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Abstract of Successo(WS1S) studied by Biichi [3] and Elgot [9].
Propositional ITL over>-words has the expressiveness of
Interval Temporal Logi€ITL) is a formalism for reason- ~ Blichi automata,w-regular expressions and ttgecond-
ing abouttime periods. To date no one has proved complete-Order Theory of Success{81S) investigated by Blichi [4]
ness of a relatively simple ITL deductive system support-and QPTL. However, ITL's notation makes it particularly
ing infinite time and permitting infinite sequential itexai suitable for logic-based modular reasoning involving peri
comparable taw-regular expressions. We give a complete ods of time, refinement [6], sequential composition using
axiomatization for such a version of quantified ITL over fi- assumptions and commitments which are fixpoints of var-
nite domains and can show completeness by representingous temporal operators [21, 23] as well as for executable
finite-state automata in ITL and then translating ITL for- specifications [20]. Various imperative programming con-
mulas into them. The full paper (and another conference structs are expressible in ITL and operators for projecting
paper) presents the basic framework for finite time. Here between time granularities are available (but not consitier
and in the full paper the axiom system (and completenesshere). Zhou Chaochen, Hoare and Ravn [13,34] have devel-
is extended to infinite time. oped areal-time ITL extension call&liration Calculudor
hybrid systems. Several researchers have looked at decisio
procedures and axioms systems for variations of ITL. How-
ever, to date no one has found a provably complete axiom
system for a version of ITL over both finite anatwords
having no artificial restrictions on interval constructslan
Interval Temporal LogiqITL) [12, 18, 20] is a tempo-  achieving the same expressiveness (avavords) as S1S

ral |OgiC which includes a basic construct for the Sequéntia and other Comparab|e notations. We present here a natural
composition of two formulas as well as an analog of Kleene and complete axiomatization for a subset of quantified ITL
star. Within ITL, one can express both finite-state automatajn which variables are limited to finite domains. The com-

and regular expressions. On finite nonempty words, propo-pleteness proof describes an ITL decision procedure within
sitional ITL (even without quantifiers) has the same ex- |TL itself.

pression power as conventional finite-state automata, reg- e puild on the work of Siefkes [30] who first proved the
ular expressionQuantified Propositional Temporal Logic  completeness of an axiomatization of S1S and Kesten and
(QPTL) for finite time and th&Veak Second-Order Theory  ppyeli [15] who established the completeness of an axiom-

*Part of the research described here has been kindly supgnrteP- atization of QPTL with past-time operators. _Our approach
SRC research grant GR/K25922. closely follows Kesten and Pnueli's technique. We re-

1. Introduction




duce temporal formulas to finite-state automata and Biichi-ITL with such a restricte@¢hop-staris still as expressive as
automata as part of a decision procedure. The automata arex-regular expressions (and hence S1S and QPTL) as well
themselves directly manipulated in the logic as advocatedas quantifier-free propositional ITL with unrestrictetaop-

by Buchi himself [3, page 82]. Siefkes calls thagntac- star(which permitsw consecutive finite iterations) although
tization of the decision procedure [30, page Xl]. Follow- with possibly less succinctness. Paech presents a com-
ing Kesten and Pnueli, we express Safra’s intricate algo-plete Gentzen-style proof system including some noncon-
rithm [29] within ITL to perform the hardest part of the ventional axioms restricting ITL formulas to be in a form
proof involving the complementation of Biuchi-automata. analogous to regular expressions. This can potentially re-
However we achieve completeness without the use of past-quire complex meta-reasoning about arbitrary ITL formulas
time. The actual axiom system and completeness proofover finite intervals. Surprisingly, the axioms, unlike Ros
vary substantially from Kesten and Pnueli’s work. This re- ner and Pnueli’'s, apparently limit intervals to be infinite.
flects differences between conventional temporal logicds an The completeness proof necessitates a generalized form of
interval-based ones. Fischer-Ladner closures.

