

hence 2: - (=(ds (= f))) = (=(more A (di (— f));skip))
by auto

have 3: - (=(more A (di (= f));skip)) = (empty vV =((di (= f));skip))
using NotEmptyEqvMore by auto

have 4: F (empty V —=((di (- f));skip)) = (empty vV —((—(bi f));skip))
using DiNotEqvNotBi by (metis 3 inteqg-reflection)

have 5: - (—((—(bi f));skip)) = (empty V (bi f);skip)
by (rule NotNotChopSkip)

hence 6: - (empty V —((—(bi f));skip)) = (empty \ (bi f);skip)
by auto

from 2 3 4 6 show ?thesis by (metis bs-d-def inteqg-reflection)

ged

lemma NotBsEqvDsNot:

F (—\(bS f)) = ds (—\ f)

proof —

have 1: F bs f = (—(ds (= f))) by (rule BsEqvNotDsNot)
hence 2: - (=( bs f)) = (——(ds (= f))) by auto

from 2 show ?7thesis by auto

ged

lemma NotDsEqvBsNot:

H (—| (de)) = bs (—| f)

proof —

have 1:+ (=(ds f)) = (——(bs (—f))) by (simp add: ds-d-def)
from 1 show ?thesis by auto

ged

lemma NotDsAndEmpty:

F =(ds f A empty)

proof —

have I: dsf = (more A (di f);skip) by (rule DsMoreDi)

have 2: - more A (di f);skip A empty — #False using NotEmptyEqvMore by auto
from 1 2 show ?thesis by fastforce

ged

lemma BsMoreEqvEmpty:
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F bs more = empty

proof —

have I: bs more = (empty \V (bi more);skip) by (simp add: bs-d-def)

have 2: = bi more — #False using DiEmpty NotEmptyEqvMore by (simp add: bi-d-def empty-d-def)
hence 3: & (bi more);skip — #False;skip using LeftChoplmpChop by blast

have 31: - #False;skip — #False by (simp add: Valid-def skip-defs chop-defs)

have 32: - (bi more);skip — #False using 3 31 by fastforce

hence 4: = (empty \V ((bi more);skip)) = empty by fastforce

from 1 4 show ?thesis by fastforce

ged

lemma BsAndEqv:
F(bsf A bsg) = bs(f A g)
proof —
have 1: F bs f = (empty V (bi f) ;skip)
by (simp add: bs-d-def)
have 2: - bs g = (empty V (bi g) ;skip)
by (simp add: bs-d-def)
have 3: - (bs f A bs g) = ((empty V (bi f) ;skip) A\ (empty V (bi g) ;skip))
using 1 2 by fastforce
have 4: - ((empty V (bi f) ;skip) A (empty V (bi g) ;skip)) =
(empty \V ((bi f) ;skip A (bi g) ;skip))
by auto
have 5: - (((bi f) ;skip N (bi g) ;skip)) = bi(f A g);skip
using BiAndChopSkipEqv by fastforce
hence 6: - (empty \V/ ((bi f) ;skip A (bi g) ;skip)) = (empty V bi(f A g);skip)
by auto
from 3 4 6 show 7thesis by (metis bs-d-def integ-reflection)
ged

lemma DsEqvRule:

assumes - f = g

shows - dsf =ds g

using assms using int-eq by force

lemma DsOrEqv:

F(dsfVdsg)=ds(fVg)

proof —

have I: - dsf = (=(bs (= f))) by (simp add: ds-d-def)

have 2: + ds g = (—(bs (- g))) by (simp add: ds-d-def)

have 3: - (dsf VvV ds g) = (—(bs ( f)) V —(bs (— g))) using 1 2 by fastforce
have 4:  (=(bs (= f)) V =(bs (= g))) = (—(bs (= f) A bs (= g))) by auto
have 5:  (bs (— f) A bs (- g)) = bs( = f A —g) by (rule BsAndEqv)

hence 6: F (—(bs (- f) A bs (= g))) = (—(bs( = f A —g))) by auto

have 7: - (=(bs( = f A =g))) = ds (=(— f A —g)) by (rule NotBsEqvDsNot)
have 8: - (=(—~ f A —g)) = (f V g) by auto

hence 9: F ds(=(— f A —g)) = ds (f V g) by (rule DsEqvRule)

from 3 4 6 7 9 show ?thesis by fastforce

ged
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lemma BsOrimp:

FbsfV bsg — bs(fV g)

proof —

have 1: - bi f \V bi g — bi(f V g)
by (rule BiOrBilmpBiOr)

hence 2: = (bi f V bi g);skip — (bi(f V g));skip
by (rule LeftChoplmpChop)

have 3: = (bi f);skip vV (bi g);skip — (bi(f V g));skip
using 1 OrChopEqv 2 by fastforce

hence 4: - empty \ (bi f);skip \/ (bi g);skip — empty V (bi(f V g));skip
by auto

hence 5: - (empty V (bi f);skip) V (empty V (bi g);skip) — empty V (bi(f V g));skip
by auto

from 5 show ?thesis by (simp add: bs-d-def)

ged

lemma DsAndImp:
Fds(fANg)— dsf Adsg
proof —

have 1: + bs (=f) V bs (—g
have 2: - (=f V —=g) = (—(
hence 3: + bs(—f V —g) = bs (=(f A g)) by (rule BsEqvRule)

have 4: - bs (=f) V bs (-g) — bs (—(f A g)) using 1 3 by fastforce

have 5: - bs (=f) = (—(ds f)) using NotDsEqvBsNot by fastforce

have 6: - bs (-g) = (—(ds g)) using NotDsEqvBsNot by fastforce

have 7: - bs (=(f A g)) = (—(ds (f A g))) using NotDsEqvBsNot by fastforce
have 8: - —(dsf) v —(dsg) — —(ds (f A g)) using 4 5 6 7 by fastforce
hence 9: + —(ds f A dsg) — —(ds (f A g)) by auto

from 9 show ?thesis by auto

ged

) — bs(—f V —g) by (rule BsOrlmp)
f A g)) by auto

lemma DsAndImpElimL:
Fds(fANg)—dsf
using DsAndImp by fastforce

lemma DsAndImpElimR:
Fds(fANg)— dsg
using DsAndImp by fastforce

lemma BilmpBs:

Fbif — bsf

proof —

have 1: - empty — empty \V (bi f);skip by auto

hence 2: + empty A bi f — empty \ (bi f);skip by auto

have 2: - more A bi f — (bi f);skip by (rule MoreAndBilmpBiChopSkip)
hence 3: - more A bi f — empty V (bi f);skip by auto

have 4: - bi f = ((bi f N\ empty) V (bi f A more)) by (simp add: empty-d-def, auto)
have 5: - (empty V (bi f);skip) = bs f by (simp add: bs-d-def)

from 2 3 4 5 show ?thesis by fastforce

ged
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lemma BsImpBsBs:

t bsf — bs ( bs f)

proof —

have 1:+ bi f — bs f by (rule BilmpBs)

hence 2: - bi (bi f) — bi(bs f) by (rule BilmpBiRule)

hence 3: - (bi f) — bi(bs f) using BiEqvBiBi by fastforce

hence 4: & (bi f);skip — (bi(bs f));skip by (rule LeftChoplmpChop)
hence 5: - empty V (bi f);skip — empty V (bi(bs f));skip by auto
from 5 show ?thesis by (simp add: bs-d-def)

ged

lemma Ds/mpDi:

Fdsf—dif

proof —

have 1:+ bi (= f) — bs (= f) by (rule BilmpBs)

hence 2: - —=(bs (= f)) — —(bi (- f)) by fastforce

from 2 show 7thesis using NotBsEqvDsNot DiEqvNotBiNot by fastforce
ged

lemma BsImpBsRule:

assumes - f — g

shows - bs f — bs g

proof —

have 1: - f — g using assms by auto

hence 2: - bi f — bi g by (rule BilmpBiRule)

hence 3: \ (bi f);skip — (bi g);skip by (rule LeftChoplmpChop)
hence 4: - empty V (bi f);skip — empty V (bi g);skip by auto
from 4 show ?thesis by (simp add: bs-d-def)

ged

lemma DsChoplmpDsB:

Fds (f;g) — dsf

proof —

have 1: | di(f;g) — di f by (rule DiChoplmpDiB)

hence 2: + (di(f;g));skip — (di f);skip by (rule LeftChoplmpChop)
from 2 show ?thesis using DsDi by fastforce

ged

lemma NotBsImpBsNotChop:

Fbs (= f) — bs ( —(f:g))

proof —

have 1:+ ds (f;g) — ds f by (rule DsChoplmpDsB)
hence 2: - —(ds f) — —(ds (f;g)) by fastforce

from 2 show 7thesis using NotDsEqvBsNot by fastforce
ged

lemma BsOrBsEqvBsBiOrBi:
F(bsf V bsg) = bs(bif V big)
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proof —

have I:+ (bsf V bs g) = ((empty \V (bi f);skip) VV (empty V (bi g);skip))
by (simp add: bs-d-def)

have 2: - ((empty V (bi f);skip) VV (empty \V (bi g);skip)) = (empty V (bi f);skip \/ (bi g);skip)
by auto

have 3: - ((bi f);skip \V (bi g);skip) = (bi f \V/ bi g);skip
using OrChopEqv by fastforce

hence 4: - (empty V (bi f);skip \V (bi g);skip) = (empty \V (bi f \V bi g);skip)
by auto

have 5: = (bi f vV big) = bi ( bi f V bi g)
by (meson BiBiOrlmpBi BilmpBiBiOr BilmpBiBiOrB Prop02 int-iffl)

hence 6: - (bi f V bi g);skip = bi ( bi f \/ bi g);skip
by (simp add: LeftChopEqvChop)

hence 7: = (empty v bi ( bi f \V bi g);skip) = (empty V (bi f V bi g);skip)
by auto

have 8: - (empty V (bi f V bi g);skip) = bs(bi f V bi g) using bs-d-def
by (metis 4 5 integ-reflection)

from 1 2 4 8 show ?thesis by (metis inteq-reflection)

ged

lemma DiOrDsEqvDi:

Fdifvdsf=dif

proof —

have 1:+dif — di f V ds f by auto

have 2: - di f — di f by auto

have 3: F ds f — di f by (rule DsImpDi)

have 4: - dif V ds f — di f using 2 3 by auto
from 1 4 show ?thesis by auto

ged

lemma DiAndDsEqvDs:

F(dif Ndsf)=dsf

proof —

have I:+dif AN dsf — ds f by auto

have 2: + ds f — ds f by auto

have 3: - ds f — di f by (rule DsImpDi)

have 4:+ dsf — di f A ds f using 2 3 by auto
from 1 4 show “thesis by auto

ged

lemma OrDsEqvDi:

F(fvdsf)=dif

proof —

have 1:+ dsf = (dif);skip by (rule DsDi)

hence 2: = (f v ds f) = (f Vv (di f);skip) by auto

from 2 show ?thesis using DiEqvOrDiChopSkipB by fastforce
ged

lemma AndBsEqvBi:
F(fAbsf)=0bif
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proof —

have I:+ (f A bsf) = (f A (empty V (bi f);skip)) by (simp add: bs-d-def)
from 1 show ?thesis using BiEqvAndEmptyOrBiChopSkip by fastforce

ged

lemma BsEqvBsBi:

F bs f = bs (bi f)

proof —

have 1: + bs f = (empty \ (bi f);skip) by (simp add: bs-d-def)

have 2: - bi f = bi ( bi f) by (rule BiEqvBiBi)

hence 3: \ (bi f);skip = bi (bi f);skip using LeftChopEqvChop by blast
hence 4: = (empty V (bi f);skip) = (empty V bi (bi f);skip) by auto
from 1 4 show ?thesis by (simp add: bs-d-def)

ged

lemma StatelmpBs:

F init w — bs (init w)

proof —

have 1: F init w = bi (init w) by (rule StateEqvBi)
have 2: - bi (init w) — bs (init w) by (rule BilmpBs)
from 1 2 show ?thesis using StatelmpBi by fastforce
ged

lemma DsAndDsEqvDsAndDiOrDsAndDi:
F(dsf ANdsg)=(ds(fANdig)Vds(gAdif))
proof —
have I: - (dif ANdig) = (di(f N dig)V di(g N dif))
by (rule DiAndDiEqvDiAndDiOrDiAndDi)
hence 2: - (di f A di g);skip = (di(f A\ dig) Vv di(g A di f));skip
by (rule LeftChopEqvChop)
have 3: - (di f A di g);skip = ((di f);skip A (di g);skip)
using ChopSkipAndChopSkip by fastforce
have 4: - ((di f);skip A (di g);skip) = (di(f A di g) Vv di(g A di f));skip
using 2 3 by fastforce
have 5: - (di(f A dig) V di(g A di f));skip = (di(f A di g);skip vV di(g A di f);skip)
using OrChopEqv by blast
have 6: - ds f = (di f);skip
using DsDi by blast
have 7: - ds g = (di g);skip
using DsDi by blast
have 8: = ((di f);skip A (di g);skip) = (ds f A ds g)
using 6 7 by fastforce
have 9: - ds(f A dig) = di(f A di g);skip
using DsDi by blast
have 10: - ds(g A di f) = di(g A di f);skip
using DsDi by blast
have 11:+ (di(f A di g);skip v di(g A di f);skip) = (ds(f A dig) Vv ds(g A dif))
using 9 10 by fastforce
from 4 5 8 11 show 7thesis by fastforce
ged
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lemma BsEqvBiMorelmpChop:
F bs f = bi(more — f;skip)
proof —
have I:+ bs f = (empty \V (bi f;skip))
by (simp add: bs-d-def)
have 2: - (empty V (bi f;skip)) = ((—(—(bi f));skip))
using NotNotChopSkip by fastforce
have 3: = —((—(bi 1));skip) = (—(di (= f);skip))
by (simp add: bi-d-def)
have 4: - (—(di (= f);skip)) = (=(((— f) ;# True);skip))
by (simp add:di-d-def)
have 5: - (=(((— f) ;# True);skip)) = (=((— ) ;(# True;skip)))
using ChopAssocB by fastforce
have 6: - (=((— f) ;(# True;skip))) = (=((— f) ;(skip;# True)))
using Skip TrueEqv TrueSkip TrueChopSkipEqvSkipChop True RightChopEqvChop by fastforce
have 7: = (=((— f) ;(skip;# True))) = (=(((— f) ;skip);# True))
using ChopAssoc by fastforce
have 8: = (=(((— f) ;skip);# True)) = (=(di ((— f);skip)))
by (simp add: di-d-def)
have 9: = (=(di ((— f);skip))) = bi (=((— f) ;skip))
using NotDiEqvBiNot by blast
have 10: - bi (=((— f) ;skip)) = bi( empty V (f;skip))
using NotNotChopSkip using BiEqvBi by blast
have 11:+ bi( empty V (f;skip)) = bi( = more \/ (f;skip))
by (simp add: empty-d-def)
have 12: - ( = more V (f;skip)) = (more — f;skip) by auto
have 13: F bi( = more V (f;skip)) = bi(more — f;skip) using 12 using BiEqvBi by blast
have 14: + bs f = (= (((— f);skip);# True)) using 1 23 4 56 7 by fastforce
have 15: F (= (((— f);skip);# True)) = bi(more — f;skip) using 8 9 10 11 13 by fastforce
from 14 15 show ?thesis by fastforce
ged

lemma BoxMoreStateEqvBsFinState:
F 0O(more — = (init w)) = bs(—(fin(init w)))
proof —
have 1: F O(more — = (init w)) = (=(<O(=(more — = (init w)))))
by (simp add: always-d-def)
have 01:  (=(more — = (init w))) = (init w A more) by auto
hence 2: - =(O(—(more — = (init w)))) = (—(# True;(init w A more)))
by (metis int-eq int-iffD1 int-simps(14) int-simps(6) sometimes-d-def)
have 3: - more = # True; skip
using MoreEqvSkipChop True Skip TrueEqv TrueSkip by fastforce
have 4: - (init w A more) = (init w A (# True; skip))
using 3 by auto
have 5: & (init w A (# True; skip)) = ((init w A empty);(# True;skip))
using StateAndEmptyChop by fastforce
have 6: = (init w A more) = ((init w A empty);(# True;skip))
using 4 5 by fastforce
have 7: = (# True;(init w A more)) = (# True;((init w A\ empty);(# True;skip)) )
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using 6 RightChopEqvChop by blast
have 8: = (# True;((init w N\ empty);(# True;skip)) ) =
(((# True;(init w A\ empty));(# True;skip)) )
using ChopAssoc by blast
have 9: = (((# True;(init w N empty));(# True;skip)) ) =
((((# True;(init w N\ empty));# True);skip) )
using ChopAssoc by blast
have 10: - (# True;(init w A more)) =
((((# True;(init w N empty));# True);skip) )
using 7 8 9 by fastforce
hence 11:F (—(# True;(init w A more))) =
(=((((# True;(init w A empty));# True);skip) ))
by auto
have 12: = —((((# True;(init w A empty));# True);skip) ) =
empty V (—((# True;(init w A\ empty));# True);skip)
using NotChopNotSkip by fastforce
have 13:  (=((# True;(init w A empty));# True)) = bi(O (—(init w A empty)))
using BiBoxNotEqvNot TrueChopChopTrue by fastforce
hence 14: - (—((# True;(init w A\ empty));# True));skip =
(bi(O (=(init w A empty))));skip
using RightChopEqvChop by (simp add: LeftChopEqvChop)
hence 15: F empty V (—((# True;(init w A\ empty));# True));skip =
empty V(bi(O (—(init w A empty))));skip
by auto
have 16: - (=((((# True;(init w A\ empty));# True);skip) )) =
(empty V (bi(O (—(init w A empty)));skip))
using 12 15 using 14 NotChopNotSkip int-eq by fastforce
have 171: + (=(init w A empty)) = (=(init w) V —empty)
by auto
hence 172: = O(=(init w A empty)) = O(—(init w) V —empty)
by (simp add: BoxEqvBox)
hence 173: + bi(Q(—(init w A empty))) = bi(O(—(init w) V —empty))
by (simp add: BiEqvBi)
hence 174: - bi(DO(—(init w A empty)));skip = bi(O(—(init w) V —empty));skip
using LeftChopEqvChop by blast
hence 17: F (empty V (bi(O (=(init w A empty)));skip)) =
(empty V (bi(O (—(init w) V —empty));skip))
by auto
have 181: + (=(init w) V —empty) = (—empty V =(init w) )
by auto
hence 18: - O (=(init w) V —empty) = O (—empty V —(init w) )
by (simp add: BoxEqvBox)
have 191: + (—empty V —(init w) ) = (empty — —(init w) )
by auto
hence 19: - O (mempty V =(init w) ) = O(empty — —(init w) )
by (simp add: BoxEqvBox)
have 20: - O(empty — —(init w) ) = fin (=(init w) )
by (simp add: fin-d-def)
have 21: - fin (=(init w) ) = (=(fin (init w)))
using FinEqvFin FinNotStateEqvINotFinState Initprop(2) by fastforce
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have 22: - bi(O (—(init w) V —empty)) = bi (—(fin (init w)))
using 18 19 20 21 BiEqvBi by (metis int-eq)
hence 23: - (bi(O (—(init w) vV —empty)));skip = (bi (—=(fin (init w))));skip
using RightChopEqvChop by (simp add: LeftChopEqvChop)
hence 24: - (empty V (bi(O (=(init w) V —empty)));skip) =
(empty V (bi (=(fin (init w))));skip)
by auto
hence 25: + (empty V (bi (—=(fin (init w))));skip) = bs(=(fin (init w)))
by (simp add: bs-d-def)
from 121116 17 24 25 show ?thesis by fastforce
ged

lemma BsFalseEqvEmpty:
F bs #False = empty
proof —
have 1: - bs #False = (empty V bi #False;skip)
by (simp add: bs-d-def)
have 2: - —(bi #False;skip)
by (metis BiEqvAndWprevBi MoreEqvSkipChop True NotChopSkipEqvMoreAndNotChopSkip
Skip TrueEqv TrueSkip int-eq int-iffD1 int-simps(14) int-simps(19) int-simps(2)
int-simps(21))
from 1 2 show ?thesis by fastforce
ged

6.4.4 First occurrence

lemma FstWithAndImp:

FofAg—D>(fAg)

proof —

have 1: - (>f A g) = ((f A (bs (=f))) A g)
by (simp add: first-d-def)

have 2: = ((f A (bs (—f))) A g) = (f A —(dsf) A g)
using NotDsEqvBsNot by fastforce

have 3: - —(ds f) — —(ds(f A g))
using DsAndImpElimL by fastforce

hence 4: - f A —(dsf) ANg — f A g A ~(ds(f A g))
by auto

have 5: - (F A g A =(ds(f A g))) = ((f Ag)A (bs (=(f A g))))
using NotDsEqvBsNot by fastforce

have 6:F ((f A g) A (bs (—(f A g)))) =(f A g)
by (simp add: first-d-def)

from 1 2 4 5 6 show ?thesis by fastforce

ged

lemma FstWithOrEqv:

Fi(fVg)=((f Abs(—g)) V(>g A bs (—f)))

proof —

have 1: - >(f vV g) = ((f V g) A bs (=(f V g)))
by (simp add: first-d-def)

have 2: - (=(f V g)) = (—f A —g)
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by auto
hence 3: F bs (=(f V g)) = bs (=f A —g)
using BsEqvRule by blast
have 4:+ bs (=f A —g) = (bs (= f) A bs (- g))
using BsAndEqv by fastforce
have 5:F ((f vV g) Abs (—(fVg)))=({(FfVeg)Abs(=f)Abs(-g))
using 3 4 by fastforce
have 6:F ((f Vv g) A bs (= f) A bs (- g)) =
((F Abs (= F)) A bs(g)) V(g Abs(=f)Abs (= g)))
by auto
have 7:+ ((f A bs (= f)) A bs (- g)) = (>f A bs (- g))
by (simp add: first-d-def)
have 8:F (g Abs(—f)Abs(—g))=((gANbs(—g))Abs(-f))
by auto
have 9:F ((g A bs (- g)) A bs (= f)) = (>g A bs (— f))
by (simp add: first-d-def)
have 10: - ((f A bs (- f)) A bs (= g)) V(g Abs(=f)Abs(—g))=
(>f A bs (- g))V (>g A bs (= f))
using 7 8 9 by fastforce
from 1 56 10 show ?thesis by (metis 7 8 9 int-eq)
ged

lemma FstFstAndEqvFstAnd:

F>(>f Ag)=(>f Ag)

proof —
have I: + (>f A g) = ((f A (bs (=f))) A g) by (simp add: first-d-def)
hence 2: - >f A g — (bs (—f)) by auto
hence 3: - >f AN g — >f A g A (bs (—=f)) by auto
have 4: - = f — = f V =(bs (=f)) V - g by auto
hence 5:  bs (= f) — bs(— f V =(bs (—=f)) V = g) using BsiImpBsRule by blast
have 6: F (= f V =(bs (=f)) V = g) = (=(f A bs (= f) A g)) by auto
hence 7: F bs(— f V =(bs (— )) V =1 g) = bs(—(f A bs (= f) A g)) using BsEqvRule by blast
have 8: + ((f AN bs (= f)) AN g)=(>f ANg) by (simpadd: first-d-def)
hence 9: F (=(f A bs (= f) A g)) = (=(>f A g)) by auto
hence 10: - bs (=(f A bs (= f) A g)) = bs (=(>f A g)) using BsEqvRule by blast
have 11: - >f Ag — (>f A g) A bs (=(>f A g)) using 35 7 10 by fastforce
hence 12: - >f A g — >(>f A g) by (simp add: first-d-def)
have 13: - >(>f A g) = ((f AN g) A bs (=(>f A g))) by (simp add: first-d-def)
hence 14: - >(>f A g) — >f A g by auto

from 12 14 show ?thesis by fastforce

ged

lemma FstTrue:

F > # True = empty

proof —

have 1:+ > #True = (#True A bs (- # True))
by (simp add: first-d-def)

have 2: - bs (- # True) = (empty V (bi (- # True));skip)
by (simp add: bs-d-def)

have 3: = =(bi (= # True))
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using BiElim by fastforce
have 4: & —((bi (- # True));skip)
by (metis AndChopA BiEqvAndEmptyOrBiChopSkip MoreEqvSkipChop True
NotChopSkipEqvMoreAndNotChopSkip Skip TrueEqv TrueSkip int-eq int-simps(14) int-simps(21))
have 5: = bs (- # True) = empty
using 2 4 by fastforce
from 1 5 show ?thesis by fastforce
ged

lemma FstFalse:
F —(> #False)
proof —
have 1:+ > #False = (#False N\ bs # True) by (simp add: first-d-def)
from 1 show ?thesis by auto
ged

lemma FstChopFalseEqvFalse:
F =(>f ; #False)
by (simp add: Valid-def chop-defs)

lemma FstEmpty:

F > empty = empty

proof —

have 1:+ > empty = (empty A bs (= empty)) by (simp add: first-d-def)

have 2: - bs (- empty) = (empty V bi (- empty);skip) by (simp add: bs-d-def)
from 1 2 show ?thesis by fastforce

ged

lemma FstAndEmptyEqvAndEmpty:

F (>f A empty) = (f A empty)

proof —

have 1:+ (>f A empty) = ((f A bs (= f)) A empty) by (simp add: first-d-def)
have 2:  bs (- ) = (empty V bi (—f);skip) by (simp add: bs-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma FstEmptyOrEqvEmpty:

F >(empty V f) = empty

proof —

have 1: F >(empty V ) = ((bempty A bs (= f)) V (>f A bs (— empty))) using FstWithOrEqv by blast
have 2: = (- empty) = more by (simp add: empty-d-def)

hence 3: + bs (- empty) = bs more using BsEqvRule by blast

have 4: - bs more = empty using BsMoreEqvEmpty by blast

have 5: F (>f A bs (= empty)) = (>f A empty) using 3 4 by fastforce

have 6: 1+ >empty = empty using FstEmpty by blast

hence 7: + (>empty A bs (= f)) = (empty A bs (= f)) by auto

have 8: - (empty A bs (- f)) = (empty N(empty \V bi (— f);skip)) by (simp add:bs-d-def)
have 9: - (empty A(empty V bi (= f);skip)) = empty by auto

have 10: - (empty A bs (- f)) = empty using 8 9 by auto

have 11:+ ((>empty A bs (= f)) V (>f A bs (= empty))) =
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(empty V (>>f N empty)) using 7 10 5 by fastforce
have 12:  (empty V (>f A empty)) = empty by auto
from 1 11 12 show ?thesis by fastforce
ged

lemma FstChopEmptyEqvFstChopFstEmpty:

F (>f;g N empty) = (>f;>>g A empty)

proof —

have I1:+ (>f;g A empty) = (>f A g A empty) using ChopEmptyAndEmpty by blast
have 2: - (>g A empty) = (g N empty) using FstAndEmptyEqvAndEmpty by blast
hence 3: F (>f A g A empty) = (>f A >g A empty) by auto

have 4: - (>f;>g A empty) = (>f A >g A empty) using ChopEmptyAndEmpty by blast
from 1 3 4 show ?thesis by fastforce

ged

lemma FstMoreEqvSkip:

F > more = skip

proof —

have I:+ > more = (more A bs (- more)) by (simp add: first-d-def)

have 2:  (more A bs (= more)) = (more A (empty V bi (= more);skip)) by (simp add:bs-d-def)
have 3: - (more A (empty \V bi (= more);skip)) = (more A bi (- more);skip) using empty-d-def
using MoreAndEmptyOrEqvMoreAnd by fastforce

have 4: = (more A ((bi (- more));skip)) = ((bi (= more));skip) using ChopSkiplmpMore by fastforce
have 5: = ((bi (- more));skip) = bi empty;skip by (simp add: empty-d-def)

have 6: - bi empty = empty using BiEmptyEqvEmpty by auto

hence 7: - bi empty;skip = empty;skip using LeftChopEqvChop by blast

have 8: - empty;skip = skip using EmptyChop by blast

from 1 23457 8 show 7thesis by (metis int-eq)

ged

lemma FstEqvBsNotAndDi:

F>f = (bs (= f) A dif)

proof —

have 1:+ bs (- f) = (—(ds f)) by (simp add: ds-d-def)
hence 2: + (bs (- f) Adif) = (=(dsf) A dif) by auto
have 3: + di f = (ds f V f) using OrDsEqvDi by fastforce
hence 4 : - (=(ds f) Adif)=(—(dsf) A (dsf V f)) by auto
have 5 : - (=(dsf) A (dsf V f))=(=(dsf) A f) by auto
have 6 : F (=(dsf) A f)=(f A bs (- f)) using I by auto
from 2 4 5 6 show ?thesis by (metis first-d-def int-eq)

ged

lemma FstOrDiEqvDi:

F(>fVvdf)=df

proof —

have I:+ (>f vV di f) = ((f A bs (—=f)) V di ) by (simp add: first-d-def)

have 2: = ((f A bs (—f)) v dif)=((fVdif)A(bs (- f)Vdif))by auto
have 3: - (f v dif)=dif

by (metis 2 Dilntro RRDiamondEqvDi int-eq Prop02 Prop03 Propll Propl2)
hence 4: - ((f vV dif) A (bs (= f)V dif))=(dif A(bs (= f)Vdif))by auto
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have 5:  (di f A (bs (= f) VvV dif)) = di f by auto
from 1 2 4 5 show ?thesis by fastforce
ged

lemma FstAndDiEqvFst:
F(>f Adif)=1>f
proof —
have I: - (>f Adif) = ((f A bs (=f)) A di ) by (simp add: first-d-def)
have 2: - (f A di f) = f by (meson Dilntro Propl0 Propll)
hence 3: F (f A bs (=f) A di f) = (f A bs (—f)) by auto
from 1 3 show ?thesis by (metis first-d-def int-iffD2 int-iffl Prop12)
ged

lemma DiEqvDiFst:
Fdif=di(>f)
proof —
have 1: F di (> f) = di (f A bs (—f))
by (simp add: first-d-def)
have 2: - di (f A bs (—=f)) — di f A di (bs (= f))
using DiAndImpAnd by auto
hence 3: F di (f A bs (—f)) — di f
by auto
have 4: - di (> f) — di f using 1 3
by fastforce
have 5: - (di f A empty) = (f A empty)
using DiAndEmptyEqvAndEmpty by blast
have 6: - (> f A empty) = (f A empty)
using FstAndEmptyEqvAndEmpty by auto
have 7: - di f A empty — D>f
using 5 6 by fastforce
have 8: + >f — di (> )
using Dilntro by auto
have 9:+ dif A empty — di (> )
using 7 8 using lift-imp-trans by blast
hence 10: + empty — (di f — di (> f))
by auto
have 11:F prev ( di f — di (> f))— more
by (simp add: ChopSkipImpMore prev-d-def)
have 12: - more —( prev ( di f — di (> f)) = (prev(di f) — prev(di (>>f))))
using MorelmplmpPrevEqv by auto
have 13: + (more A prev ( di f — di (>> f))) = (more A (prev(di f) — prev(di (>f))))
using 12 by fastforce
have 14: - prev ( di f — di (> f)) = (more A (prev(di f) — prev(di (>>f))))
using 11 13 by fastforce
have 15: - dif = (f V ds f)
using OrDsEqvDi by fastforce
have 16: - dif = (di f A (bs (= f) V =(bs (= ))))
by auto
have 17:+ (di f A (bs (= f) V =(bs (= f)))) = ((di f A bs (= f)) V (di f A =(bs (= 1))))
by auto
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have 18:F (dif A bs (= f)) = ((f V ds f) A bs (= f))
using 15 by auto
have 19:F ((f V. dsf) A bs (= f)) = ((f A bs (= f)) V (ds f A bs (= £)))
by auto
have 20: - —(ds f A bs (= f))
by (simp add: ds-d-def)
have 21: F ((f A bs (= f)) V (dsf A bs (= f))) = (f A bs (= f))
using 20 by auto
have 22: + (di f A bs (= f)) = (f A bs (— f))
using 18 19 21 by fastforce
have 23:  (f A bs (- f)) = >f
by (simp add: first-d-def)
have 24: + (>f) — di (>>f)
using Dilntro by auto
have 25: + (f A bs (= f)) — di (>f)
using 23 24 by fastforce
have 26: - (di f A bs (= f)) — di (>f)
using 25 22 by fastforce
hence 27: + (di f A bs (= f) A (prev (di f — di (> f)))) — di (>f)
by auto
have 28: = (di f A —(bs (= f))) = (di f A ds f)
by (simp add: ds-d-def)
hence 29: - (di f A =(bs (= f)) A (prev (di f — di (> £)))) =
(dif Ndsf A (prev (di f — di (> £))))
by auto
have 30: + ds f = prev(di f)
using DsDi by (metis prev-d-def)
hence 31: + (di f Adsf A (prev (di f — di (> f)))) =
(di £ N prev(di f) A (prev (di f — di (> f))))
by auto
have 32: + prev (di f — di (> f)) — (prev(di f) — prev(di (i>f)))
using 14 by auto
hence 33: F di f A prev(di f) A prev (di f — di (> f)) —
di f A prev(di f) A (prev(di f) — prev(di (>>f)))
by auto
have 34: - di f A prev(di f) A (prev(di f) — prev(di (>>f))) — prev(di (>>f))
by auto
have 35: + prev(di (>f))= (di (>>f));skip
by (simp add: prev-d-def)
have 36: & (di (>>f));skip — di(di (>f))
using ChoplmpDi by auto
have 37: F di(di (>f)) = di (>>f)
using DiEqvDiDi by fastforce
have 38: + di f A prev(di f) A (prev(di f) — prev(di (>>f))) — di (>f)
using 37 36 35 34 by fastforce
have 39: F di f A =(bs (= f)) A (prev (di f — di (> f))) — di (>f)
using 29 31 33 38 by fastforce
hence 40: - —(bs (= f)) A (prev (di f — di (> f))) — (di f — di (>1))
by fastforce
have 41: + bs (= ) A (prev (di f — di (> f))) —(di f — di (1))
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using 27 by fastforce

have 42:  (—(bs (= f)) V bs (= f)) A (prev (di f — di (> f))) —(di f — di (>f))
using 40 41 by fastforce

have 43: + (=(bs (- f)) V bs (= f))
by auto

have 44:  (prev (di f — di (> f))) —(di f — di (>1))
using 42 43 by fastforce

have 45: F di f — di (>f)
using 10 44 EmptyChopSkipinduct by blast

from 4 45 show ?thesis by fastforce

ged

lemma FstDiEqvFst:

Fo(dif) =>f

proof —

have I: - >(dif) = (di f A bs (— (di f))) by (simp add: first-d-def)

have 2: = (= (dif)) = bi (= f) by (simp add: NotDiEqvBiNot)

hence 3: - bs (- (di f)) = bs (bi (— f)) using BsEqvRule by blast

have 4: - bs (bi (= f)) = bs ( — f) using BsEqvBsBi by fastforce

hence 5: - (di f A bs (= (di f))) = (di f A bs ( = f)) using 3 by fastforce
have 6 : + di f = (f VV ds f) using OrDsEqvDi by fastforce

hence 7:+ (dif A bs(—f))=((f Vdsf)Abs(—f)) byauto

have 8: - ((f Vdsf)Abs (- f)=((f ANbs(—f))V(dsf A bs(—f))) by auto
have 9: - —(ds f A bs ( = f)) by (simp add: ds-d-def)

have 10: F (f A bs ( = f)) = >f by (simp add: first-d-def)

have 11: - ((f A bs (= f)) V (dsf A bs (— f))) = >f using 9 10 by fastforce
from 1 57 8 11 show ?thesis by (metis int-eq)

ged

lemma DiAndFstOrEqvFstOrDiAnd.:

F(dif A(>fVg)=(fV(difAg))

proof —

have 1: F (dif A (>f V g)) = (>f Adif)V (dif A g) by auto
have 2: - (>f A di f) = >f using FstAndDiEqvFst by blast
from 1 2 show ?thesis by auto

ged

lemma DiOrFstAndEqvDi:

Fdifv(>fAg)=dif

proof —

have I: - (dif vV (>f A g)) = ((>f vV dif) A(di f V g)) by auto
have 2: F (>f Vv di f) = di f using FstOrDiEqvDi by blast

from 1 2 show ?thesis by auto

ged

lemma FstDiAndDiEqyv:

Fo(dif Ndig)=((>f ANdig)V (>g A dif))

proof —

have I: - >(dif ANdig) = ((dif AN dig) A bs (=(di f A dig))) by (simp add: first-d-def)
have 2:  (—(di f A di g)) = (bi (=f) Vv bi (—g)) by (simp add: bi-d-def, auto)
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hence 3: F bs (=(di f A di g))
hence 4: = ((di f A dig) A bs
(di f A dig N bs(bi (—f

have 5: - (bs (—=f) V bs (—g)) =
hence 6: - (di f A dig A bs(bi (—f) V bi (—g))) =

(di f A\ dig N(bs (—f) V bs (—g))) by auto
have 7: F (di f A di g A(bs (—f) V bs (—g))) =

(( bs (=f)Ndif Ndig)V (dif A bs(—g)Adig)) by auto
have 8: F >f = (bs (=f) A dif) using FstEqvBsNotAndDi by blast
hence 9: F (bs (=f) A dif A dig) = (>f A di g) by auto
have 10: + >g = (bs (—g) A di g) using FstEqvBsNotAndDi by blast
hence 11:F (di f A bs (—g) A dig) = (di f A >g) by auto
have 12: + (di f A di g A(bs (—=f) V bs (—g))) =

((>f ANdig) Vv (dif Ar>g)) using 7 9 11 by (metis int-eq)
from 1 4 6 12 show ?thesis using inteqg-reflection lift-and-com by fastforce
ged

= bs(bi (—f) Vv bi (—g)) using BsEqvRule by blast
(;dewgD%z
bs

V bi (=g))) by auto
(bi (=f) V bi (—g)) using BsOrBsEqvBsBiOrBi by blast
)

lemma BiNotFstEqvBiNot:

proof —

have 1:+ di f = di (>>f) using DiEqvDiFst by blast
hence 2: - (=(di f)) = (=( di (>f))) by auto

from 1 2 show ?thesis using NotDiEqvBiNot by fastforce
ged

lemma BsNotFstEqvBsNot:

F bs (—| (Df)) = bs (—| f)

proof —

have I1:+ bs (- (>f)) = (empty V bi (= (1>f));skip) by (simp add: bs-d-def)
have 2: - bi (= (>f)) = b ( f) using BiNotFstEqvBiNot by blast

hence 3:  bi (- (>>f));skip = bi (— f);skip using LeftChopEqvChop by blast
hence 4: F (empty V bi (—| (>>f));skip) = (empty V' bi (= f);skip) by auto
from 1 4 show ?thesis by (simp add: bs-d-def)

ged

lemma FstState:

F > (init w) = (empty A init w)

proof —

have I:+ > (init w) = (init w A bs (=(init w))) by (simp add: first-d-def)
hence 2: - > (init w) — init w by auto

have 3: - init w — bs (init w) using StatelmpBs by auto

have 4: F > (init w) — bs (init w) using 2 3 by fastforce

have 5: - > (init w) — bs (—(init w)) using 1 by auto

have 6: - > (init w) — bs (init w) A bs (—(init w)) using 4 5 by fastforce
have 7: = (bs (init w) A bs (—(init w))) = (bs((init w) A =(init w))) using BsAndEqv by blast
have 8: F ((init w) A —(init w)) = #False by auto

hence 9: = (bs((init w) A —(init w))) = bs #False using BsEqvRule by blast
have 10: F bs #False = empty using BsFalseEqvEmpty by auto

have 11:+ > (init w) — empty using 10 9 7 6 by fastforce

have 12: - > (init w) — empty A init w using 11 2 by fastforce
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have 13: - empty A init w — empty by auto

hence 14: + empty A init w — empty V bi (=(init w));skip by auto
hence 15: - empty A init w — bs (=(init w)) by (simp add: bs-d-def)
have 16: - empty A init w — init w by auto

have 17: empty A init w — init w A bs (=(init w)) using 16 15 by auto
hence 18: - empty A init w — >(init w) by (simp add: first-d-def)

from 12 18 show ?’thesis by fastforce

ged

lemma FstStateAndBsNotEmpty:
F (> (init w) A bs (= empty)) = > (init w)
proof —
have 1:+ (&> (init w) A bs (- empty)) = (&> (init w) A bs more)
using BsEqvRule NotEmptyEqvMore by (simp add: empty-d-def)
have 2: = (&> (init w) A bs more) = (> (init w) A empty)
using BsMoreEqvEmpty by fastforce
have 3: - > (init w) = (empty A (init w))
using FstState by blast
hence 4: - (> (init w) A empty) = (empty A (init w) A empty)
by auto
have 5: - (empty A (init w) A empty) = (empty A (init w))
by auto
have 6: - (empty A (init w)) = >(init w)
using FstState by fastforce
from 1 2 4 5 6 show ?thesis by fastforce
ged

lemma FstStatelmpFstStateOr:
F >(init w) — >(init w V f)
proof —
have 1:F >(init w) = (empty A init w)
using FstState by blast
have 2: - (empty A init w) = (empty A (empty V bi (= f);skip) A init w)
by auto
have 3: = (empty A (empty V bi (= f);skip) A init w) =
(empty A bs (= f) A init w)
by (simp add: bs-d-def)
have 4: = (empty A bs (= f) A init w) = (empty A init w A bs (= f))
by auto
have 5:  (empty A init w) = > (init w)
using FstState by fastforce
hence 6: - (empty A init w A bs (— f)) = (> (init w) A bs (= f))
by auto
have 7: F > (init w) A bs (= f) — (&> (init w) A bs (= f)) V (>f A bs (=(init w)))
by auto
have 8: - >(init w vV ) = ((> (init w) A bs (= f)) V (>f A bs (=(init w))))
using FstWithOrEqv by blast
from 123456 7 8 show ?thesis by fastforce
ged
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lemma FstLenSame:
(V 0. (0 = di (>f A len(i)) A di (>f A len(f))) — (i=)))
by (simp add: DiLenFstsem FstLenSamesem)

lemma FstlenSame-1:
Fodi (>f A len(i)) A di (5 A len(j)) — (#i=#))
using FstLenSame Valid-def by fastforce

lemma FstAndLenSame:

(Vo.(c = di (>f Agl)Alen(i)) Adi ((>f A g2) A len(j))) — (i=)))
apply (simp add: DiLenFstAndsem)
using linorder-neqE-nat by blast

lemma FstAndlLenSame-1:

Fodi ((f A gl) Alen(i)) Adi ((f A g2) Alen(j)) — (F#i=#))
using FstAndLenSame Valid-def by fastforce

lemma FstLenSameChop:

(Vo. (o= ((f Agl)Alen(i));hI A ((Ff A g2) A len(j));h2) — (i=)))
proof

fix o

show (0 = ((>f A gl) A len(i));h1 A ((>F A g2) A len(j));h2) — (i=))

proof

assume 0: (o = ((>f A g1) A len(i));h1 A ((>f A g2) A len(j));h2)

have 1: (o = ((>f A gI) A len(i));hI) using O by auto

have 2: (o = ((>f A gI) A len(i));h1) —

(o = ((>f A gl) A len(i));# True) by (metis ChoplmpDi Valid-def di-d-def unl-lift2)

have 3: (o = di((>f A g1) A len(i))) using 1 2 by (simp add: di-d-def)
have 4: (o = ((>>f A g2) A len(j));h2) using 0 by auto
have 5: (o = ((>f A g2) A len(j));h2) —
(o E ((f A g2) A len()));# True) by (metis ChoplmpDi Valid-def di-d-def unl-lift2)
have 6: (o = di((>f A g2) A len(j))) using 4 5 by (simp add: di-d-def)
have 7: (o = di((>f A gl) A len(i)) A di((>>f A g2) A len(j))) using 3 6 by auto
thus (i=j) using FstAndLenSame by blast
qged
ged

lemma FstLenSameChop-1:
Fo((f A gl) Alen(i));hI A ((F A g2) A len(j));h2 — (#i=%#)
using FstLenSameChop Valid-def by fastforce

lemma DilmpExistsOneDilenAndFst:

(Vo. (o dif) — (3! k. (¢ = di( >f A len(k)))))
proof

fix o

show (o= di f) — (3! k. (o = di( >f A len(k))))
proof

assume 0: (o= di f)

have 1: (o |= di (> f))
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using 0 DiEqvDiFst Valid-def by force
have 2: (c =1 f) = ( (c=> ) A (k. (0 = len(k))))
using AndExistsLen[of TEMP > f]| by (simp add: Valid-def)
have 3: ((c=> ) A (3 k. (0 = len(k)))) =
(Fk. (o> f) A (o = len(k)))
by auto
have 4: (o |= di(> f)) = (3 k. (o = di(>f A len(k))))
using 2 3 by (metis 1 DilLensem di-defs)
have 5: (3 k. (o |= di(>f A len(k))))
using 1 using 4 by auto
then obtain / where 6: (o |= di(>>f A len(i))) by blast
from 5 obtain j where 7: (o |= di(>f A len(j))) by blast
have 8: (o |= di(>f A len(i))) A (o |= di(>f A len(j)))
using 6 7 by auto
hence 9: (o = di(>f A len(i)) A di(>>f A len(j)))
by simp
hence 10: i=j
using FstLenSame by blast
have 11: A\j. (o = di(>f A len(j))) — (j=i)
using 9 10 using FstLenSame by auto
thus (3! k. (o = di( >f A len(k))))
using 11 5 by blast
qged
ged

lemma DilmpExistsOneDiLenAndFst-1:
Fdif — (3! k. (di( >f A len(k))))
using Valid-def DilmpExistsOneDilLenAndFst by fastforce

lemma LFstAndDist-help:

(o =((>f A gI) A len(k));hl A ((>f A g2) A len(k));h2) =
(o E(((>Ff A gI) A (> A g2)) A len(k));(h1 A h2))

using LFixedAndDistr by fastforce

lemma LFstAndDist-help-1:

(3 k. (o E((>f A g1) A len(k));hI A ((>f A g2) A len(k));h2)) =
(3 k. (0 E(((>f A gl) A (>f A g2)) A len(k));(hI A h2)))

proof

assume 0: 3k.o = ((>f Agl) Alenk); hI N ((>f A g2) A lenk); h2
obtain k where 1: o = ((> f A gl) Alenk); hI N ((>f A g2) A len k) ; h2
using 0 by auto

hence 2: (o =(((>f A g1) A (> A g2)) A len(k));(h1 A h2))

using LFstAndDist-help by blast

show (3 k. (o E=(((>f A gI) A (>f A g2)) A len(k));(h1 A h2)))

using 2 by auto

next

assume 3: (3 k. (o =(((>f A gl) A (>f A g2)) A len(k));(h1 A h2)))
obtain k where 4: (o0 =(((>f A g1) A (>f A g2)) A len(k));(h1 A h2))
using 3 by auto

hence 5: (o =((>f A g1) A len(k));hI A ((>f A g2) A len(k));h2)
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using LFstAndDist-help by blast
show (3 k. (o =((>f A g1) A len(k));h1 A ((>f A g2) A len(k));h2))
using 5 by auto

ged

lemma LFstAndDistrsem:
(V o. (0 E((>f A gl);hl A (>F A g2);h2) = (>f A gl A g2);(h1 A h2)))
proof
fix o
show (o =((>f A gl);hI A (> A g2);h2) = (>f A g1 A g2);(h1 A h2))
proof —
have 1: (o E(>f A gl);hl) = (3 i. (o E((>f A g1) A len(i));h1))
using AndExistsLenChop[of TEMP (>> f A gl)] by fastforce
have 2: (o E(>f A g2);h2) = (3 j. (o E((>f A g2) A len(f));h2) )
using AndExistsLenChop[of TEMP (>>f A g2)] by fastforce
have 3: (¢ =(>f A gl);h1 A (>f A g2);h2) =
((3ij. (o =((>F A gl) A len(i)):h1 A
((f A g2) A len(j));h2) )
)

using 1 2 by auto
have 4: ( (3 ij. (o6 =((>f A gl) A len(i));h1 A
| ((>f A g2) A len(j)):h2) )

(
)

using FstLenSameChop by blast

have 5: (3 k. (o =((>f A g1) A len(k));h1 A ((>f A g2) A len(k));h2)) =
(3 k. (0 E(((>f A g1) A (>f A g2)) A len(k));(hI A h2)))

using LFstAndDist-help-1 by blast

have 6 : (3 k. (o E(((>f A gI) A (>f A g2)) A len(k));(h1 A h2))) =
(o E((f A gl) A (>f A g2));(h1 A h2))

using AndExistsLenChop[of TEMP ((>> f A g1) A > f A g2)] by fastforce

have 7 : (o =((>>f A g1) A (>f A g2));(h1 A h2)) =
(o E(>f A gl A g2);(h1 A h2))

by (simp add: chop-defs, auto)

from 3 4 5 6 7 show ?thesis by auto

qged

ged

—~~

3 k. (o E=((>f A g1) A len(k));h1 A
((>f A g2) A len(k));h2) )

lemma LFstAndDistr:
F((>f A gl)hl A (>f A g2);h2) = (>f A gl A g2);(h1 A h2)
using LFstAndDistrsem by fastforce

lemma LFstAndDistrA:

F((>f Agl);hA(>f Ag2)h)=(>f Agl Ag2)h

proof —

have 1: F ((>f A gl);h A (>f A g2);h) = (>f A g1 A g2);(h A h) using LFstAndDistr by blast
have 2: - (>>f A g1 A g2)i(h A h) = (>f A gl A g2);h by auto

from 1 2 show ?7thesis by auto
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ged

lemma LFstAndDistrB:

F((>f A g)hl A (>f A g);h2) = (> A g)i(h1 A h2)

proof —

have I: - ((>>f A g);hl A (>f A g);h2) = (>f A g A g);(h1 A h2) using LFstAndDistr by blast
have 2: F (>f A g A g);(hI A h2) = (>f A g);(h1 A h2) by auto

from 1 2 show ?thesis by auto

ged

lemma LFstAndDistrC:
F((>f );h1 A (> );h2) = (>>1f);(hI A h2)
proof —
have I:F ((>f A #True);hl N (>f A #True);h2) = (>f N # True A # True);(h1 A h2)
using LFstAndDistr by blast
have 2: - (>>f A #True);hl = (>f );h1

by auto

have 3: F (>f A #True);h2 = (>f );h2
by auto

have 4: F (>f A #True A #True);(h1 A h2) = (>f);(h1 A h2)
by auto

from 1 2 3 4 show ?thesis by auto

ged

lemma LFstAndDistrD:

F(di(>f A gl) Adi(>f A g2)) = di(>f A gl A g2)

proof —

have I:+ ((>>f A gl);# True A (>f A g2);# True) = (>f A g1 A g2);(# True N # True)
using LFstAndDistr by blast

have 2: - (>f A gl);# True = di(>f A gl)
by (simp add: di-d-def)

have 3: - (>f A g2);# True = di(>f A g2)
by (simp add: di-d-def)

have 4: - (>f A g1 A g2)i(# True A #True) = di(>f A g1 N g2)
by (simp add: di-d-def)

from 1 2 3 4 show ?thesis by fastforce

ged

lemma LstAndDistr:
F(hl; (< f Agl)Ah2(<fAg2)=(hlANh2)(<fAglAg2)
proof —
have 1: F ((>(f") A g1");(h17) A (>(7) A (827))i(h2"7)) =
(5(F) A (g17) A (82"))i((h17) A (h2))
using LFstAndDistr by blast
hence 2: F ((>(f") A g1");(h1") A (>(f7) A (g2
((=(F) A (g17) A (2)i((h17) A (h27)))
using 1 REqvRule by blast
have 3: - (((B(F7) A g17):(h1)" A ((5(F7) A (2))i(h27))") =
(>(F7) A g17):(h17) A ((F7) A (827)):i(h2"))"
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using RAnd by fastforce
have 4: - ((h17)";(>(F") A g17)" A (h27)5(>(F7) A (g27))7) =
(((>(F7) A gI7);(h17))" A ((>(F7) A (827)):(h27))")

using RevChop by fastforce

have 5: - (h1")" = hl
using EqvReverseReverse by blast

have 6: - (h2")" = h2
using EqvReverseReverse by blast

have 7: - (g1")" = gl
using EqvReverseReverse by blast

have 8: - (g2")" = g2
using EqvReverseReverse by blast

have 9: - (f")" =f
using EqvReverseReverse by blast

have 10: - (>(f") A g1")" = ((>(F"))" A (g1")")
using RAnd by blast

have 11:+ (>(f") A g2")" = ((>(f"))" A (g2")")
using RAnd by blast

have 12: F (>(f"))" = < (f)
using RRFirstEqvLast by blast

have 13: F ((>(f"))" A (gl")") = (< f A gl)
using 12 7 by fastforce

have 14: F ((>>(f"))" A (g27)") = (< f A g2)
using 12 8 by fastforce

have 15: F (hI; (< f AN gl) A h2;(< f A g2)) =

((h17)5((F7) A g17)" A (h2)(>(F7) A (827))7)

using 14 13 10 11 5 6 by (metis 4 int-eq)
have 16: - (((=(F7) A (g17) A (827)i((h17) A (h27)))") =
((h17) A (h27))75((> (F7)) A (817) A (827))
by (simp add: RevChop)
have 17: = ((> (")) A (g17) A (82)")" = ((> (F7))" A (g17)" A (827)")
by (metis inteq-reflection rev-fun2)
have 18: F ((>> (f")" A (g1")" N (g2")") = (< f N gl A g2)
using 12 7 8 by fastforce
have 19: F ((h1") A (h27))" = (h1 A h2)
using RRAnd by auto
have 20: - ((h1") A (h27)"5((> (7)) A (g17) A (g27))" =
(h1 A h2);(< f A gl A g2)
using 19 17 18 using ChopEqvChop by (metis int-eq)
from 15 4 3 2 16 20 show ?thesis using int-eq by metis
ged

lemma LstAndDistrA:
F(h(<fAgl)ANh(<afAg2)=h(<fAglAg2)
proof —
have I: - (h(< f Agl) A h(<af Ag2)=(hAh);(<fAglAg2)
using LstAndDistr by blast
have 2: - (h A h)(< f Agl ANg2)=h(<fANglAg2)
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by auto
from 1 2 show ?thesis by auto
ged

lemma LstAndDistrB:

Fo(hl; (<« fAg)Ah2i(<f Ag))=(hlIANh2)(<fAg)

proof —

have I: - (hI;(<f Ag)Ah2,(afAg))=(hlANh2)(<fAgAg)
using LstAndDistr by blast

have 2: - (h1 A h2);(<f ANg A g)=(hl Ah2)(<fAg)
by auto

from 1 2 show ?thesis by auto

ged

lemma LstAndDistrC:

o (hl;(« f)Ah2) (<)) =(hl Ah2)(<f)

proof —

have 1:F (hI;(< f A #True) A h2;(< £ A #True)) = (h1 A h2);(< £ A # True A # True )
using LstAndDistr by blast

have 2: - (h1 A h2);(< f AN #True A #True ) = (h1 A h2);(< )

by auto

have 3: - h1;(< f A #True) = hl;(< )
by auto

have 4: - h2;(< f N #True) = h2;(< )
by auto

from 1 2 3 4 show ?thesis by auto

ged

lemma LstAndDistrD:

FE(O(QFfAGI)ANO(QTAG2))=0(<f Agl A g2)

proof —

have 1:+ (#True;(Q f A gl) AN #True;(< f A g2)) = (#True A #True );(< f A gl A g2)
using LstAndDistr by blast

have 2: - (#True AN #True );(Q f AN gl AN g2) =<(<f A gl A g2)
by (simp add: sometimes-d-def

have 3: - #True;(< f N gl) =<
by (simp add: sometimes-d-def

have 4: - #True;(Q f N g2) = O(Q f A g2)
by (simp add: sometimes-d-def)

from 1 2 3 4 show ?thesis by fastforce

ged

TN —

Qf A gl)

TN —

lemma NotFstChop:

= (2(>f 1g)) = (=(di (1)) V (>Fi(g)))

proof —

have I1:+ g — #True by auto

hence 2: - >f;g — >f;# True using RightChoplmpChop by blast

hence 3: - >f;g — di(>>f) by (simp add:di-d-def)

hence 4: - —=(di(>f)) — —(>f;g) by auto

have 5:F (>f; (mg) — —(>f;8)) = ((>f; (—g)) A (>f;g) — #False ) by auto
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have 6:F ((>f; (—g)) A (>f;g)) = >fi;(—g A g) using LFstAndDistrC by blast
have 7:F —|(>f (—g A g)) by (simp add: FstChopFalseEqvFalse)

have 8:F >f; (-g) — —(>f;g) using 56 7 by fastforce

have 9:F —(di(>f)) Vv (>f; (-g)) — —(>f;g) using 4 8 by fastforce

have 10: F di(>>f) vV =(di(>>f)) by auto

hence 11: F (>f;# True) V =(di(>>f)) by (simp add: di-d-def)

hence 12: - (>f;(g vV —g)) V ~(di(>>f)) by auto

have 13: - (>f;(g vV —g)) = ((>f;8) V (>f;(—g))) using ChopOrEqv by fastforce
have 14: + ((>f;g) V (>f;(—g))) V ~(di(>>f)) using 12 13 by fastforce

hence 15: + —(>f;g) — —(di(>f)) Vv (>f; (—g)) by auto

from 9 15 show 7thesis by fastforce

ged

lemma BsNotFstChop:

= bs(~(>f:g)) = (empty v ~(di(>f)) V (>F:bs(-g)))

proof —

have I:+ bs(—(>f;g))= (empty V bi(—(>f;g));skip)
by (simp add: bs-d-def)

have 2: - (empty V bi(—(>f;g));skip) = (empty V (=(di(>>f;g)));skip)
by (metis 1 NotDiEqvBiNot int-eq)

have 3: - (empty V (=(di(>>f;g)));skip) = (empty Vv (=((>>7;g);# True));skip)
by (simp add: di-d-def)

have 4: - (=((>>f;g);# True));skip = (—(>f;(g;# True)));skip
by (metis ChopAssocB LeftChopEqvChop int-simps(15) inteq-reflection)

hence 5: - (empty V (=((>f;g);# True));skip) = (empty V (—(>f;(g;# True)));skip)
by auto

have 6: - (empty V (=(>f;(g;# True)));skip) = (empty Vv (=(>f;di(g)));skip)
by (simp add: di-d-def)

have 7: F (empty V (—=(>>f;di(g)));skip) = (empty V =(—((—=(>f;di(g)));skip)))
by auto

have 8: - —(—=((—(>f;di(g)));skip)) = (—(empty V (>f;di(g));skip ))
using NotNotChopSkip by fastforce

hence 9: - (empty vV —~(=((—(>f.di(g)));:skip))) = (empty V —(empty V (>f;di(g));skip ))
by auto

have 10: + (empty V —(empty V (>f;di(g));skip )) = (empty V (more A =((>>f;di(g));skip )))
by (meson 6 7 9 NotChopSkipEqvMoreAndNotChopSkip Prop04 Prop06)

have 11:+ (empty V (more A =((>>f;di(g));skip ))) = (empty vV —((>>f;di(g));skip ))
by (simp add: empty-d-def, auto)

have 12: - (empty V =((>f;di(g));skip )) = (empty V —(>f;(di(g);skip) ))
using ChopAssocB 11 by fastforce

have 13: = (=(>f;(di(g);skip) )) = (=(>f;(ds(g)) ))
using DsDi using RightChopEqvChop by fastforce

hence 14: + (empty V —(>f;(di(g);skip) )) = (empty V =(>f;(ds(g)) ))
by auto

have 15: - (empty vV =(>>f;(ds(g)) )) = (empty V —(di (>>f)) V (>f;(—(ds g))))
using NotFstChop by fastforce

have 16: - (>f;(—(ds g)))= (>f;(bs (—g)))
using NotDsEqvBsNot RightChopEqvChop by blast

hence 17: F ((empty V —=(di (>>f))) V (>f;(—(ds g)))) = ((empty vV =(di (>f))) v (>f;(bs (—

by auto
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from 1235679101112 14 15 17 show ?thesis by fastforce
ged

lemma FstFstChopEqvFstChopFst:
Fo(>fig) =>fi>g
proof —
have 1: F >(>f;g) = ((>f:g) A bs (—(>f:g)))
by (simp add: first-d-def)
have 2: F bs (=(>f;g)) = (empty V ~(di(>>f)) V (>f;bs(—g)))
using BsNotFstChop by auto
hence 3: - ((>f;g) A bs (—(>f:g))) = ((>f;8) A (empty V =(di(>f)) V (>f;bs(—g))))
by auto
have 4: - ((>f;g) A (empty V =(di(>>f)) V (>f;bs(—g)))) =
((>F:8) A empty) v ((5Fig) A ~(di(=F)) v ((5F:8) A (>Fibs(g)))
by auto
have 5: - —((>f;g) A =(di(>f)))
using ChoplmpDi by fastforce
hence 6: - (((>f;g) A empty) V ((>f;g) A =(di(>f))) V ((>f;8) A (>f;bs(—g)))) =
((>f:g) A empty) Vv ((>f:g) A (>f:bs(—g))))
by auto
have 7: = ((>fig) A (>fi(bs(—g)))) = (>Fi(g A (bs(=g)))))
using LFstAndDistrC by blast
hence 8: 1 (((5F:g) A empty) V (=Fig) A (>Fi(bs(~g))))) =
((>f:g) A empty) v ((>Fi(g A (bs(—g))))))
by auto
have 9: - (((>f;g) A empty) V ((>fi(g A (bs(g)))))) = (((>Fig) A empty) V >fi>g)
by (simp add: first-d-def)
have 10: - ((>f;g) A empty) = ((>f;>>g) A empty)
using FstChopEmptyEqvFstChopFstEmpty by blast
hence 11:+ (((>f;g) A empty) V >f;>g) = (((>f;>g) A empty) V >f;>g)

by auto
have 12: + (((>f;>>g) A empty) V >f;>g) = >f;>g

by auto
from 1 34689 11 12 show ?thesis by (metis inteq-reflection)
ged

lemma FstFixFst:

F>(>f) = >f

proof —

have I1:+ >f = (>f);empty using ChopEmpty by (metis int-eq)

hence 2: F>( >f ) = >((>>f);empty) using FstEqvRule by blast

have 3: - >((>f);empty) = >f;>empty using FstFstChopEqvFstChopFst by auto
have 4: - >f;>empty = >f;empty using FstEmpty using RightChopEqvChop by blast
have 5: F >f;empty = >f using ChopEmpty by blast

from 2 3 4 5 show ?thesis by fastforce

ged

lemma FstCSEqvEmpty:

F>(f*) = empty
proof —
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have I:F >(f*) = >(empty V ((f A more);f*)) using ChopstarEqv FstEqvRule by blast
from 1 show ?thesis using FstEmptyOrEqvEmpty by fastforce
ged

lemma FstlterFixFst:
+ power (> f) n = >(power (>> f) n)
proof
(induct n)
case 0
then show 7case
proof —
have 1:+ power (> f) 0 = empty by auto
have 2: - empty = > empty using FstEmpty by auto
have 3: F > empty = >(power (>f) 0) by auto
from 1 2 3 show ?thesis by auto
qged
next
case (Suc n)
then show Zcase
proof —
have 4: - (power (> f) (Suc n)) = (> f) ;(power (>>f) n)
by (simp)
have 5: - (> f) ;(power (>f) n) = (> f) ; > (power (> f) n)
using RightChopEqvChop Suc.hyps by blast
have 6: F (> f) ; > (power (> f) n) = >(>f;(power (> f) n))
using FstFstChopEqvFstChopFst by fastforce
have 7: - >(>f;(power (> f) n)) = >(power (> f) (Suc n))
by simp
from 4 5 6 7 show ?7thesis by fastforce
qged
ged

lemma DsImpNotFst:

Fds f — (=(>1))

proof —

have I: - (dsf A>f) = (dsf A (f A bs (= f))) by (simp add: first-d-def)

have 2: - (dsf A (f A bs (= f))) = (dsf A f A —(dsf)) using NotDsEqvBsNot by fastforce
from 1 2 show ’thesis by fastforce

ged

lemma FstlenAndEqvLenAnd:

F >(len(k) A f) = (len(k) A )

proof —

have I:+ len(k) A f A ds(len(k)A f) — ds (len(k))
using DsAndImpElimL by fastforce

hence 2: - len(k) A f A ds(len(k)\ f) — (di(len(k)));skip
using DsDi by fastforce

hence 3: I len(k) A f A ds(len(k)\ f) — ((len(k);# True));skip
by (simp add: di-d-def)

hence 4: - len(k) A f A ds(len(k)\ f) — (len(k);(# True;skip))
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using ChopAssocB by fastforce
hence 5: & len(k) A f A ds(len(k)A f) — (len(k);(skip;# True))
using Skip TrueEqv TrueSkip TrueChopSkipEqvSkipChop True RightChopEqvChop by fastforce
hence 6: I len(k) A f A ds(len(k)A f) — (len(k);(skip;# True)) A len(k)
by auto
hence 7: - len(k) A f A ds(len(k)\ f) — (len(k);(skip;# True)) A len(k);empty
using ChopEmpty by (metis int-eq)
hence 8: & len(k) A f A ds(len(k)A f) — (len(k);((skip;# True) A empty))
using LFixedAndDistrB1 by fastforce
have 9: = =(len(k);((skip;# True) A empty))
by (simp add: empty-d-def more-d-def next-d-def chop-defs Valid-def )
have 10: - len(k) N f — —(ds(len(k)A f))
using 8 9 by fastforce
hence 11:F len(k) A f — bs (= (len(k)A f))
using NotDsEqvBsNot by fastforce
hence 12: + len(k) A f — (len(k) A f) A bs (=(len(k)A f))
by auto
hence 13: + len(k) A f — >(len(k) A )
by (simp add: first-d-def)
have 14: + >(len(k) A f) — len(k) A f
by (simp add: first-d-def ,auto)
from 13 14 show ?thesis by fastforce
ged

lemma FstAndElimL:
F>f— f
by (simp add: first-d-def, auto)

lemma FstimpNotDiChopSkip:

F>f — =(di f;skip)

proof —

have 1: - >f — bs (= f) by (simp add: first-d-def ,auto)
hence 2: - >f — —(ds f) using NotDsEqvBsNot by fastforce
have 3: - ds f = di f ; skip using DsDi by blast

hence 4: + (—(ds )) = (—(di f;skip)) by auto

from 2 4 show ?thesis by fastforce

ged

lemma FstimpNotDiChopSkipB:
F>f — =(di (f;skip))
proof —
have 1: - >f — bs (— f)
by (simp add: first-d-def ,auto)
hence 2: - >f — —(ds f)
using NotDsEqvBsNot by fastforce
have 3: - dsf = dif ; skip
using DsDi by blast
have 4: - di f ; skip = (f;# True);skip
by (simp add: di-d-def)
have 5: - (f;# True);skip = f;(# True;skip)
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using ChopAssocB by blast

have 6: & f;(# True;skip) = f;(skip;# True)
using Skip TrueEqv TrueSkip using TrueChopSkipEqvSkipChopTrue RightChopEqvChop by blast

have 7: = f;(skip;# True) = (f;skip);# True
using ChopAssoc by blast

have 8: |- (f;skip);# True = di(f;skip)
by (simp add: di-d-def)

have 9: - (=(ds f)) = (=(di(f;skip)))
using 34 5 6 7 8 by fastforce

from 2 9 show ’thesis by fastforce

ged

lemma FstimpDiEqyv:

Fof — (dif =f)

proof —

have 1: - >f — —(di f;skip) using FstimpNotDiChopSkip by blast

have 2: - di f — f V (di f;skip) using DiEqvOrDiChopSkipB by fastforce
have 3: - >f A dif — (f V (di f;skip)) A —(di f;skip) using I 2 by fastforce
have 4: - ((f Vv (di f;skip)) A =(di f;skip)) = (f A =(di f;skip)) by auto
have 5: + >f Adif — f A —(di f;skip) using 3 4 by fastforce

hence 6: - >f A dif — f by fastforce

hence 7: - >f — (di f — f) using FstAndElimL by fastforce

have 8: - f — di f using Dilntro by auto

hence 9: - >f — (f — (di f)) by auto

from 7 9 show ?thesis by fastforce

ged

lemma FstAndDiFstAndEqvFstAnd.:

F(>f A di(>f Ag))=(>f Ag)

proof —

have I: F >f A di(>f ANg) — > f
by auto

have 2: - >f A di(>f A g) — di(>f A g)
by auto

have 3: - di(>f A g) = ((f A g) VvV di((>f A g);skip))
using DiEqvOrDiChopSkipA by blast

have 4: F di((>>f A g);skip) = ((>f A g);skip);# True
by (simp add: di-d-def)

have 5: F >f A di(>f A g) — (f A g) VvV ((f A g);skip);# True
using 2 3 4 by fastforce

have 6: - >f ANg — f
using FstAndElimL by fastforce

hence 7: F ((>>f A g);skip);# True — (f;skip);# True
by (simp add: LeftChoplmpChop)

hence 8: - ((>f A g);skip);# True — di(f;skip)
by (simp add: di-d-def)

have 9:F >f — —(di(f;skip))
using FstimpNotDiChopSkipB by blast

have 10: - >f A di(>f A g) — ((>f A g) V di(f;skip))
using 5 8 by fastforce
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have 11: +>f A di(>f A g) — =(di(f;skip)) A ((>F A g) V di(f;skip))
using 9 10 1 by fastforce

have 12: - (=(di(f;skip)) N ((>f A g) V di(f;skip))) = (=(di(f;skip)) A (> A g)))
by auto

have 13: - >f A di(>f A g) — (>f A g)
using 11 12 by auto

have 14: + (>f N g) — >f
by auto

hence 15: - (>f N g) — di(>f AN g)
using Dilntro by auto

have 16: F (>f A g) — >f A di(>f A g)
using 14 15 by auto

from 13 16 show ?thesis by fastforce

ged

lemma FstAndDilmpBsNotAndDi:

F(>f Adig) — (bs (—(di f A g)))

proof —

have 1: F (>f A dig) A —(bs (=(di f A g))) — ds(di f A g)
by (simp add: ds-d-def ,auto)

hence 2: + (>f A dig) A —(bs (=(di f A g))) — ds(di f)
using DsAndImp by fastforce

hence 3: F (>f A dig) A =(bs (=(di f A g))) — di(di f);skip
using DsDi by fastforce

hence 4: - (>f A dig) A —=(bs (=(di f A g))) — di f;skip
using DiEqvDiDi by (metis int-eq)

hence 5: - (>f A dig) A —=(bs (=(di f N g))) — ds f
using DsDi by fastforce

hence 6: - (>f Adig) A —(bs (—(di f A g))) —— (> )
using DsImpNotFst by fastforce

from 6 show 7thesis by auto

ged

lemma FstFstOrEqvFstOrl:
F>(>fVg)=>(fVeg)
proof —
have I: - >(f V g) = ((f V g) A bs (=(f V g)))
by (simp add: first-d-def)
have 2: F (=(f Vv g))= (-f AN—g)
by auto
hence 3: = bs(—(f V g)) = bs (=f A = g)
using BsEqvRule by blast
have 4: - bs (=f A = g) = (bs (= f) A bs (- g))
using BsAndEqv by fastforce
hence 5: F ((f vV g) A bs(=(f V g))) = ((fV g)Abs(=f)Abs(-g))
using 4 3 by fastforce
have 6: - ((f Vg) Abs (= f) Abs (- g)) =
(((Ff A bs (= ) V (g A bs (= F))) A bs (= g))
by auto
have 7: = (((f A bs (= f)) V(g A bs (= 1)) Abs(—g))=
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(5 V (g A bs (= ) A bs (- g))
by (simp add: first-d-def)
have 8: - ((>f V (g A bs (= f))) A bs (- g)) =
((>f v g) A (>F V bs (=f))) A bs (- g))
by auto
have 9: F (((>f vV g) A (>f V bs (=f))) A bs (- g)) =
((>F v g) A((f A bs (= F)) V bs (=f))) A bs (- g))
by (simp add: first-d-def)
have 10: F (((>f vV g) A ((f A bs (= f)) V bs (=f))) A bs (— g)) =
((>f v g) Abs (= f) Abs (- g))
by auto
have I11: - ((>f V g) Abs (= f) A bs (- g)) =
((>F V g) A bs(=(>F))A bs (- g))
using BsNotFstEqvBsNot by fastforce
have 12: - ((>f VvV g) A bs(=(>f))A bs (- g)) =
((>Ff Vv g) A bs (2(>F) A= g))
using BsAndEqv by fastforce
have 13: + (=(>f) A = g) = (=(>f V g))
by auto
hence 14: - bs (=(>f) A = g) = bs (=(>f V g))
using BsEqvRule by blast
hence 15: - ((>f V g) A bs (=(>f) A= g)) = ((>f V g) A bs (=(>f V g)))
by auto
have 16: + ((>f V g) A bs (=(>f V g))) = >(>f V g)
by (simp add: first-d-def)
from 16 15 1211 1098 7 6 5 1 show ?thesis by (metis int-eq)
ged

lemma FstFstOrEqvFstOrR:

Fo(fvVig)=>(fVeg)

proof —

have I: - (f V >g)= (>g V f) by auto

hence 2: - > (f V >g)= >(>g V f) using FstEqvRule by blast
have 3: + >(>g V f) = >(g V ) using FstFstOrEqvFstOrL by blast
have 4: - (g vV f) = (f V g) by auto

hence 5: - >(g VvV f) = >(f V g) using FstEqvRule by blast

from 2 3 5 show ?thesis by fastforce

ged

lemma FstFstOrEqvFstOr:

Fo(>fVig)=(fVeg)

proof —

have I: - >(>f V >g) = >(f V >g) using FstFstOrEqvFstOrL by blast
have 2: F >(f V >g) = >(f V g) using FstFstOrEqvFstOrR by blast
from 1 2 show ?thesis by fastforce

ged

lemma FstlLenEqvlen:

F >( len(k)) = len(k)
proof —
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have I:+ >( len(k) N # True) = (len(k) N # True) using FstLenAndEqvLenAnd by blast
have 2: | (len(k) N # True) = len(k) by auto

hence 3: - >( len(k) A #True) = >(len(k)) using FstEqvRule by blast

from 1 2 3 show ?thesis by auto

ged

lemma FstSkip:

F > skip = skip

proof —

have 1: - skip = len(1) using LenOneEqvSkip by fastforce
hence 2: - >skip = > (len(1)) using FstEqvRule by blast
have 3: - >( len(1)) = len(1) using FstLenEqvLen by blast
from 1 2 3 show ?thesis using LenOneEqvSkip by fastforce
ged

lemma HaltStateEqvFstFinState:

F halt (init w) = o> (fin (init w))

proof —

have 1:F halt (init w) = O(empty = (init w)) by (simp add: halt-d-def)

have 21: F (empty = (init w)) = (((empty — (init w)) A ((init w) — empty)))
by auto

hence 2: - O(empty = (init w)) = (O((empty — (init w)) A ((init w) — empty)))
by (simp add: BoxEqvBox)

have 3: F (O((empty — (init w)) A ((init w) — empty))) =

(O((empty — (init w))) A O((init w) — empty))

by (metis 21 BoxAndBoxEqvBoxRule int-eq)

have 4: - ((init w) — empty) = (more — —(init w))
by (simp add: empty-d-def ,auto)

hence 5: - O ((init w) — empty) = O (more — —(init w)) using BoxEqvBox by blast

have 6: - O (more — —(init w)) = bs(—(fin(init w))) using BoxMoreStateEqvBsFinState by blast

have 7: F O((empty — (init w))) = fin(init w) by (simp add: fin-d-def)

have 8: + (O((empty — (init w))) A O((init w) — empty)) =

(fin(init w) A bs(—(fin(init w)))) using 5 6 7 by fastforce
from 1 2 3 8 show ?thesis by (metis first-d-def inteq-reflection)
ged

lemma FstlLenEqvlenFst:

Fo(lenk; f)=lenk ;> f

proof —
have 1:+ len k ; f = >(len k) ; f using FstLenEqvLen LeftChopEqvChop by fastforce
have 2: - >(len k ; f) = > (>(len k) ; f) using I FstEqvRule by blast
have 3: F > (>(len k) ; f) = >(len k) ; >f using FstFstChopEqvFstChopFst by blast
have 4: - >(len k) ; >f = len k ; >f using FstLenEqvLen LeftChopEqvChop by fastforce
from 2 3 4 show ?thesis by fastforce

ged

lemma FstNextEqvNextFst:
(O f) = O( > f)
proof —
have 1: F >(O f) = >(skip ; f) using FstEqvRule by (simp add: next-d-def)
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have 2: | skip ; f = >skip ; f using FstSkip using LeftChopEqvChop by fastforce
have 3: - >(skip ; f) = > (>skip ; f) using 2 FstEqvRule LeftChopEqvChop by blast
have 4: - > (>skip ; f) = >skip ; >f using 3 FstFstChopEqvFstChopFst by blast
have 5: - >skip ; >f = skip ; >>f using 4 FstSkip LeftChopEqvChop by blast
have 6: | skip ; >f = O( > f) by (simp add: next-d-def)
from 1 2 3 4 5 6 show ?thesis by fastforce

ged

lemma FstDiamondStateEqvHalt:
F > (< (init w)) = halt (init w)
proof —
have I1: <& (init w) = < ((init w) A # True) by simp
have 2: & fin (init w) ; # True = < ((init w) A # True) using 1 FinChopEqvDiamond by blast
have 3: |- fin (init w) ; # True = di (fin (init w)) by (simp add: di-d-def)
have 4: - (& (init w)) = (di (fin (init w))) using 1 2 3 by fastforce
have 5: - > (< (init w)) = > (di (fin (init w))) using 4 FstEqvRule by blast
hence 6: - > (< (init w)) = > (fin (init w)) using FstDiEqvFst by fastforce
hence 7: - > (< (init w)) = halt (init w) using HaltStateEqvFstFinState by fastforce
from 7 show ?thesis by simp
ged

lemma FstBoxStateEqvStateAndEmpty:
F o> (O (init w)) = ((init w) A empty)
proof —
have I:+ ((init w) A (O (init w))*) = O (init w)
using BoxCSEqvBox by blast
have 2: - 0O (init w) = ((init w) A (O (init w))*)
using I by auto
hence 3: - O (init w) = ((init w) A (O (init w))*)
by blast
have 4: + ((init w) A empty) ; (O (init w))* = ((init w) A (T (init w))*)
using StateAndEmptyChop by blast
have 5: F ((init w) A (O (init w))*) = ((init w) A empty) ; (O (init w))*
using 4 by fastforce
have 6: - 0O (init w) = ((init w) A empty) ; (O (init w))*
using 3 5 by fastforce
have 7: + ((init w) A empty) ; (O (init w))* = > (init w) ; (O (init w))*
using FstState by (metis AndChopCommute int-eq)
have 8: - O (init w) = > (init w) ; (O (init w))*
using 6 7 by fastforce
have 9: - > (O (init w)) = > (> (init w) ; (O (init w))*)
using 8 FstEqvRule by blast
have 10: + > (> (init w) ; (O (init w))*) = > (init w) ; > ((O (init w))*)
using FstFstChopEqvFstChopFst by blast
have 11: + > (init w); > ((O (init w))*) = > (init w) ; empty
using RightChopEqvChop FstCSEqvEmpty by blast
have 12: - > (init w) ; empty = > (init w)
using RightChopEqvChop ChopEmpty by blast
have 13: > (init w) = ((init w) A empty)
using FstState by fastforce
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from 9 10 11 12 13 show ?thesis by fastforce
ged

lemma FstAndFstStarEqvFst:
F(>f A(F)) =Df
proof —
have 1: + (>f)* = (empty V (>>1);(>f)*)
using CSEqvOrChopCS by fastforce
have 2: - ((>f)* A >f) = ((empty V (>F);(>F)*) A >F)
using 1 by fastforce
have 3: F ((empty V (>f);(>)*) A >f) = ((empty A >f) V ((>F);(>f)* A >F))
by auto
have 4: - ((>f)* A >f) = ((empty A >f) V ((>F);(>f)* A >f))
using 2 3 by fastforce
have 5: - ((>f);(>f)* A >f) = ((>f);(>f)* A >f;empty)
using ChopEmpty by (metis inteq-reflection)
have 6: - ((>f);(>f)* A >f;empty) = (>f);((>F)* A empty)
using LFstAndDistrC by blast
have 7: - ((>>f)* A empty) = empty
using EmptylmpCS by fastforce
have 8: - (>f);((>f)* A empty) = >f
using 7 ChopEmpty by (metis integ-reflection)
have 9: F ((>f);(>f)* A D>f) =D>f
using 5 6 8 by fastforce
have 10: - ((>f)* A >f) = ((empty A >f) V >f)
using 4 9 by fastforce
have 11:+ ((empty A >f) V >f) = >f
by auto
have 12: + ((>f)* A >f) = >f
using 10 11 by fastforce
from 12 show ?thesis by auto
ged

lemma HaltStateEqvFstHaltState:
F halt(init(w)) = >(halt(init(w)))
proof —
have 1: + halt (init w) = > (fin (init w))
by (simp add: HaltStateEqvFstFinState)
have 2: + > (fin (init w)) = > (> (fin (init w)))
using FstEqvRule FstFixFst by fastforce
have 3: + > (> (fin (init w))) = >(halt(init(w)))
using FstEqvRule HaltStateEqvFstFinState by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma DiHaltAndDiHaltAndEqvDiHaltAndAnd.:

F (di(halt (init w) A ) A di(halt (init w) A g)) = di(halt (init w) A f A g)
proof —

have 1:F (di(halt (init w) A f) A di(halt (init w) A g)) =
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(di(>(fin (init w)) A ) A di (>(fin (init w)) A g))
using HaltStateEqvFstFinState by (metis LFstAndDistrD inteq-reflection)
have 2: = (di(>(fin (init w)) A f) A di(>>(fin (init w)) A g)) =
di(>(fin (init w)) A f A g)
using LFstAndDistrD by fastforce
have 3: F di(>(fin (init w)) A f A g) = di(halt (init w) A f A g)
using HaltStateEqvFstFinState by (metis DiEqvDi int-eq lift-and-com)
from 1 2 3 show ?thesis using int-eq by metis
ged

lemma counter-ex-lhs:
F ((>>(len(5)) A >(len(2))) ; (len(5) V len(2))) = #False
proof —
have I:F ((>(len(5)) A >(len(2))) ; (len(5) V len(2))) =
(len(5) A len(2)); (len(5) V len(2))
by (metis FstLenAndEqvLenAnd FstLenEqvLen LeftChopEqvChop inteqg-reflection)
have 2: I (len(5) A len(2)) = #False
by (simp add: Valid-def len-defs)
have 3: = ((len(5) A len(2)); (len(5) V len(2))) = (#False;(len(5) V len(2)))
by (simp add: 2 LeftChopEqvChop)
have 4: - (#False;(len(5) V len(2))) = #False
by (simp add: Valid-def chop-defs)
from 1 3 4 show ?thesis by fastforce
ged

lemma counter-ex-rhs:
- ((f> (len(5)) ; (len(5) V len(2))) A (> (len(2)) ; (len(5) V len(2)))) = len(7)
proof —
have 1:F (&> (len(5)) ; (len(5) V len(2))) =
len(5);(len(5) V len(2))
using FstLenEqvlLen LeftChopEqvChop by blast
have 2: - (> (len(2)) ; (len(5) V len(2))) =
len(2) ;(len(5) V len(2))
using FstLenEqvlLen LeftChopEqvChop by blast
have 3: I len(5);(len(5) V len(2)) =
((len(5);len(5)) V (len(5);len(2)))
by (simp add: ChopOrEqv)
have 4: F ((len(5);len(5)) V (len(5);len(2))) =
(len(10) V len(7))
using LenEqvLenChopLen inteq-reflection by fastforce
have 5: |- len(2) ;(len(5) V len(2)) =
((len(2);len(5)) V (len(2);len(2)))
by (simp add: ChopOrEqv)
have 6: | ((len(2);len(5)) V (len(2);len(2))) =
(len(7) V len(4))
using LenEqvLenChopLen inteq-reflection by fastforce
have 7: = ((len(10) V len(7)) A (len(7) V len(4))) =
((fen(7) Vv len(10)) A (len(7) V len(4)))
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by fastforce
have 8: F ((len(7) V len(10)) A (len(7) V len(4))) =
(len(7) Vv (len(10) A len(4)))
by fastforce
have 9: - (len(10) A len(4)) = #False
by (simp add: Valid-def len-defs)
have 10 : + (len(7) V (len(10) A len(4))) = len(7)
using 9 by auto
have 11: F ((>> (len(5)) ; (len(5) V len(2))) A (> (len(2)) ; (len(5) V len(2)))) =
(len(5);(len(5) V len(2)) A len(2) ;(len(5) V len(2)))
using 1 2 by fastforce
have 12: - (len(5);(len(5) V len(2)) A len(2) ;(len(5) V len(2))) = len(7)
using 10345 6
by fastforce
from 11 12 show ?thesis by fastforce
ged

end

theory Monitor
imports First

begin

7 Monitors

The RV monitors language is introduced plus the algebraic properties of the monitor operators.

7.1 Syntax

datatype (’a ::world) monitor =

mFIRST-d 'a formula ((FIRST -) [84] 83)
| mUPTO-d 'a monitor 'a monitor ((- UPTO -) [84,84] 83)
| mTHRU-d 'a monitor 'a monitor ((- THRU -) [84,84] 83)
| mTHEN-d 'a monitor 'a monitor ((- THEN -) [84,84] 83)
| mWITH-d 'a monitor 'a formula ((- WITH -) [84,84] 83)

fun MON :: ('a::world) monitor = 'a formula
where (MON (FIRST f)) = LIFT(> f)
| (MON (a UPTO b)) = LIFT(>((MON a) v (MON b) ))
| (MON (a THRU b)) = LIFT(>>(di(MON a) A di(MON b)))
| (MON (a THEN b)) = LIFT((MON a);(MON b))
| (MON (a WITH f)) = LIFT((MON a) A f)

syntax

195



-MON :: 'a monitor = lift (M -) [80] 80)

translations
-MON == CONST MON

definition eg-d :: (‘a:: world) monitor = 'a monitor = bool (( - ~ -) [84,84] 83)
where

eg-da b= (- (Ma)=(Mb))

lemma MonEqRefl:
a~a
by (simp add: eq-d-def)

lemma MonEqSym:

assumes a >~ b

shows b~ a

using assms by (metis eq-d-def inteqg-reflection)

lemma MonEqTrans:
assumes a ~ b
b~c
shows a~c
using assms(1) assms(2) by (metis eq-d-def inteq-reflection)

lemma MonEq:
(a~b)=(F(Ma)=(Mb))
by (simp add: eq-d-def)

lemma MonEqSubstWith:

assumes a >~ b

shows (a WITH f) ~ (b WITH f)

using assms by (metis MON.simps(5) eq-d-def inteq-reflection lift-and-com)

lemma MonEqSubstThen:
assumes al ~ bl
a2 ~ b2
shows (al THEN a2) ~ (b1 THEN b2)
using assms(1) assms(2) by (simp add: ChopEqvChop eq-d-def)

lemma MonEqSubstUpto:
assumes al ~ bl
a2 ~ b2
shows (al UPTO a2) ~ (b1 UPTO b2)
using assms(1) assms(2) by (metis (mono-tags, lifting) MON.simps(2) eq-d-def int-eq MonEqRefl)

lemma MonEqSubstThru:
assumes al ~ bl
a2 ~ b2
shows (al THRU a2) ~ (bl THRU b2)
using assms(1) assms(2) by (metis (mono-tags, lifting) MON.simps(3) eq-d-def int-eq MonEqRefl)
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7.2 Derived Monitors

definition HALT-d :: ('a :: world) formula = 'a monitor
where HALT-d w = FIRST(LIFT (fin (init w)))

definition LEN-d :: nat = ('a ::world) monitor
where
LEN-d k = FIRST (LIFT (len k))

definition EMPTY-d :: ('a:: world) monitor
where
EMPTY-d = FIRST (LIFT (empty))

definition SKIP-d :: (‘a:: world) monitor
where
SKIP-d = FIRST (LIFT (skip))

syntax
-HALT-d :: lift = 'a monitor ((HALT -) [84] 83)
-LEN-d :: nat = 'a monitor ((LEN -) [84] 83)
-EMPTY-d :: 'a monitor ((EMPTY))
-SKIP-d :: 'a monitor ((SKIP))

syntax (ASCII)
-HALT-d :: lift = 'a monitor ((HALT -) [84] 83)

-LEN-d  :: nat = 'a monitor ((LEN -) [84] 83)
-EMPTY-d :: 'a monitor ((EMPTY))
-SKIP-d  :: 'a monitor ((SKIP))

translations

-HALT-d = CONST HALT-d
-LEN-d = CONST LEN-d
-EMPTY-d = CONST EMPTY-d
-SKIP-d = CONST SKIP-d

definition GUARD-d :: ('a::world) formula = 'a monitor
where

GUARD-d w = (EMPTY WITH LIFT (init w))

primrec TIMES-d :: ('a :: world) monitor = nat = 'a monitor
where

TIMES-0 : TIMES-d a 0 = EMPTY
| TIMES-Suc: TIMES-d a (Suc k) = (a THEN (TIMES-d a k))

syntax
-GUARD-d :: lift = 'a monitor ((GUARD -) [84] 83)
-TIMES-d :: ['a monitor,nat] = 'a monitor ((- TIMES -) [84,84] 83)

syntax (ASCII)
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-GUARD-d :: lift = 'a monitor ((GUARD -) [84] 83)
-TIMES-d :: ['a monitor,nat] = 'a monitor ((- TIMES -) [84,84] 83)

translations
-GUARD-d = CONST GUARD-d
-TIMES-d = CONST TIMES-d

definition FAIL-d :: ('a:: world) monitor
where
FAIL-d = GUARD (#False)

definition ALWAYS-d :: (‘a :: world) monitor = 'a formula = 'a monitor
where
ALWAYS-d a w = (a WITH LIET((bi (fin (init w)))))

definition SOMETIME-d :: ('a :: world) monitor = 'a formula = 'a monitor
where
SOMETIME-d aw = (a WITH LIFT((di (fin (init w)))))

definition LIMIT-d :: ('a :: world) formula = 'a formula
where
LIMIT-d f = LIFT(bs (- f))

definition UNTIL-d :: ('a :: world) formula = 'a formula = 'a monitor
where
UNTIL-d wl w2 = (HALT w2) WITH (LIFT(bm wl1))

syntax

-FAIL-d  :: 'a monitor (FAIL)

-ALWAYS-d :: ['a monitor,lift] = ‘a monitor ((- ALWAYS -) [84,84] 83)
-SOMETIME-d :: ['a monitor,lift] = 'a monitor ((- SOMETIME -) [84,84] 83)
LIMIT-d = lift = lift ((Limit -) [84] 83)

-UNTIL-d  :: [lift,lift] = 'a monitor ((- UNTIL -) [84,84] 83)

syntax (ASCII)

-FAIL-d  :: 'a monitor (FAIL)

-ALWAYS-d :: ['a monitor,lift] = 'a monitor ((- ALWAYS -) [84,84] 83)
-SOMETIME-d :: ['a monitor lift] = 'a monitor ((- SOMETIME -) [84,84] 83)
LIMIT-d  :: lift = lift ((Limit -) [84] 83)

_UNTIL-d :: [lift.lift] = 'a monitor  ((- UNTIL -) [84,84] 83)

translations

-FAIL-d = CONST FAIL-d
-ALWAYS-d = CONST ALWAYS-d
-SOMETIME-d = CONST SOMETIME-d
-LIMIT-d <= CONST LIMIT-d
-UNTIL-d = CONST UNTIL-d
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definition WITHIN-d :: ('a :: world) monitor = 'a formula = 'a monitor
where
WITHIN-d a f = (a WITH LIFT(Limit f))

syntax
-WITHIN-d :: ['a monitorlift] = 'a monitor ((- WITHIN -) [84,84] 83)

syntax (ASCII)
-WITHIN-d :: ['a monitor,lift] = 'a monitor ((- WITHIN -) [84,84] 83)

translations
-WITHIN-d = CONST WITHIN-d

definition AND-d :: (‘a :: world) monitor = 'a monitor = 'a monitor
where
AND-d a b = (a WITH LIFT(M b))

definition ITERATE-d :: ('a :: world) monitor = 'a monitor = 'a monitor
where
ITERATE-d a b = (a WITH (LIFT (M b)*))

syntax
-AND-d  :: ['a monitor,’a monitor] = 'a monitor ((- AND -) [84,84] 83)
-ITERATE-d :: ['a monitor,’a monitor] = 'a monitor ((- ITERATE -) [84,84] 83)

syntax (ASCII)
-AND-d  :: ['a monitor,’a monitor] = 'a monitor ((- AND -) [84,84] 83)
-ITERATE-d :: ['a monitor,’a monitor] = 'a monitor ((- ITERATE -) [84,84] 83)

translations
-AND-d = CONST AND-d
-ITERATE-d = CONST ITERATE-d

definition STAR-d :: ('a :: world) monitor = 'a formula = 'a monitor
where
STAR-d a f = ((FIRST LIFT(& ) ITERATE (a))

definition REPEAT-d :: (‘a :: world) monitor = 'a formula = 'a monitor
where
REPEAT-d a w = ((HALT w) ITERATE (a WITH LIFT (keep(~ (init w)))))

syntax

-STAR-d :: ['a monitor,lift] = 'a monitor ((- STAR -) [84,84] 83)
-REPEAT-d :: ['a monitor,lift] = 'a monitor (( - REPEATUNTIL -) [84,84] 83)
syntax (ASCII)

-STAR-d :: ['a monitor,lift] = 'a monitor ((- STAR -) [84,84] 83)
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-REPEAT-d :: ['a monitor,lift] = 'a monitor (( - REPEATUNTIL -) [84,84] 83)

translations
-STAR-d = CONST STAR-d
-REPEAT-d = CONST REPEAT-d

7.3 Monitor Laws

lemma MFixFst:
F(Ma)=1> (M a)
proof
(induct a')
case (mFIRST-d x)
then show 7case
proof —
have I: + (M (FIRST x)) = > x by simp
have 2: F > x = > (> x) using FstFixFst by fastforce
have 3: - > (> x) = >(M (FIRST x)) by simp
from 1 2 3 show ?thesis by fastforce
qged
next
case (mUPTO-d al a2)
then show Zcase
proof —
have 1: + (M (al UPTO a2)) = >( (M al) vV (M a2))
by (simp )
have 2: + >( (M al) vV (M a2)) = >(>((M al) vV (M a2)))
using FstFixFst by fastforce
have 3: F >(>((M al) vV (M a2))) = >(M (al UPTO a2))
using 2 by simp
from 1 2 3 show ?thesis by fastforce
ged
next
case (nTHRU-d al a2)
then show ?’case
proof —
have 1: + (M (al THRU a2)) = >( di (M al) A di(M a2))
by (simp)
have 2: - >( di (M al) A di(M a2)) = >(>(di(M al) A di(M a2)))
using FstFixFst by fastforce
have 3: F >(>( di (M al) A di(M a2))) = >(M (al THRU a2))
using 2 by simp
from 1 2 3 show ?thesis by fastforce
qged
next
case (mTHEN-d al a2)
then show Zcase
proof —
have 1:+ (M (al THEN a2)) = (M al) ; (M a2)
by (simp)
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have 2: + (M al) ; (M a2) = >(M al) ; >(M a2)
using ChopEqvChop mTHEN-d.hyps(1) mTHEN-d.hyps(2) by blast
have 3: + >(M al) ; >(M a2) = >(>(M al) ; (M a2))
using FstFstChopEqvFstChopFst by fastforce
have 4: + >(>(M al) ; (M a2)) = >((M al) ; (M a2))
using FstEqvRule LeftChopEqvChop mTHEN-d.hyps(1) by (metis inteq-reflection)
have 5: F >((M al) ; (M a2)) = >(M (al THEN a2))
using 4 by simp
from 1 2 3 4 5 show ?thesis by fastforce
qged
next
case (mMWITH-d a x2)
then show Zcase
proof —
have 1: F (M (a WITH x2)) = (M a) A ( x2))
by (simp )
have 2: - (M a) A ( x2)) = (>(M a) A ( x2))
using mWITH-d.hyps by fastforce
have 3: F (>(M a) A ( x2)) = >(>(M a) A ( x2))
using FstFstAndEqvFstAnd by fastforce
have 4: - >(>(M a) A ( x2)) = >((M a) A ( x2))
using 2 FstEqvRule by fastforce
have 5: F >((M a) A ( x2)) = >(M (a WITH x2))
using 4 by simp
from 1 2 3 4 5 show ?thesis by (metis inteq-reflection)
ged
ged

lemma MGuardFalseEqvFalse:
F M(GUARD #False) = #False
proof —
have 1: - M(GUARD #False) = M(EMPTY WITH LIFT (init #False)) by (simp add: GUARD-d-def)
have 2: - M(EMPTY WITH LIFT (init #False)) = (M(EMPTY) A (init #False)) by (simp )
have 3: - #False = (init #False) by (simp add:init-defs Valid-def)
have 4: - (M(EMPTY') A (init #False)) = (M(EMPTY) A #False) using 3 by auto
have 5: = (M(EMPTY') A #False) = #False by simp
have 6: - (M(EMPTY') A (init #False)) = #False using 4 5 by simp
have 7: = M(EMPTY WITH LIFT (init #False)) = #False using 2 6 by fastforce
have 8: - M(GUARD #False) = #False using 1 7 by fastforce
from 8 show ?thesis by auto
ged

lemma MFirstFalseEqvFalse:
F M(FIRST LIFT #False) = #False
proof —
have 1: = M(FIRST LIFT #False) = > #False by (simp)
have 2: = M(FIRST LIFT #False) = #False using FstFalse by fastforce
from 2 show ?thesis by auto
ged
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lemma MFailAlt:
F M FAIL = #False
proof —
have I: = M FAIL = M (GUARD (#False)) by (simp add: FAIL-d-def)
have 2: - M(GUARD (#False)) = #False using MGuardFalseEqvFalse by auto
from 1 2 show ?thesis by fastforce
ged

lemma MFailEqvFirstFalseWithinEmpty:
FAIL ~ ((FIRST LIFT #False) WITHIN empty)
proof —
have I: = M ( (FIRST LIFT #False) WITHIN ( empty )) =
M((FIRST LIFT #False) WITH LIFT (Limit empty) )
by (simp add: WITHIN-d-def)
have 2: - M((FIRST LIFT #False) WITH LIFT(Limit empty) ) =
(M(FIRST LIFT #False) A (Limit empty ))
by (simp )
have 3: = M((FIRST LIFT #False) WITH LIFT (Limit empty) ) = #False
using MFirstFalseEqvFalse by auto
have 4: = M( (FIRST LIFT #False) WITHIN ( empty )) = #False
using 1 3 by fastforce
have 5: - M( FAIL) = #False
using MFailAlt by simp
from 4 5 show ?thesis using MonEq by (metis int-eq)
ged

lemma MEmptyAlt:

F M EMPTY = empty

proof —
have 1: - M ( EMPTY) = M( (FIRST LIFT empty)) by (simp add: EMPTY-d-def)
have 2: = M ( (FIRST LIFT empty)) = > empty by (simp)
have 3: - > empty = empty using FstEmpty by auto

from 1 2 3 show ?thesis by fastforce

ged

lemma MSkipAlt:

F M SKIP = skip

proof —
have I: = M SKIP = M (FIRST LIFT skip) by (simp add: SKIP-d-def)
have 2: = M (FIRST LIFT skip) = t> skip by (simp)
have 3: - > skip = skip using FstSkip by simp

from 1 2 3 show ?thesis by fastforce

ged

lemma MGuardAlt:

F M (GUARD(w)) = (empty A init w)

proof —
have 1: - M(GUARD(w)) = M(EMPTY WITH ( LIFT (init w))) by (simp add:GUARD-d-def)
have 2: - M(EMPTY WITH ( LIFT (init w))) = (M( EMPTY') A ( init w)) by (simp)
have 3: - (M( EMPTY) A ( init w)) = (empty A ( init w)) using MEmptyAlt by fastforce
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have 4: = (empty A (init w)) = (empty A init w) by simp
from 1 2 3 4 show ?thesis by fastforce
ged

lemma MLengthAlt:

- M (LEN(K)) = len(k)

proof —
have 1: - M(LEN(k)) = M(FIRST LIFT (len(k))) by (simp add:LEN-d-def)
have 2: = M(FIRST LIFT (len(k))) = t>(len(k)) by (simp)
have 3: - >(len(k)) = len(k) using FstLenEqvLen by blast

from 1 2 3 show ?thesis by fastforce

ged

lemma MAlwaysAlt:
F M(a ALWAYS w) = (M(a) A O (init w))
proof —
have 1: - M(a ALWAYS w) = M(a WITH LIFT(bi (fin (init w))))
by (simp add: ALWAYS-d-def)
have 2: = M(a WITH LIFT (bi (fin (init w)))) = (M(a) A (bi (fin (init w))))
by (simp)
have 3: F (M(a) A (bi (fin (init w)))) = (M(a) A O (init w))
using BoxStateEqvBiFinState by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma MSometimeAlt:
F M(a SOMETIME w) = (M(a) A < (init w))
proof —
have I: - M(a SOMETIME w) = M(a WITH LIFT(di (fin (init w))))
by (simp add: SOMETIME-d-def)
have 2: = M(a WITH LIFT(di (fin (init w)))) = (M(a) A (di (fin (init w))))
by (simp)
have 3: - M(a WITH LIFT(di (fin (init w)))) = (M(a) A < (init w))
using DiamondStateEqvDiFinState by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma MWithinAlt:
F M(a WITHIN f) = (M(a) A (bs (= £)))
proof —
have 1: - M(a WITHIN f) = M(a WITH LIFT (bs (- f)))
by (simp add: WITHIN-d-def LIMIT-d-def)
have 2: = M(a WITH LIFT (bs (- f))) = (M(a) A (bs (= f)))
by (simp)
from 1 2 show ?thesis by fastforce
ged

lemma MTimesAlt:
= M(a TIMES k) = power (M(a)) k
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proof

(induct k)

case 0

then show ?“case
proof —
have I: = M (a TIMES 0) = M EMPTY by simp
have 2: - M EMPTY = empty using MEmptyAlt by simp
have 3: - empty = power (M a) 0 by simp
from 1 2 3 show ?7thesis by auto

qged

next

case (Suc k)

then show ?“case

proof —

have 1: = M( a TIMES Suc k) = M(a THEN (a TIMES k) )
by simp

have 2: - M(a THEN (a TIMES k) ) = (M a);(M (a TIMES k))
by (simp)

have 3: - (M a);(M(a TIMES k)) = (M a);(power (M a) k)
using RightChopEqvChop Suc.hyps by blast
have 4: - (M a);(power (M a) k) = power (M a) (Suc k)
by simp
from 1 2 3 4 show ?thesis by fastforce
ged
ged

lemma MUptoAlt:
F M(a UPTO b) = (( (M a) A bi (=(M b)) V (M b) A bi (=(M a)))V (M a) A (M b)))
proof —
have I: - M (a UPTO b) = >((M a) V (M b))
by (simp)
have 2: - >((M a) vV (M b)) = (((M a) A (bs (=(M b)))) V (>(M b) A (bs (=(M a)))))
using FstWithOrEqv by blast
have 3: = ((>(M a) A (bs (=(M b)))) V ((M b) A (bs (=(M a))))) =
(M a) A ((M b) vV ~(M b)) A (bs (=(M b)))) v
(M b) A ((Ma)Vv(Ma)) A (bs (2(M a)))))
using MFixFst by fastforce
have 4: - (M a) A (M b) V =(M b)) A (bs (=(M b)))) V
(M b) A ((Ma) v =(Ma)) A ( )
(M a) A (((M b) A bs (=(M b)) V (=(M b)
) (M b) A (M a) A bs (=(M a)))
y auto
have 5: - (M a) A ( (M b) A bs (=
(M b) A (M a) A bs (=(M a)
(M a) A ((>(M b)) V (=(M b )
(M b) A ((>(Ma)) Vv (=(M a) A bs (=(M a)))) )
by (simp add: first-d-def)
have 6: - ((M a) A ((>(M b)) V (=(M b) A bs (=(M b)))) ) V
(M b) A ((=(Ma)) vV (=(M a) A bs (=(M a)))) )
(M a) A (((M b)) V (=(M b) A bs (=(M b)))) ) v

~—
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(M b) A (((Ma)) vV (=(M a) A bs (=(M a))))))
using MFixFst by fastforce
have 7: - (=(M b) A bs (=(M b))) = bi(=(M b))
using AndBsEqvBi by blast
have 8: - (=(M a) A bs (=(M a))) = bi(=(M a))
using AndBsEqvBi by blast
have 9: F ((M a) A (((M b)) V ((=(M b)) A bs(=(M b)))) ) v
(M b) A (M a)) vV ((—(M a)) A bs(=(M a)))) ) =
(M a) A (M b)) v ( bi(~(M b)))) )V
(M b) A (((M a)) v (bi(=(M a))))))
using 7 8 by fastforce

have 10: =(((M a) A (((M b)) V ((bi(=(M b)))) ) v
(M B) A (M a)) Vv (bi(=(M a)))) =
((( (M a) A (M b))V (M a) A bi(~(M b))V
(((M ) A (M a)) v (M b) A bi(=(M a)))))

by auto
have 11: + ((( (M a) A (M b)) V ( (M a) A bi(=(M b)))) V
(((M b) A (M a)) Vv (M b) A bi(=(M a))))) =
) (((M a) A bi (2(M b)) vV (M b) A bi (+(M a))) V (M a) A (M b)))
auto
from }/2 345691011 show ?thesis by (metis int-eq)
ged

lemma MThruAlt:
F M(a THRU b) = (M a) A di(M b)) V (M b) A di(M a)))
proof —
have I: - M(a THRU b) = >(di(M a) A di(M b))
by (simp)
have 2: - >(di(M a) A di(M b)) = ((>(M a) A di(M b)) V (>(M b) A di(M a)))
using FstDiAndDiEqv by auto
have 3: F ((>(M a) A di(M b)) V (>(M b) A di(M a))) =
(M a) A di(M b)) vV (M b) A di(M a)))
using MFixFst by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma MHaltAlt:

= M(HALT w) = halt(init w)

proof —
have 1: - M(HALT w) = M(FIRST LIFT (fin (init w))) by (simp add: HALT-d-def)
have 2: = M(FIRST LIFT (fin (init w))) =t (fin (init w)) by (simp)
have 3: + > (fin (init w)) = halt(init w) using HaltStateEqvFstFinState by fastforce
from 1 2 3 show ?thesis by fastforce

ged

lemma MFailUpto:
(FAIL UPTO a) ~ ( a)
proof —
have 1: = M(FAIL UPTO a) = >>( (M FAIL) vV (M a)) by (simp)
have 2: - (M FAIL Vv M a) = (#False V M a) using MFailAlt by auto
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have 3: - >(M FAIL V (M a)) = >(#False V (M a)) using 2 FstEqvRule by blast
have 4: - (#False V (M a)) = M a by simp
have 5: - >(#False V (M a)) = >(M a) using 4 FstEqvRule by blast
have 6: - >(M a) = M a using MFixFst by fastforce
from 1 234 56 show ?thesis using MonEq by (metis int-eq)
ged

lemma MFailThru:
(FAIL THRU ( a)) ~ FAIL
proof —
have 1: - M (FAIL THRU ( a)) = >(di(M FAIL) A di(M a))
by (simp)
have 2: - >(di (M FAIL) A di(M a)) = >(di (#False) N di(M a))
using MFailAlt by (metis 1 int-eq)
have 3: - di #False = #False
by (simp add: di-defs Valid-def)
hence 4: - >(di (#False) N di(M a)) = >( (#False) A di(M a))
by (metis 2 integ-reflection)
have 5: b >( (#False) A di(M a)) = >#False
using FstEqvRule by fastforce
have 6: - >#False = #False using FstFalse
by auto
have 7: - #False = M FAIL
using MFailAlt by auto
from 12456 7 show ?thesis using MonEq by (metis int-eq)
ged

lemma MFailAnd:

(FAIL AND a) ~ FAIL

proof —
have 1: = M (FAIL AND a) = (M FAIL A (M a)) by (simp add: AND-d-def)
have 2: - (M FAIL N (M a)) = (#False A (M a)) using MFailAlt by fastforce
have 3: - (#False N (M a)) = #False by auto
have 4: - M(FAIL AND a) = #False using 1 2 3 by fastforce
have 5: - #False = M FAIL using MFailAlt by auto

from 1 2 3 4 5 show 7thesis using MonEq by (metis int-eq)

ged

lemma MThenFail:
(a THEN FAIL) ~ FAIL
proof —
have 1: = M (a THEN FAIL) = (M a);(M FAIL) by (simp)
have 2: - (M a);(M FAIL) = (M a);#False by (simp add: MFailAlt RightChopEqvChop)
have 3: F (M a);#False = #False by (simp add: chop-d-def Valid-def)
have 4: F #False = M FAIL using MFailAlt by auto
from 1 2 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MFailThen:
( FAIL THEN a) ~ FAIL
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proof —
have 1: - M( FAIL THEN a) = (M FAIL);(M a) by (simp)
have 2: - (M FAIL);(M a) = #False;(M a) using MFailAlt using LeftChopEqvChop by blast
have 3: - #False;(M a) = #False by (simp add: chop-d-def Valid-def)
have 4: - #False = M FAIL using MFailAlt by auto
from 1 2 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MFailWith:
( FAIL WITH f) ~ FAIL
proof —
have 1: - M (FAIL WITH f) = (M FAIL) A f) by (simp)
have 2: - ((M FAIL) N f) = (#False A ) using MFailAlt by auto
have 3: - (#False A f) = #False by simp
have 4: - #False = M FAIL using MFailAlt by auto
from 1 2 3 4 show 7thesis using MonEq by (metis int-eq)
ged

lemma MWithFalse:
(a WITH (LIFT (#False))) ~ FAIL

proof —
have 1: - M (a WITH LIFT (#False)) = ((M a) A #False) by (simp)
have 2: - ((M a) A #False) = M FAIL using MFailAlt by auto

from 1 2 show ?thesis using MonEq by (metis int-eq)

ged

lemma MWithTrue:
(a WITH (LIFT (#True))) ~ a

proof —
have 1: - M (a WITH LIFT (# True)) = ((M a) A # True) by (simp)
have 2: - ((M a) A #True) = M a by simp

from 1 2 show ?thesis using MonEq by (metis int-eq)

ged

lemma MEmptyUpto:
(EMPTY UPTO a) ~ EMPTY

proof —
have 1: - M (EMPTY UPTO a) = >(M EMPTY V (M a)) by (simp)
have 2: - M EMPTY = empty using MEmptyAlt by auto

hence 3: = (M EMPTY V (M a)) = (empty V (M a)) by auto

hence 4: - >(M EMPTY vV M a) = >(empty V M a) using FstEqvRule by blast
have 5: - >(empty V M a) = empty using FstEmptyOrEqvEmpty by blast
have 6: - empty = M EMPTY using MEmptyAlt by auto

from 1 4 5 6 show ?thesis using MonEq by (metis int-eq)

ged

lemma MEmptyThru:
(EMPTY THRU a) ~ ( a)
proof —
have I: - M(EMPTY THRU a) = >(di(M EMPTY) A di(M a)) by (simp)
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have 2: - di(M EMPTY) = di empty using MEmptyAlt DiEqvDi by blast
hence 3: - (di(M EMPTY) A di(M a)) = (di empty A di(M a)) by auto
hence 4: - (di empty A di(M a)) = di(M a) using DiEmpty by auto
have 5:  (di(M EMPTY) A di(M a)) = di(M a) using 3 4 by fastforce
hence 6: - >(di(M EMPTY) A di(M a)) = >(di(M a)) using FstEqvRule by blast
have 7: - >(di(M a)) = >(M a) using FstDiEqvFst by blast
have 8: F >(M a) = (M a) using MFixFst by fastforce
from 1 6 7 8 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenEmpty:

(a THEN EMPTY) ~ (a)

proof —
have I: - M( a THEN EMPTY) = (M a); (M EMPTY) by (simp)
have 2: - (M a); (M EMPTY) = (M a); empty by (simp add: MEmptyAlt RightChopEqvChop)
have 3: - (M a); empty = (M a) using ChopEmpty by auto

from 1 2 3 show 7thesis using MonEq by (metis int-eq)

ged

lemma MEmptyThen:

( EMPTY THEN a) ~ a

proof —
have 1: - M( EMPTY THEN a) = (M EMPTY);(M a) by (simp)
have 2: - (M EMPTY);(M a) = empty;(M a) by (simp add: MEmptyAlt LeftChopEqvChop)
have 3: - empty;(M a) = (M a) by (simp add: EmptyChop)

from 1 2 3 show 7thesis using MonEq by (metis int-eq)

ged

lemma MEmptylterate:
( EMPTY ITERATE b) ~ EMPTY
proof —
have 1: - M( EMPTY ITERATE b) = M( EMPTY WITH LIFT (M b)*)
by (simp add: ITERATE-d-def)
have 2: - M (EMPTY WITH LIFT(M b)*) = (M EMPTY A (M b)*)
by (simp)
have 3: = (M EMPTY A (M b)*) = (empty A (M b)*)
using MEmptyAlt by auto
have 4: - (empty A (M b)*) = (empty A (empty V (M b) A more);(M b)*)))
using ChopstarEqv by fastforce
have 5: F (empty A (empty V (((M b) A more);(M b)*))) = empty
by auto
have 6: - M(EMPTY ITERATE b) = M EMPTY
using 1 2 3 4 5 MEmptyAlt by fastforce
from 6 show ?thesis using MonEq by (metis int-eq)
ged

lemma Miterateldemp:
(a ITERATE a) ~ (a)
proof —

have 1: - M(a ITERATE a) = M (a WITH LIFT(M a)*) by (simp add: ITERATE-d-def)
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have 2: - M(a WITH LIFT(M a)*) = (M a) A (M a)*) by (simp)
have 3: - ((M a) A (M a)*) = (>(M a) A (>(M a))*) using MFixFst
by (metis ImpCS integ-reflection Propl10)
have 4: F (>(M a) A (>(M a))*) = (M a) using FstAndFstStarEqvFst by fastforce
have 5: - >(M a) = M a using MFixFst by fastforce
from 1 2 3 4 5 show ?thesis using MonEq by (metis int-eq)
ged

lemma MUptoldemp:

(a UPTO a) ~ (a)

proof —
have 1: - M(a UPTO a) = >((M a) vV (M a)) by auto
have 2: - >((M a) V (M a)) = (M a) using FstEqvRule by fastforce
have 3: F >(M a) = (M a) using MFixFst by fastforce

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MThruldemp:
(a THRU a) ~ (a)
proof —
have 1: = M( a THRU a) = >( di(M a) A di(M a)) by auto
have 2: - >( di(M a) A di(M a)) = >(di (M a)) using FstEqvRule by fastforce
have 3: F >(di (M a)) = (M a) using FstDiEqvFst by blast
have 4: - >(M a) = (M a) using MFixFst by fastforce
from 1 2 3 4 show 7thesis using MonEq by (metis int-eq)
ged

lemma MAndldemp:

(a AND a) ~ (a)

proof —
have 1: - M(a AND a) = (M a) A (M a)) by (simp add: AND-d-def)
have 2: - (M a) A (M a)) = (M a) by fastforce

from 1 2 show ?thesis using MonEq by (metis int-eq)

ged

lemma MWithldemp:

((a WITH f) WITH f) ~ (a WITH f)

proof —
have I: - M( (a WITH f) WITH f) = (((M a) A (f)) A ( f)) by auto
have 2: F (M a) A (F)) A(F)) = ((M a) A (f)) by fastforce
have 3: F (M a) A (f)) = M(a WITH f) by auto

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MUptoCommut:
(a UPTO b) ~ (b UPTO a)
proof —

have 1: - M(a UPTO b) = >((M a) V (M b)) by (simp)
have 2: F (M a) V (M b)) = (M b) V (M a)) by auto
hence 3: - >((M a) V (M b)) = >((M b) V (M a)) using FstEqvRule by blast
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have 4: F >((M b) V (M a)) = M(b UPTO a) by auto
from 1 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThruCommut:

(a THRU b) ~ (b THRU a)

proof —
have I: - M(a THRU b) = >(di(M a) A di(M b)) by (simp)
have 2: F (di(M a) A di(M b)) = (di(M b) A di(M a)) by auto

hence 3: F >(di(M a) A di(M b)) = >(di(M b) A di(M a)) using FstEqvRule by blast
have 4: - >(di(M b) A di(M a)) = M(b THRU a) by auto

from 1 3 4 show ?thesis using MonEq by (metis int-eq)

ged

lemma MAndCommut:
(a AND b) ~ (b AND a)
proof —

have I: - M(a AND b) = ((M a) A (M b)) by (simp add: AND-d-def)

have 2: b ((M a) A (M b)) = ((M b) A (M a)) by auto

have 3: F ((M b) A (M a)) = M(b AND a) by (simp add: AND-d-def)
from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MWithCommut:

((a WITH ) WITH g) ~ ((a WITH g) WITH f)

proof —

have 1: - M((a WITH f) WITH g) = (((M a) A (f)) A (g)) by auto
have 2: b (((M a) A () A (8)) = (M a) A (g)) A (f)) by auto
have 3: F (((M a) A (g)) A (f)) = M((a WITH g) WITH f) by auto
from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MWithAbsorp:
((a WITH f) WITH g) ~ (a WITH LIFT(f A g))
proof —
have 1: - M((a WITH f) WITH g) = (((M a) A (f)) A (g)) by auto
have 2: - (M a) A (F)) A (g)) = (M a) A (f A g)) by auto
from 1 2 show 7thesis by (simp add: MonEq)
ged

lemma MUptoAssoc:
((a UPTO b) UPTO ¢) ~ (a UPTO (b UPTO ¢))

roof —
pl:)a(:le 1: = M((a UPTO b) UPTO ¢) = >(M(a UPTO b) V (M ¢))
by (simp)
have 2: - >(M(a UPTO b) V (M ¢)) = >(>((M a) V (M b)) V (M ¢))
by auto

have 3: - >(>((M a) V (M b)) V (M ¢)) = >(((M a) V (M b)) V (M c))
using FstFstOrEqvFstOrL by blast
have 4: - (M a) V (M b)) V (M ¢)) = (M a) V (M b) V (M ¢)))
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by auto

hence 5: - >((M a) vV (M b)) V (M ¢)) =>((M a) vV (M b) V (M c)))
using FstEqvRule by blast

have 6: F >((M a) V (M b) V (M ¢))) =>((M a) vV >((M b) V (M c)))
using FstFstOrEqvFstOrR by fastforce

have 7: - >((M a) V >((M b) V (M ¢))) = >((M a) vV M(b UPTO c))

by auto

have 8: - >((M a) Vv M(b UPTO c)) = M(a UPTO (b UPTO c))
by auto

from 12356 7 8 show ?thesis using MonEq by (metis int-eq)

ged

lemma MThruAssoc:
((a THRU b) THRU ¢) ~ (a THRU (b THRU c))
proof —
have 1: - M((a THRU b) THRU c) = >(di(>(di(M a) A di(M b))) A di(M c))
by auto
have 2: + di(>(di(M a) A di(M b))) = di((di(M a) A di(M b)))
using DiEqvDiFst by fastforce
have 3: - di((di(M a) A di(M b))) = (di(M a) A di(M b))
using DiDiAndEqvDi by blast
have 4: I di(>(di(M a) A di(M b))) = (di(M a) A di(M b))
using 2 3 by fastforce
hence 5: F (di(>(di(M a) A di(M b))) A di(M c)) = (di(M a) A di(M b) A di(M c))
by auto
have 6: - (di(M b) A di(M c)) = di (di(M b) A di(M c))
using DiDiAndEqvDi by fastforce
have 7: - di (di(M b) A di(M ¢)) =di (>(di(M b) A di(M c)))
using DiEqvDiFst by blast
have 8: - (di(M b) A di(M ¢)) = di (>(di(M b) A di(M c)))
using 6 7 by fastforce
hence 9: F (di(M a) A di(M b) A di(M ¢)) = (di(M a) A di (>(di(M b) A di(M c))))
by auto
have 10: - (di(>(di(M a) A di(M b))) A di(M ¢)) =
(di(M a) A di (>(di(M b) A di(M c))))
using 5 9 by fastforce
hence 11: F >(di(>(di(M a) A di(M b))) A di(M c)) =
>(di(M a) A di (>(di(M b) A di(M ¢))))
using FstEqvRule by fastforce
have 12: + >(di(M a) A di (>(di(M b) A di(M ¢)))) = M(a THRU (b THRU ¢))
by auto
from 1 11 12 show ?thesis using MonEq by (metis int-eq)
ged

lemma MAndAssoc:
((a AND b) AND ¢) ~ (a AND (b AND c))
proof —
have 1: - M((a AND b) AND ¢) = (M a) A (M b) A (M ¢))
using AND-d-def by (metis MON.simps(5) MWithAbsorp eq-d-def)
have 2: - (M a) A (M b) A (M ¢c)) = M (a AND (b AND c))
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using AND-d-def by (simp add: AND-d-def)
from 1 2 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenAssoc:

((a THEN b) THEN ¢) ~ (a THEN (b THEN c))

proof —
have 1: - M((a THEN b) THEN c¢) = (M a);(M b));(M ¢) by auto
have 2: + (M a);(M b));(M ¢) = (M a);((M b);(M c)) using ChopAssocB by blast
have 3: - (M a);((M b);(M ¢)) = M(a THEN (b THEN c)) by auto