Our results show that a natural yet complete axiom sys-  Dutertre [8] gives two complete proof systems for first-
tem for a nontrivial subset of ITL is achievable and that order ITL withoutchop-starfor finite time. The first uses
the associated decision procedure can be represented in the possible-worlds semantics of time and the second consid-
logic. The use of automata leads to a proof that is more ers arbitrary linear orderings of states. Neither is comeple
compositional than conventional tableaux methods for tem-for standard discrete-time intervals. Wang Hanpin and Xu
poral logics which must repeatedly analyze several formu- Qiwen [33] generalize this to infinite time.
las in parallel. Besides that, there is no need to adapt Kono [16] presents a tableaux-based decision procedure
Fischer-Ladner closures [10], originally developed for a for propositional ITL with quantifiers and temporal projec-
propositional version of Pratt’'s Dynamic Logic [26], and to tion over finite time which has been implemented in Pro-
prove an associated small-model property. In additios, thi log. No formal proof is given that all models are consid-
work demonstrates that the ITL axiom system provides aered. A sketchy argument about termination is presented.
logical framework for reasoning about classical operaion Kono suggests using the transformations as the basis for a
on finite-state automata and regular expressions over bottcomplete axiom system. Moszkowski [21] presents propo-
finite andw-words. It also shows that a very complicated sitional and first-order ITL axiom systems for finite inter-
algorithm such Safra’s and a version of Kdénig’s Infinity vals. They support compositional proofs based orréhe

Lemma are provable in ITL. guaranteeparadigm of Jones [14]. The propositional part
is claimed to be complete but only an outline of a proof is

2 Related Work given. This is extended in [22] to axioms for temporal pro-
jection.

Bowman and Thompson [1] present a tableaux-based de-
cision procedure for quantifier-free propositional ITL ove
finite time with temporal projection. They omit a proof of
termination. In [2] they look at termination and also obtain
a completeness proof for an axiomatization of this version
of ITL.

We now discuss other work on ITL axiom systems. A
completeness proof for such notations typically involves a
decision procedure so we make mention of this as well.
Halpern and Moszkowski [17, pages 23—-24] prove the de-
cidability of propositional ITL with quantifiers over finite
time by translation to QPTL for finite time which is de-
cidable. Rosner and Pnueli [28] investigate an axiom sys- . .
tem for propositional, quantifier-free ITL with finite ana 3. Overview of Interval Temporal Logic
intervals. The ITL subset includes thatil operator but not
the operatochop-starwhich is like Kleene-star for regular We now briefly describe ITL for finite time. More details
expressions. A tableaux-based decision procedure underand examples are found in [12,17-21,23]. The treatment of
lies the completeness proof. This requires an adaptation ofw-intervals is deferred until 85.

Fischer-Ladner closures mentioned earlier in 81. Unfortu-  Basic ITL is a temporal logic with discrete, linear time.
nately, one inference rule requires detailed meta-reagoni An interval o in general has a lengtfw| > 0 and a finite,
about tableaux transitions. This and the laclkcbbp-star nonempty sequence ¢f| + 1 statesoo,...,0|q. A state

limit the axiom system’s practical use. o; maps a variable such #sto a valueoi(A). Lower-case
Paech [25] investigates a quantifier-free version of ITL staticvariablesa, b, ... do not vary over time.
with w-intervals havingchop-stadimited, like Kleene-star, A variable v’s values in an interval range over the fi-

to finitely many iterations and including an additional tem- nite, nonempty setiomain(v) which for our purposes is
poral operatounless Due to a theorem of Thomas [31] either{falsetrue} or some initial subsequence of the nat-
(later more simply proved by Y. Choueka and D. Peleg [7]), ural numbers. Finite data domains ensure the existence of



a decision procedure for our completeness result. We car3.1. Syntax of ITL
readily extenddlomainto all constructs later introduced.

Basic ITL contains conventional operators suchnag The syntax of ITL constructs considered here is now
and=. Terms and formulas evaluate relative to an interval’s given in more detail. Here are permitted constructs using
beginning. Thus, the formula= 2 is true on intervab iff variablev, termst andt’ and formulas® andQ:

I's value ingg equals 2.

There are three primitive temporal operators: Terms:  V(for numerical), 0,1,2,...,

if Pthent else't
skip P.Q (chop) P (chop-star), Formulas: v(for boolearv), t=t', =P, PAQ,

v.P, skip P;Q, P*
whereP andQ are themselves formulas. The formskip
is true on a two-state interval. A formuRQ is true ono 3.2. Semantics of Constructs
iff o can be chopped into two subintervals sharing a state
ok for somek < |o] with P true onagyp...ox andQ true on Let us take a more formal look at the semantics of ba-
Ok...0O|g|- Thus the formulaskipl = J is true ono iff o sic ITL constructs. The notatiom (v) denotes the value of
has at least two states ahe= J is true ino1. A formula  variablev in the state of intervat indexed byi. Further-
P*is true ono iff o can be chopped into zero or more parts more, for natural numbeisj with i < j < ||, the notation
with P true on each. Any formul®* (includingfals€) in oi.j denotes the subinterval of lengfh-i (i.e., j —i+1
true on a one-state interval (see §3.4). Figure 1 pictgriall states) with starting staie and final states;. We define
illustrates the semantics ekip, chop andchop-star Some  the semantics of each tetnand formulaP on an intervab
simple ITL formulas together with intervals which satisfy ysing the respective notatioig; [[t] and M [[P]).
them are shown in Fig. 2.

3.3. Semantics of Terms

skip L
PQ "  Numerical static or state variabl@Z[[v]=0o(v).
P Q The value of a numerical variable for an interaails
p* e e e s . . the variable’s value in the initial stat®).
N AN S .
P P p e Numerical constants|[c]] = c.

e Conditional term:Ms[[if P thent elsef =
{%[[t]L if Ms[[P]] = true

Figure 1. Informal illustration of ITL seman- My[t'], otherwise.

tics
3.4. Semantics of Formulas
=1 1 9 4 e Boolean static or state variabl®4;[[v] = oo(V).
' The value of a boolean variable for an intergak the
| = 1 1 skip o« . variable’s value in the initial statey.
112 e Equality: M5t =t'] = trueiff Ms[t] = Mo[t']).
_ e . e Negation:Ms[[-P] = trueiff M;[[P] = false

skipil =1 2 1 2 4 e Conjunction:Ms[[P » QJ] = true

(©r=1) skip 1=1 iff My [[P] = M [[Q] = true.

ruel £1 e e e e e o quversal quantificationMs[[vv. P]| = true

oray Wit iff Mo [P] = true,

true I#1 for every intervalo’ identical too except possibly for
—(truegl £1) 1 1 1 1 .1 .1 variablev's behavior.
(O =1) ' e Unitinterval: [ skipg] =true iff |o|=1.
o Chop: Ms[[P;QJ =true
Figure 2. Some sample ITL formulas and sat- iff Me [[P]] = true and Mg [Q] = true,
isfying intervals whereg’ = 0o anda” = 0y, for somei < [o]. The
subinterval®y’ ando” share state;.
e Chop-starM[[P*] = true
Let us now look at the syntax and later the semantics of iff M, [Pl =true, foreachi:0<i<n,
all the basic constructs used here. for somen > 0 and finite sequence of natural numbers



lop <ly <--- <l wherelp =0 andl, = |a|. Every 4.1. Quantifier-Free Axioms and Inference Rules.
one-state interval satisfi€s since we can take = 0.

If a formulaP is true on an intervab, theno satisfies
P, denoteds = P. A formulaP satisfied by all intervals is
valid, denoted= P.

We view formulas as boolean terms to avoid, for exam-
ple, distinct ITL theorems for quantified boolean and nu-
merical variables. Therefore the equalty= Q is identical

We use some of Rosner and Pnueli's axioms for
chop [28] and our own for the operator® and chop-
star [21]. Herew denotes astate formulacontaining no
temporal operators.

toP=Q. Basic I Substitution instances of all valid
] nonmodal quantifier-free formulas.
3.5. Some Definable Constructs P2+ (P,Q):;R=P;(QR)

P3 + (PvP); P; P
Constructs likdrue, P v Q and3v.P are definable asare py | I(:); (VQ V)QQ) g ((P;%))vv((P; 8))

<P ("sometimed”), OP (“alwaysP”) andOP (“next P): P5  emptyP=P
P6 F Pempty=P
P7 Fw> Dw
We refer to the quantifier-free ITL subset built fromnotem- P8 F w D Ow,

oP®uer o0PE-o-p oPEskigP .