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MUptoThruAbsorp:
(a UPTO (a THRU b)) ~ a
proof —
have 1: - M(a UPTO (a THRU b)) = >((M a) V >(di(M a) A di(M b)))
by simp
have 2: - >((M a) V >(di(M a) A di(M b) )) =
>((M a) vV (di(M a) A di(M b)))
using FstFstOrEqvFstOrR by auto
have 3: - ((M a) Vv (di(M a) A di(M b))) =
(M a) v di(M a)) A (M a) Vv di(M b)))
by auto
have 4: - (((M a) v di(M a)) A (M a) V di(M b))) =
((di(M a)) A (M a) V di(M b)))
using OrDiEqvDi by fastforce
have 5: - (M a) V (di(M a) A di(M b))) =
((di(M a)) A (M a) V di(M b)))
using 3 4 by auto
hence 6: - > ((M a) V (di(M a) A di(M b))) =
> ((di(M a)) A (M a) Vv di(M b)))
using FstEqvRule by blast
have 7: - > ((di(M a)) A (M a) V di(M b))) =
((di(M a)) A (M a) vV di(M b)) A
bs (~( (di(M a)) A (M a) V di(M b))))
by (simp add: first-d-def, auto)
have 8: - ((di(M a)) A (M a) V di(M b))) =
((di(M a) A (M a)) V (di(M a) A di(M b)))
by auto
hence 9: - (=((di(M a)) A (M a) V di(M b)))) =
(=((di(M a) A (M a)) v (di(M a) A di(M b))))
by fastforce
have 10: F (—((di(M a) A (M a)) V (di(M a) A di(M b)))) =
(~(((M 2)) V (di(M 3) A di(M b))))
using AndDiEqv using 5 by auto
have 11:F (=(((M a)) Vv (di(M a) A di(M b)))) =
(=(M a) A =(di(M a) A di(M b)))
by auto
have 12:  (=((di(M a)) A (M a) V di(M b)))) =
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(~(M a) A =(di(M a) A di(M b)))
using 9 10 11 by auto
hence 13: + bs (=((di(M a)) A (M a) Vv di(M b)))) =
bs (~(M a) A =(di(M a) A di(M b)))
using BsEqvRule by blast
have 14: F bs ((—(M a)) A =(di(M a) A di(M b))) =
(bs ((—(M a))) A bs(—(di(M a) A di(M b))))
using BsAndEqv by fastforce
have 141: + bs (—((di(M a)) A (M a) Vv di(M b)))) =
(bs ((=(M a))) A bs(—(di(M a) A di(M b))))
using 13 14 by fastforce
hence 15: F ((di(M a)) A (M a) V di(M b)) A
bs (=((di(M a)) A ((M a) v di(M b))))) =
((dilM a)) A (M a) V di(M b)) A
) bs ((=(M a))) A bs(—(di(M a) A di(M b))))
auto
havey16: F ((di(M a)) A (M a) vV di(M b)) A
bs ((—(M a))) A bs(—(di(M a) A di(M b)))) =
((bs (((M a))) A di(M a)) A (M a) V di(M b)) A
bs(—(di(M a) A di(M b))))
by auto
have 17: F ((bs ((—~(M a))) A di(M a)) A (M a) V di(M b)) A
bs(—(di(M a) A di(M b)))) =
(>(M a)) A (M a) v di(M b)) A
bs(—(di(M a) A di(M b))))
using FstEqvBsNotAndDi by fastforc
have 13: - ((=(M a) A (M 2) v di(M B) A
bs(=(di(M a) A di(M b)))) =
(M a)) A (M a) Vv di(M b
bs(=(di(M a) A di(M b))))
using MFixFst by fastforce
have 19: F (((M a)) A ((M a) v di(M b)) A
bs(—(di(M a) A di(M b)))) =
(M a)) A bs(—(di(M a) A di(M b))))
by auto
have 20: = (=(di(M a) A di(M b))) = (—(di(M a)) V =(di(M b)) )
by auto
have 21: - (—(di(M a)) vV =(di(M b)) ) = ((bi (~(M a))) V (bi (=(M b))))
by (simp add: bi-d-def)
have 22: + (=(di(M a) A di(M b))) = ((bi (—=(M a))) V (bi (=(M b))))
using 20 21 by auto
hence 23: F bs (—(di(M a) A di(M b))) = bs ((bi (=(M a))) Vv (bi(=(M b))))
using BsEquule by blast
have 24: + bs ((bi (—~(M a))) V (bi (=(M b)))) = bs (~(M a)) V bs (~(M b))
using BsOrBsEqvBsBiOrBi by fastforce
have 25: F bs (—(di(M a) A di(M b))) = (bs (=(M a)) V bs (=(M b)))
using 23 24 using BsOrBsEqvBsBiOrBi by fastforce
hence 26: - ((M a) A bs (—(di(M a) A di(M b)))) =
(M a) A (bs (=(M a)) V bs (=(M b))))
by auto

~—
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have 27: F (M a) A (bs (=(M a)) V bs (=(M b)))) =
(>(M a) A (bs ((M a)) V bs ((M b
using MFixFst by fastforce
have 28: - (>(M a) A (bs (=(M a)
(M a) A bs (—(M a)) A (b
by (simp add: first-d-def, auto)
have 29: F (M a) A bs (~(M a)) A (bs (~(M a)) V bs (~(M b)))) =
(M a) A bs (2(M a)))
by auto
have 30: - ((M a) A bs (=(M a))) = >(M a)
by (simp add: first-d-def)
have 31: - >(M a) = (M a)
using MFixFst by fastforce
have 32: - M(a UPTO (a THRU b)) =
((di(M a)) A (M a) vV di(M b)) A
bs (—( (di(M ) A (M 2) v di(M B)))))
using 1 2 6 7 by fastforce
have 33: F ((di(M a)) A (M a) V di(M b)) A
bs (=( (dilM a)) A (M a) V di(M b))))) =
(M a)) A bs(—=(di(M a) A di(M b))))
using 15 16 17 18 19 by (metis int-eq)
have 34: F (((M a)) A bs(—=(di(M a) A di(M b)))) = (M a)
using 26 27 28 29 30 31 by (metis int-eq)
from 32 33 34 show ?thesis using MonEq by (metis int-eq)
ged
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lemma MThruUptoAbsorp:
(a THRU (a UPTO b)) ~ (a)
proof —
have 1: - M(a THRU (a UPTO b)) = >(di(M a) A di(>((M a) V (M b))))
by simp
have 2: - >(di(M a) A di(>>((M a) V (M b)))) =
>(di(M a) A di((M a) vV (M b))))
by (metis DiEqvDiFst FstEqvRule integ-reflection lift-and-com)
have 3: F >(di(M a) A di(((M a) vV (M b)))) =
>(di(M a) A (di(M a) V di(M b)))
by (metis DiOrEqv FstEqvRule inteq-reflection lift-and-com)
have 4: - (di(M a) A (di(M a) v di(M b))) = (di(M a))
by auto
hence 5: - >(di(M a) A (di(M a) V di(M b))) = >(di(M a))
using FstEqvRule by blast
have 6: F >(di(M a)) = >(M a)
using FstDiEqvFst by blast
have 7: - >(M a) = (M a)
using MFixFst by fastforce
from 1 235 6 7 show 7thesis using MonEq by (metis int-eq)
ged

lemma MUptoThruDistrib:
(a UPTO (b THRU ¢)) ~ ((a UPTO b) THRU (a UPTO ¢))
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proof —
have 1: - M((a UPTO b) THRU (a UPTO ¢)) =
(M) V(M E)) A (M) v (M)
y simp
have 2: - ( di(>((M a) V (M b)) A di(>((M a) V (M ¢))) ) =
(di(((M a) v (M b)) A di((M a) vV (Mc))))
using DiEqvDiFst by fastforce
have 3: - ( di((M a) V (M b))) Adi((M a) vV (Mc))))=
(( di(M a) Vv di(M b)) A (di(M a) V di(M c)))
using DiOrEqv by fastforce
have 4:  (( di(M a) V di(M b)) A (di(M a) V di(M c))) =
(di(M a) Vv (di(M b) A di(M ¢)))
by auto
have 5: - ( di(>((M a) V (M b)) A di(>((M a) V(M c))) ) =
(di(M a) Vv (di(M b) A di(M c)))
using 2 3 4 by fastforce
hence 6: - >( di(>((M a) V (M b)) A di((M a) vV (Mc)))) =
>( di(M a) vV (di(M b) A di(M c)))
using FstEqvRule by blast
have 7: F >( di(M a) V (di(M b) A di(M ¢)) ) =
>( >(di(M a)) V >(di(M b) A di(M ¢)))
using FstFstOrEqvFstOr by fastforce
have 8: - >(di(M a)) = >((M a))
using FstDiEqvFst by blast
have 9: - >((M a)) = (M a)
using MFixFst by fastforce
have 10: - >(di(M a)) = (M a)
using 8 9 by fastforce
hence 11: + (>(di(M a)) vV >(di(M b) A di(M ¢))) =
(M a) V >(di(M b) A di(M c)))
by auto
hence 12: F >(>(di(M a)) vV >(di(M b) A di(M ¢))) =
>((M a) V >(di(M b) A di(M c)))
using FstEqvRule by blast
have 13: F>((M a) V >(di(M b) A di(M ¢))) = M(a UPTO (b THRU ¢))
by simp
from 1 6 7 12 13 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThruUptoDistrib:
(a THRU (b UPTO c)) ~ ((a THRU b) UPTO (a THRU c))
proof —
have 1: - M((a THRU b) UPTO (a THRU ¢)) =
>(>(di(M a) A di(M b)) V >(di(M a) A di(M ¢)))
by simp
have 2: - >(>(di(M a) A di(M b)) V >(di(M a) A di(M ¢))) =
>((di(M a) A di(M b)) V (di(M a) A di(M c)))
using FstFstOrEqvFstOr by auto
have 3: - ((di(M a) A di(M b)) V (di(M a) A di(M ¢))) =
(di(M a) A (di(M b) Vv di(M c))) by auto
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have 4: + (di(M a) A (di(M b)

vV d
(di(M a) A di( (M b) V (M c))) using DiOrEqv by fastforce
have 5: - (di(M a) A di( (M b) V (M ¢))) =
(di(M a) A di(>( (M b) V (M c)))) using DiEqvDiFst by fastforce
have 6: - ((di(M a) A di(M b)) V (di(M a) A di(M ¢))) =
(di(M a) A di(>( (M b) V (M ¢)))) using 3 4 5 by fastforce
) V (di(M a) A di(M c))) =

hence 7: - >((di(M a) A di(M b
>(di(M a) A di(>( (M b) V (M c)))) using FstEqvRule by blast
have 8: F >(di(M a) A di(>( (M b) V (M ¢)))) =
M(a THRU (b UPTO c)) by simp
from 1 2 7 8 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThruUptoRDistrib:
((a THRU b) UPTO ¢) ~ ((a UPTO ¢) THRU (b UPTO c))
proof —
have 1: ((a THRU b) UPTO ¢) ~ (c UPTO (a THRU b))
using MUptoCommut by auto
have 2: (¢ UPTO (a THRU b)) ~ ((c UPTO a) THRU (c UPTO b))
using MUptoThruDistrib by auto
have 3: (c UPTO a) ~ (a UPTO c¢)
using MUptoCommut by auto
have 4: (c UPTO b) ~ (b UPTO ¢)
using MUptoCommut by auto
have 5: ((c UPTO a) THRU (c UPTO b)) ~ ((a UPTO c¢) THRU (c UPTO b))
using 3 by (simp add: MonEqRefl MonEqSubstThru)
have 6: ((a UPTO c¢) THRU (c UPTO b)) ~ ((c UPTO b) THRU (a UPTO c¢))
using MThruCommut by auto
have 7: ((c UPTO b) THRU (a UPTO ¢)) ~ ((b UPTO ¢) THRU (a UPTO c¢))
using 4 by (simp add: MonEqRefl MonEqSubst Thru)
from 1 256 7 show ?thesis using MThruCommut MonEq by (metis int-eq)
ged

lemma MUptoThruRDistrib:
((a UPTO b) THRU ¢) ~ ((a THRU c) UPTO (b THRU c))
proof —
have 1: ((a UPTO b) THRU ¢) ~ (c THRU (a UPTO b))
using MThruCommut by auto
have 2: (¢ THRU (a UPTO b)) ~ ((c THRU a) UPTO (c THRU b))
using MThruUptoDistrib by auto
have 3: (¢ THRU a) ~ (a THRU c)
using MThruCommut by auto
have 4: (c THRU b) ~ (b THRU c¢)
using MThruCommut by auto
have 5: ((¢ THRU a) UPTO (c THRU b)) ~ ((a THRU c) UPTO (c THRU b))
using 3 by (simp add: MonEqRefl MonEqSubstUpto)
have 6: ((a THRU c¢) UPTO (¢ THRU b)) ~ ((¢ THRU b) UPTO (a THRU ¢))
using MUptoCommut by auto
have 7: ((¢c THRU b) UPTO (a THRU c)) ~ ((b THRU c) UPTO (a THRU c))
using 4 by (simp add: MonEqRefl MonEqSubstUpto)
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from 1 25 6 7 show 7thesis using MUptoCommut MonEq by (metis int-eq)
ged

lemma MWithAndDistrib:
((a AND b) WITH f) ~ ((a WITH f) AND (b WITH f))
proof —
have 1: - M((a AND b) WITH f) = (M(a AND b) A f)
by (simp)
have 2: - M(a AND b) = M(a WITH LIFT(M b))
by (simp add: AND-d-def)
have 3: = (M(a AND b) A f) = (M(a WITH LIFT(M b)) A )
using 2 by auto
have 4: - M(a WITH (LIFT( (M b) A f))) = (M(a) A M(b) A f)
by simp
have 5: - (M(a) A M(b) A f) = (M(a) A f) A (M(b) A F))
by auto
have 6: F (M(a) A f) A (M(b) A f)) = (M(a WITH f) A M( b WITH f))
by simp
have 7: = (M(a WITH f) A M(b WITH f)) = M((a WITH f) WITH LIFT (M(b WITH f)))
by simp
have 8: - M((a WITH f) WITH LIFT (M(b WITH f))) = M((a WITH f) AND (b WITH f))
by (simp add: AND-d-def)
from 123456 78 show 7thesis using MonEq by (metis AND-d-def MWithAbsorp int-eq)
ged

lemma MHaltWithAndDistrib:
(((HALT w) WITH f) AND ((HALT w) WITH g)) ~ ((HALT w) WITH LIFT(f A g))
proof —
have 1: - M(((HALT w) WITH f) AND ((HALT w) WITH g)) =
M(((HALT w) WITH f) WITH LIFT (M((HALT w) WITH g)))
by (simp add: AND-d-def)
have 2: - M(((HALT w) WITH f) WITH LIFT(M((HALT w) WITH g))) =
(M(HALT w) A f AN M(HALT w) A g)

by auto
have 3: - (M(HALT w) A f A M(HALT w) A g) = (M(HALT w) A f A g)
by auto
have 4: - (M(HALT w) A f A g) = M((HALT w) WITH LIFT(f A g))
by auto
from 1 2 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MHaltWithUptoHaltWithEqvHaltWithOr:
(((HALT w) WITH f) UPTO ((HALT w) WITH g)) ~ ((HALT w) WITH LIFT(f V g))
proof —
have 1: - M(((HALT w) WITH f) UPTO ((HALT w) WITH g)) =
>(M((HALT w) WITH f) v M((HALT w) WITH g))
by (simp)
have 2: - >(M((HALT w) WITH ) v M((HALT w) WITH g)) =
>((M(HALT w) A f) V (M(HALT w) A g))
by auto
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have 3: - (M(HALT w) A f) V (M(HALT w) A g)) = (M(HALT w) A (f V g))
by auto

have 4: - >((M(HALT w) A f) V (M(HALT w) A g)) = >(M(HALT w) A (f V g))
using 3 FstEqvRule by fastforce

have 5: - >(M(HALT w) A (f V g)) = >(M((HALT w) WITH LIFT(f V g)))
by simp

have 6: - M(((HALT w) WITH LIFT(f V g))) = >(M((HALT w) WITH LIFT(f V g)))
using MFixFst by blast

from 1 2 34 5 6 show ?thesis using MonEq by (metis int-eq)

ged

lemma MHaltWithThruHaltWithEqvHaltWithAndHaltWith:
(((HALT w) WITH f) THRU ((HALT w) WITH g)) ~ (((HALT w) WITH f) AND ((HALT w) WITH g))
proof —
have 1: - M(((HALT w) WITH f) THRU ((HALT w) WITH g)) =
>( di( M(HALT w) A f) A di(M(HALT w) A g) )
by simp
have 2: - (di(M(HALT w) A f) A di(M(HALT w) A g)) =
(di(halt(init w) A f) A di(halt(init w) A g))
using MHaltAlt DiEqvDi
by (metis (no-types, lifting) inteq-reflection lift-and-com)
have 3: = (di(halt(init w) A f) A di(halt(init w) A g)) =
di(halt(init w) A f A g)
using DiHaltAndDiHaltAndEqvDiHaltAndAnd by fastforce
have 4: &= di( halt(init w) A f A g) = di(M(HALT w) A f A g)
by (metis DiEqvDi MHaltAlt inteq-reflection lift-and-com)
have 5: - (di(M(HALT w) A f) A di(M(HALT w) A g)) = di( M(HALT w) A f A g)
using 2 3 4 by fastforce
have 6: - >(di(M(HALT w) A f) A di( M(HALT w) A g)) = >(di(M(HALT w) A f A g))
using 5 FstEqvRule by blast
have 7: F >(di(M(HALT w) A f A g)) = D(M(HALT w) A f A g)
using FstDiEqvFst by fastforce
have 8: - >(M(HALT w) A f A g) = >(M((HALT w) WITH LIFT(f A g)))
by simp
have 9: - M((HALT w) WITH LIFT(f A g)) = >(M((HALT w) WITH LIFT(f A g)))
using MFixFst by blast
have 10: - M(((HALT w) WITH f) THRU ((HALT w) WITH g)) = M((HALT w) WITH LIFT(f A g))
using 1 23456 789 int-eq by metis
have 11: - M(((HALT w) WITH f) AND ((HALT w) WITH g)) = M((HALT w) WITH LIFT(f A g))
using MHaltWithAndDistrib using eq-d-def by blast
have 12: - M((HALT w) WITH LIFT(f A g)) = M(((HALT w) WITH f) AND ((HALT w) WITH g))
using 11 by fastforce
from 10 12 show 7thesis using MonEq by (metis int-eq)
ged

lemma MThenAndDistrib:
(a THEN (b AND c¢)) ~ ((a THEN b) AND (a THEN c))
proof —
have 1: - M(a THEN (b AND c)) = (M(a)) ; (M(b AND c))
by simp
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have 2: - (M(a)) ; (M(b AND ¢)) = (M(a)) ; (M(b) A M(c))
by (simp add: AND-d-def)
have 3: - (M(a)) ; (M(b) A M(c)) = > (M(a)) ; (M(b) AN M(c))
using MFixFst LeftChopEqvChop by blast
have 4. F > (M(a)) ; (M(b) A M(c)) = ((> (M(a)) ; (M(b))) A (> (M(a)) ; (M(c))))
using LFstAndDistrC by fastforce
have 5: -((> (M(a)) ; (M(b))) A (> (M(a)) ; (M(c)))) =
(((M(a)) ; (M(b))) A (M(a)) ; (M(c))) ) using MFixFst
by (metis 4 integ-reflection)
have 6: F (( (M(a)) ; (M(b))) A ((M(a)) ; (M(c))) ) =
(M(a THEN b) A M(a THEN c))
by sim
havey7: - ?M(a THEN b) A M(a THEN c)) = M((a THEN b) AND (a THEN c))
by (simp add: AND-d-def)
from 1 234 56 7 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenUptoDistrib:

(a THEN (b UPTO ¢)) ~ ((a THEN b) UPTO (a THEN ¢))

proof —

have 1: + (M (a THEN (b UPTO ¢))) = (M a);(>((M b) V (M ¢))))
by simp

have 2: + ((M a);(>((M b) v (M ¢)))) = (>(M a);(>((M b) V (M c))))
by (simp add: MFixFst LeftChopEqvChop)

have 3: I (5(M a);(>((M b) V (M c)))) = ((=(=(M a):((M b) v (M )))))
using FstFstChopEqvFstChopFst by fastforce

have 4: - >(M a);(M b) V (M ¢)) = (M a);(M b) V (M ¢))
using MFixFst by (metis LeftChopEqvChop inteq-reflection)

have 5: + (M a);((M b) Vv (M ¢)) = (M a);(M b) v (M a);(M c))
by (simp add: ChopOrEqv)

have 6: - (M a);(M b) V (M a);(M c)) = (M(a THEN b) vV M(a THEN c))
by simp

have 7: F >(M a);((M b) V (M ¢)) = (M(a THEN b) v M(a THEN c))
using 6 5 4 by fastforce

have 8: - >(>(M a);(M b) V (M ¢))) = >(M(a THEN b) Vv M(a THEN c))
using 7 by (simp add: FstEqvRule)

have 9: - >(M(a THEN b) V M(a THEN ¢)) = M((a THEN b) UPTO (a THEN c))
by simp

from 9 7 1 2 3 show ?thesis by (metis eq-d-def inteq-reflection)

ged

lemma MThenThruDistrib:

(a THEN (b THRU c)) ~ ((a THEN b) THRU (a THEN c))

proof —

have I: - M(a THEN (b THRU c)) = (M a);>(di(M b) A di(M ¢))
by simp

have 2: - (M a);>(di(M b) A di(M ¢)) = (M a);>(di(M b) A di(M c))
by (simp add: MFixFst LeftChopEqvChop)

have 3: - >(M a);>(di(M b) A di(M ¢)) = >(>(M a);(di(M b) A di(M c)))
using FstFstChopEqvFstChopFst by fastforce
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have 4: - >(M a);(di(M b) A di(M ¢) ) = (>(M a);di(M b) A >(M a);di(M c))
by (meson LFstAndDistrC Propll)

have 5: F (>(M a);di(M b) A >(M a);di(M ¢)) = (M a);di(M b) A (M a);di(M c))
using MFixFst by (metis 4 int-eq)

have 6: - (M a);di(M b) = (M a);((M b);# True)
by (simp add: di-d-def)

have 7: F (M a);((M b);# True) = ((M a);(M b));# True
by (simp add: ChopAssoc)

have 8: - (M a);(M b));# True = di((M a);(M b))
by (simp add: di-d-def)

have 9: - (M a);di(M b) = di((M a);(M b))
using 8 7 6 by fastforce

have 10: F (M a);di(M ¢) = (M a);((M c);# True)
by (simp add: di-d-def)

have 11: F (M a);((M c);#True) = (M a);(M ¢));# True
by (simp add: ChopAssoc)

have 12: F (M a);(M ¢));# True = di((M a);(M ¢))
by (simp add: di-d-def)

have 13: F (M a);di(M ¢) = di((M a);(M ¢))
using 12 11 10 by fastforce

have 14: - (M a);di(M b) A (M a);di(M ¢)) = (di((M a);(M b)) A di((M a);(M c)))
using 13 9 by fastforce

have 15: F (di((M a);(M b)) A di((M a);(M ¢))) = (di(M(a THEN b)) A di(M(a THEN c)))
by simp

have 16: - >(M a);(di(M b) A di(M c) ) = (di(M(a THEN b)) A di(M(a THEN c)))
using 15 14 4 5 by fastforce

have 17: F >(>(M a);(di(M b) A di(M ¢))) = >(di(M(a THEN b)) A di(M(a THEN c)))
using 16 by (simp add: FstEqvRule)

have 18: I >(di(M(a THEN b)) A di(M(a THEN c))) = M((a THEN b) THRU (a THEN c))
by simp

from 18 16 1 2 3 show ?thesis by (metis eq-d-def int-eq)

ged

end

theory Example
imports

FOTheorems
begin

8 Examples

8.1 Example 1

definition F1 :: nat statefun = temporal
where FIw = TEMP O ( #0 < $w)
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definition /nitl :: nat statefun = temporal
where Initl w = TEMP $w = #0

lemma initl:
((s0,s1,s2) k= len(2) A Initl w) = ((w s0) = 0)
by (simp add: Initl-def current-val-d-def len-defs)

lemma exist-test-F1 :

F3d3d w. Fi1w

proof —

have 1: A w. = F1 w by (simp add: always-defs current-val-d-def FI1-def Valid-def)
from 1 show ?thesis using EEx![unlift-rule] by blast

ged

8.2 Example 2

locale Test =

fixes v :: state = nat

fixes vl :: state = nat

fixes y :: state = bool

fixes z :: state = int

fixes F2 :: nat statefun = temporal

fixes F3 :: bool statefun = temporal

fixes F4 :: int statefun = temporal

fixes F5 :: nat statefun = temporal

fixes Init2 :: nat statefun = temporal

fixes Init3 :: bool statefun = temporal

defines F2 = (A v. TEMP O ( #0 < $v))

defines F3 = (A p. TEMP O ( $p VvV - $p))

defines F4 = (A z. TEMP 0O ( #0< $z V $z < #0))
defines F5 = (A v. TEMP $v=#0 A v gets $v+#1)
defines /nit2 = (A v. TEMP $v = #0)

defines /nit3 = (A p. TEMP $p)

lemma (in Test) currentval-test :

(s = (Bv = #0)) = ((v (nth s 0)) = 0)
by (simp add: current-val-d-def)

lemma (in Test) nextempty-test :
((s0) = v8) = (e x. x=x)
by (simp add: next-val-d-def)

lemma (in Test) nextempty-test-1 :
((s0) E v$ = v$)

by simp

lemma (in Test) nextempty-test-2 :

((s0) E v$ = v19)
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by (simp add: Test.nextempty-test)

lemma (in Test) nextcurrent-test:
((s0,s1) = skip A ($v=#0) A (v$=%v+#1)) = (((vs0) = 0) A ((vsl) =1 ))
unfolding current-val-d-def next-val-d-def skip-defs by auto

lemma (in Test) nextcurrentfinpenult-test:
((s0,51,52,53) Elen(3) AN v =1 lv—#1 A v « #3 NSv=#0 N v :=Sv+#1 ) =
(((vs0) =0)A((vsl) =1 A(v(s2)=2A((vs3)=3 )))
unfolding current-val-d-def next-val-d-def fin-val-d-def penult-val-d-def
next-assign-d-def prev-assign-d-def temporal-assign-d-def len-defs by auto

lemma (in Test) stable-test:
((s0,s1,s2,53) = len(3) A stable v A Sv=#0) =
((vsO) =0AN(vsl)=0AN(vs2) =0 AN (vs3) =0)
by (auto simp: stable-defs len-defs
current-val-d-def next-val-d-def Nitpick.case-nat-unfold)

lemma (in Test) revnextcurrentfinpenult-test:
((s0,s1,52,s3) = (len 3 N vl = lv—#1 A lv = #3 A Sv=H#0 A v§=Sv+#1)") =
(((vs3)=0)AN((vs2) =1 AN (v(sl)=2A((vs0) =3 )))
unfolding reverse-d-def len-defs current-val-d-def next-val-d-def
penult-val-d-def fin-val-d-def by auto

lemma (in Test) exist-test-F2 :

F3d v. F2v

proof —

have 1:+ F2 v by (simp add: always-defs current-val-d-def F2-def Valid-def)
from 1 show ?thesis using EEx![unlift-rule] by blast

ged

lemma (in Test) exist-test-F3 :

F3d y. F3y

proof —

have 1: - F3y by (simp add: always-defs current-val-d-def F3-def Valid-def)
from 1 show ?thesis using EEx![unlift-rule] by blast

ged

8.3 Example 3

locale Testl =

fixes v :: state = nat

fixes F5 :: nat statefun = nat = temporal

defines F5 = (A v n. TEMP $v=#0 A v gets Sv+#1 A fin($v=#n))

lemma (in Testl) test-E-F5-1:

(

x (Interval.nth w (0::nat)) = (0::nat) A
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(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) —

(
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n)
apply simp
proof

assume 0: x (Interval.nth w (0::nat)) = (0::nat) A

(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n

have 1: x (Interval.nth w (0::nat)) = (0::nat) using 0 by auto

have 2: x (Interval.nth w (intlen w)) = n using 0 by auto

n
have 3: (Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth w i))) using 0 by auto

show Vi<intlen w. x (Interval.nth w i) = i
proof
fix i
show i < intlen w — x (Interval.nth wi) =i
proof
(induct i)
case 0
then show 7case using 1 by simp
next
case (Suc i)
then show ?case by (simp add: 3)
ged
qged
ged

lemma (in Testl) test-E-F5-2:

(
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n) — (
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n)
by simp

lemma (in Testl) test-E-F5-3:

(
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth w i))) A
x (Interval.nth w (intlen w)) = n) =

x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n)

using test-E-F5-1 test-E-F5-2 by auto
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lemma (in Testl) test-E-F5-4:

(3 x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) =

(3 x::state = nat.

x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n)

by (simp add: Testl.test-E-F5-3)

lemma (in Testl) test-E-F5:
F (33 v. (F5vn)) — (len n)
apply (simp add: Valid-def F5-def exist-state-d-def gets-defs current-val-d-def
fin-defs sub-def len-defs)
proof
fix w
show (3 x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth w i))) A
x (Interval.nth w (intlen w)) = n) —
(intlen w = n)
proof —
have 1: (I x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) =
(3 x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n) using test-E-F5-4 by auto
have 2: (I x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n) — (intlen w =n)

by auto
from 1 2 show ?thesis by auto
qged
ged

8.4 Example 4

locale Testrev =

fixes x :: state = nat

fixes F1 :: nat statefun = temporal

defines F1 = (\ v. TEMP $v=#0 A skip A\ v:i= $v+#1 )

lemma (in Testrev) testrevl:
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(0 = F1 (x)) = (intlenoc =1 A (x (ntho 0)) =0 A (x (ntho 1)) = 1)
by (simp add: F1-def skip-defs next-assign-d-def next-val-d-def current-val-d-def, auto)

lemma (in Testrev) testrev2:
(0 = (F1 (x))") = (intleno =1 A (x (ntho 0)) =1 A (x (ntho 1)) = 0)
proof —
have (0 = (F1 (x))") = (0 = ($x=#0 A skip A x := Sx+#1)")
by (simp add: F1-def)
also have ... =
(0 E (($3x=#0)" A skip" A (x := $x+#1)"))
by (simp add: all-rev-eq)
also have ... =
(0 = (("x=#0) A skip A\ (x! = Ix+#1)))
by (smt RRAnd all-rev-eq(1) all-rev-eq(10) all-rev-eq(11) all-rev-eq(12)
all-rev-eq(3) int-eq next-assign-d-def )
also have ... =
(o0 = ((x$=#0) A skip N ($x = x$+#1)))
by (simp add: skip-defs next-val-d-def finval-defs penultval-defs current-val-d-def, auto)
also have ... =
(intlen o = 1 N (x (ntho 0)) =1 A (x (ntho 1)) = 0)
by (simp add: skip-defs next-val-d-def current-val-d-def, auto)
finally show (o = (FI (x))") = (intlen o =1 A (x (ntho 0)) =1 A (x (ntho 1)) = 0) .
ged

8.5 Example 5

Iemma revnextcurrentfinpenu/t:

- (V8 = Su)" = (vI=Iv)

proof —

have I:+ (v$ =3$v)" = ((v$)" = ($v)") by (simp add: rev-fun2)

have 2: - ((v$)" = (v!)) by (simp add: rev-next)

have 3: - (($v)" = (!v)) by (simp add: rev-current)

have 4: + (((v$)" = ($v)") = ((v!) = ('v) )) by (metis 1 2 3 inteqg-reflection)
from 1 4 show 7thesis by fastforce

ged

end

theory MonitorExample
imports

FOTheorems Monitor
begin

9 Example

locale Test =
fixes v :: state = nat
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fixes y :: state = bool

fixes z :: state = nat

fixes F2 :: nat statefun = temporal

fixes F3 :: bool statefun = temporal

fixes F4 :: nat statefun = temporal

fixes F5 :: nat statefun = temporal

fixes Init2 :: nat statefun = temporal

fixes Init3 :: bool statefun = temporal
fixes Monl :: state monitor

fixes Mon2 :: state monitor

fixes Mon3 :. state monitor

fixes Mon4 ::. state monitor

fixes Mon5 :. state monitor

fixes Mon6 :: state monitor

defines F2 = (A v. TEMP O ( #0 < $v))
defines F3 = (A p. TEMP 0O ( $p VvV = $p))
defines F4 = (X z. TEMP $z=#0 A z gets $z+#1)
defines F5 = () z. TEMP fin($z=+4))
defines Init2 = (A v. TEMP $v = #0)
defines Init3 = (A p. TEMP $p)

defines Monl = FIRST( F2 v )

defines Mon2 = EMPTY UPTO Monl
defines Mon3 = Monl WITH (F2 v)
defines Mon4 = Mon2 THEN Monl
defines Mon5 = Mon3 THRU Mon4
defines Mon6 = (FIRST F4 z) WITH (F5 z)

lemma (in Test) test:
F M(Monl) = empty
proof —
have I: - M(Monl) =>(0O ( #0 < $v))
using F2-def Monl-def by fastforce
have 2: - 0O ( #0 < $v)
by (simp add: Valid-def always-defs current-val-d-def )
have 3: F >(0O ( #0 < $v)) = empty
using 2 by (metis FstTrue int-eq int-eq-true)
from 1 2 3 show ?thesis by fastforce
ged

lemma (in Test) testl:

= M(Mon2) = empty

proof —

have I1: - M(Mon2) = M(EMPTY UPTO MonI)
using Mon2-def by fastforce

have 2: - M(EMPTY UPTO Monl) = >(M(EMPTY) v M(Mon1))
by fastforce

have 3: - >(M(EMPTY) V M(Monl)) = >(empty V empty)
using test by (metis 2 MEmptyAlt int-eq)

have 4: - >(empty V empty) = empty
using FstEmptyOrEqvEmpty by blast
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from 1 2 3 4 show ?thesis by fastforce
ged

lemma (in Test) test2:

= M(Mon3) = empty

proof —

have 1: - M(Mon3) = M(Monl WITH (F2 v)) using Mon3-def by fastforce
have 2: - M(Monl WITH (F2 v)) = (M(Monl) A (F2 v)) by fastforce
have 3: F (M(Monl) A (F2 v)) = (empty A (F2 v)) using test by fastforce
have 4: - (F2 v) by (simp add: F2-def Valid-def always-defs current-val-d-def)
have 5: - (empty A (F2 v)) = empty using 4 by fastforce

from 1 2 3 5 show ?thesis by fastforce

ged

lemma (in Test) test3:

= M(Mon4) = empty

proof —

have 1: - M(Mon4) = M(Mon2 THEN Mon1)
using Mon4-def by fastforce

have 2: - M(Mon2 THEN Monl) = ( M(Mon2) ) ;( M(Monl))
by fastforce

have 3: - ( M(Mon2) ) ;( M(Monl) ) = empty;empty
using test testl using ChopEqvChop by blast

have 4: - empty; empty = empty
by (simp add: ChopEmpty)

from 1 2 3 4 show ?thesis by fastforce

ged

lemma (in Test) test4:

= M(Monb) = empty

proof —

have 1: - M(Mon5) = M(Mon3 THRU Mon4)
using Monb-def by fastforce

have 2: - M(Mon3 THRU Mon4) = t>(di(M(Mon3)) A di(M(Mon4)))
by fastforce

have 3: - (di(M(Mon3)) A di(M(Mon4))) = (di(empty) A di(empty))
using test3 test2 by (metis integ-reflection lift-and-com)

hence 4: - >(di(M(Mon3)) A di(M(Mon4))) = >(di(empty) A di(empty))
by (simp add: FstEqvRule)

have 5: - >(di(empty) A di(empty)) = >(di(empty))
by simp

have 6: | >(di(empty)) = empty
using FstDiEqvFst FstEmpty by fastforce

from 6 5 4 2 1 show ?thesis by fastforce

ged

lemma (in Test) test5:

F M (Mon6) = (>($z=#0 A z gets $z+#1) A fin($z=#4) )
proof —

have 1: - M(Mon6) = (M(FIRST F4 z) A (F5 z))
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using Mon6-def by fastforce

have 2: = (M(FIRST F4 z) A (F5 z)) = (>(F4 z) A fin($z=#4))
using F5-def by fastforce

have 3: - (>(F4 z) A fin($z=#4)) = (>($z=#0 N z gets $z+#1) A fin($z=#4) )
using F4-def by fastforce

from 1 2 3 show ?thesis by fastforce

ged

lemma (in Test) test5-1:
F>($z=#0 N z gets $z+#1) A fin($z=+#4) —
>(($z=#0 A z gets $z+#1) A fin($Sz=#4))

using FstWithAndIimp by blast

lemma (in Test) test5-2:

(s = ($z=#0 N z gets $z+#1) A fin($z=#4)) =
(z (nths 0) =0 A (VY i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

by (simp add: gets-defs fin-defs current-val-d-def sub-def)

lemma (in Test) test5-3:
(z (nths 0) =0 A (V i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)
EEEN
(z (nths0) =0 A (VY i< intlens. z (nthsi)=1)
A z (nth s (intlen s)) = 4)

proof —
assume 0: (z (nths 0) =0 A (¥ i< intlens. z (nth s (Suc i)) = Suc(z (nth si))) A
z (nth s (intlen s)) = 4)
show (z (nths 0) =0 A (VY i< intlens. z (nthsi) = 1)
A z (nth s (intlen s)) = 4)
proof —
have 1: z (nth s 0) =0 using 0 by auto
have 2: z (nth s (intlen s)) = 4 using 0 by auto
have 3: (V i< intlen s. z (nth s i) = i)
proof
fix i
show i < intlen s — z (Interval.nth s i) =i
proof
(induct i)
case 0
then show ?case by (simp add: 1)
next
case (Suc i)
then show ?case by (simp add: 0)
ged
qed
from 1 2 3 show ?thesis by auto
qed
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ged

lemma (in Test) test5-4:
(z (nths 0) =0 A (V i< intlens. z (nthsi) =)
A z (nth s (intlen s)) = 4) =
(z (nths 0) =0 A (V i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

proof —

assume 0: (z (nths 0) =0 A (VY i< intlens. z (nthsi) = i)
A z (nth s (intlen s)) = 4)

show (z (nths 0) =0 A (VY i< intlen s. z (nth's (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

proof —
have 1: z (nth s 0) =0 using 0 by auto
have 2: z (nth s (intlen s)) = 4 using 0 by auto
have 3: (V i< intlen s. z (nth s (Suc i)) = Suc(z (nth s i))) by (simp add: 0)
from 1 2 3 show ?thesis by auto

ged

ged

lemma (in Test) test5-5:
(z (nths 0) =0 A (¥ i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

(z (nths 0) =0 A (V i< intlens. z (nthsi) =)
A z (nth s (intlen s)) = 4)

using test5-3 test5-4 by blast

lemma (in Test) test5-6 :

(z (nths 0) =0 A (¥ i< intlens. z (nthsi) =)
A z (nth s (intlen s)) = 4) =

(intlen s =4 N (¥ i< intlens. z (nthsi) = 1))

by auto

lemma (in Test) test5-7 :

(s = ($z=#0 A z gets $z+#1) A fin($z=#4)) =
(intlen s =4 N (VY i< intlens. z (nthsi) =1i))

using test5-6 test5-5 test5-2 by fastforce

lemma (in Test) test5-8 :

((s E >(($z=#0 A z gets $z+#1) A fin($z=#4))) =

( (s E (3z=#0 A z gets $z+#1) A fin($z=#4)) A intlen s =0) V
(0 < intlens A (s |=$z=#0 N z gets $z+#1 A fin($z=#4)) N

(Y ia < intlen s. (prefix ia s |= =(($z=#0 A z gets $z+#1) A fin($z=#4)))))
)
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using Fstsem[of TEMP ($z=#0 A z gets $z+#1) A fin($z=#4)]
by simp

lemma (in Test) test5-9 :
A( (s = ($z=#0 N z gets $z+#1) A fin($z=#4)) A intlen s =0)
using test5-7 by simp

lemma (in Test) test5-10:
(s E ($z=#0 N z gets $z+#1) A fin($z=#4))
_—
0 < intlen s A
(V ia < intlen s. (prefix ia s = —(($z=#0 A z gets $z+#1) A fin($z=#4))))

proof —
assume 0: s |= ($z=#0 A z gets $z+#1) A fin($z=#4)
show 0 < intlens A
(V ia < intlen s. (prefix ia s = —(($z=#0 N z gets $z+#1) A fin($z=#4))))
proof —
have 1: 0 < intlen s using test5-7 0 by simp
have 2: (V ia < intlen s. (prefix ia s = —(($z=#0 N z gets $z+#1) A fin($z=#4))))
proof
fix ia
show ja < intlen s —
(prefix ias = = (($z = #0 A z gets $z + #1) A fin ($z = #4)))
proof —
have 1: (prefixias = - (($z = #0 A z gets $z + #1) A fin ($z = #4))) =
(=((prefix ias = (($z = #0 N z gets $z + #1) A fin ($z = #4))))
by auto
have 2: (prefix ia s |= (($z = #0 A z gets $z + #1) A fin ($z = #4))) =
(intlen (prefix ia s) = 4 A (V i< intlen(prefix ia s) . z (nth (prefix ia s) i) = i))
using test5-7 by simp
have 3: ia < intlen s — —(intlen (prefix ia s) = 4 N\
(V i< intlen(prefix ia s) . z (nth (prefix ia s) i) = i))
using 0 using test5-7 by auto
from 1 2 3 show ?thesis by blast
qged
qged
from 1 2 show ?thesis by auto
ged
ged

lemma (in Test) test5-11 :
(s E>(($z=#0 A z gets $z+#1) A fin($z=#4))) =
(s = ($z=#0 N z gets $z+#1) A fin($z=#4))
using test5-8 test5-9 test5-10 by fastforce

lemma (in Test) test5-12 :

F >(($z=#0 A z gets $z+#1) A fin($z=#4)) = (($z=#0 A z gets $Sz+#1) A fin($z=#4))
using test5-11 by (simp add: Valid-def)
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