poral operators bup andO assimple temporal logicHere wherew only contains static variables.
are more operators expressible in this subset: PO F @OPDOP)AO(QDQ)
def > (FQ) > (F;Q)
@P dEef -0-P (Weak next) P10 - OP S @P
more = Otrue (More states) P11 + PADO(P D ®P) D OP
empty dEEf —more (One state) P12 + P* = empty. (P more);P*
finp & O(empty> P)  (Final state) MP  FP2Q FP = FQ
def OoGen- P = F OP
halt P d:f O(P=empty  (Justlast) mGen- P = + ©OP
mP = O(moreD P) (Mostly)

The conventional temporal operatantil, though definable  These axioms and inference rules contain no explicit quan-
(with 3), is not needed. Versions afandfin for numerical tifiers butw, P, etc. can. In AxiomBasic, a boolean or
terms are expressible using conditional terms. The formulanumerical ternt is substitutable into a variabhe only if

t getstis true iff for each pair of adjacent states, the value of domaint) C domain(v).

termt’ at the first state (i.e., on the suffix subinterval starting

. A formula P deducible from the axiom system is called
from it) equals ternt’s value at the second state: y

anlTL theoremdenoted- P.

t getst & m((Ot) =t') . Here are some sample theorems:
For example the following formula describes a boolean vari-
ableB which initially equalsfalseand always flips: TIL + @POP) > (PQ) 2 (P;Q)
T2 F OP>Q D ©OPD>OQ
B = falsex B gets—B . T3 F OP>Q S OP>OQ
Here are operators for examining initial (i.e., prefix) and T4 + 0OP > PA®OP
arbitrary (i.e., infix) subintervals: T5 F  skip
def def T6 F (waP);Q = wa(PQ)
&SP = P;true opP=-o-P T7 F  <Cempty
oPLtrugPitue @PE 0P . 8 F D@®P>5P) > P
9 + P* = P*

4. A Proof System
TheoremsI'7 and T8 only apply to finite intervals. Theo-
We now present a proof system for ITL. Experience with rem T8 provides a convenient way to do backward induc-
hundreds of proofs has helped us refine the axioms. Thetion from an interval’'s end. In contrast, AxioRiL1enables
proof system has a quantifier-free part and another dealingorward induction over time. The full paper has more theo-
with quantifiers. rems and derived inference rules and many proofs.



4.2. Axioms and Inference Rules for Quantifiers is. In addition, we can readily prove the theorer@ > Q.
Now —Q' is unsatisfiable and by using the automaton repre-
Below are axioms and inference rules for quantifiers. sentation we obtaih ——Q. Combining this with the earlier

Herev refers to an arbitrary static or state variable. theorent- Q' O Q, we achieve our goal @'s theoremhood,
thatis, Q. 0O
QL +FwP o> P,
where the variable is free for the ternt in P.
(The full paper describes substitution into tem-

poral contexts.)

5. ITL with Infinite Time

The ITL formalism so far presented is limited to finite

Q2 FW(P>Q) > (POWQ) , intervals. We now discuss modifications needed to also per-
wherev does not occur freely if. mit w-intervals. First, we extend the semanticsbbpand

QB FMMFEQ = (EvwP;Q, chop-starto w-intervals. The formul®; Q is true on ar-
wherev does not occur freely iQ. interval if the interval can be divided into a finite subirair

Q4 FawPQ = P(EvQ, satisfyingP followed by another adjacent-interval satis-

wherev does not occur freely iR.

fying Q or alternatively if the originato-interval itself sat-

Q5 F (3v.P);0(3v.Q) D I (P;0OQ) ,
wherev is a state variable.

vGen kP = F VP,
for any variablev.

isfiesP. In the latter case, we ignof@ Pratt first proposed
this semantics in his definition of tHasion producbpera-
tor [27, page 95]. The formulB* is true on arw-interval
that is divisible into a finite number of subintervals where
the last one itself has lengthand each satisfie® or alter-
The ITL TheorenT10 expresseshop-staiusinganaux-  natively intow consecutive finite intervals each satisfying
iliary boolean state variable: P. Our use of Kleene star is somewhat nonstandard since
it is normally denotes a finite number of iterations whereas
in ITL the formulaP* is satisfiable byw iterations. How-
ever, this convention seems convenient and natural for ITL.
In [21] we defined new constructs for testing whether an in-
One can easily show that the axiom systersoisnd that terval is infinite or finite and alter the definition éf. We
is, - Pimplies}= P. Our full paper (and another conference also include the operat@hop-omegantroduced here in a
paper [24]) conversely provesmpletenesshat isi= P im- straightforward manner:
pliest- P, using finite-state automata. Here is a brief look:

T10 F P* = 3B. (B/\@(B > ®(PAOhaItB))) ,
whereB does not occur freely iR.

. def def,. .
inf = true; false opE finite; P

def.

Theorem 4.1 (Completeness for finite-time)Any ITL for- def
finite = —inf P® ='inf A (P A finite)*

mula which is valid for finite time is deducible as a theorem

from the ITL axiom system. Note that the definitions ofin and halt given earlier in

Proof (outline) Let us first consider for annsatisfiabldor- §3.5 are left unchanged. Quintervals the formuldin P
mulaP not containing free static variables how to deduce is equivalent tdrue andhalt P is equivalent taJ —P.
the theoremt —P. We translateP into an equivalent but We extend the proof system presented in 84 to include
quite low-level formuladY. P, whereP’ is expressed using the following additional axioms:
the simple tempo/ral Iog_lg subset o_Iescnbe(_j _earller in §3.5.E1 F (PAINf):Q = Painf
The formula3Y.P" explicitly describes a finite-state au- . i N
tomaton’s runs and is much easier to prove theorems about=2 !nf PrO(PS(Qn mor*e), P) > Q .
The equivalence betwedhand3Y.P is deducible as the =3 I infx (Vu3v(v=unP))” O Vu.Iv.(v=unP)
theorert- P = JY.P.. whereu is a static variable not occurring freely
Now P itself is unsatisfiable and therefore the automaton in Pandv is a st_ate variable with exactly the
has no accepting runs. As a resdl, P’ is also unsatisfi- same data domain as
able and so i¥. Consequently, we readily deduce-P’ Axiom E1 and a slight variant dE2 were already presented
using a completeness theorem we prove for the simple tem-by us in [21]. AxiomE2 helps to compensate for the lack of
poral logic subset and then obtain-3Y.P’. From thisand  backward induction onxintervals since they have no final
the earlier equivalende P = 3Y. P’ we easily deduce —P. state from where to start. Axiof3 is new and intended
In order to establish completeness, suppose @as for reasoning about am-interval spanned by a number of
some arbitraryalid formula which we wish to deduce as consecutive subintervals, each having its own instancae of a
a theorem. We first universally quantify any free staticvari existentially quantified variable. A single existentiakiva
ables in it to obtain a new formul@ which is valid iff Q able for the overalto-interval is obtained by sequentially



fusing those of the subintervals together. In order to ensur Proof (outline) From the extended system a complete ax-
that fusion is possible, Axiore3 works in a forward direc-  iom system is deduced for a conventional quantifier-free
tion by requiring that within each iteration, the assoaate temporal logic. We use AxiomBasic, P8, P10and P11,
existential variable can initially equal any value in itdala Inference RuleMP andO0Gen and versions of Theorems
domain so that it is able to start with whatever value the cor- T2 andT3 proved for the extended system. O
responding variable in an immediately preceding iteration

ends with. This axiom enables the construction of various L8émma 6.4 For any formula P (even one containing quan-
auxiliary variables needed for the completeness proof. tifiers and interval constructs) satisfied by all finite intals

Let us illustrate the use of AxiorE3 with a small ex- (-8, =<« P), the formula finited P is a theorem in the ex-
ample in whicha be a boolean static variable aBdoe a  tended system (i.é-«, finite 5 P).
boolean state variable. Here the form#&as taken to be
finiten OB A O —B:

F inf A (va.3B.(B=anxfiniten ©B A ©-B))"
> Vva3B.(B=anx (finitenOBAO-B)*) .

Proof (outline) The completeness of the original ITL ax-
iom system ensures thBtis a theoremin it, that i$; <, P.

We then perform induction on the size of the proof to obtain
F< finite D P. 0O

Claim 5.1 The extended axiom system is sound. We now examinehop-automatéor recognizing both fi-

nite andw-intervals. These are modified versions of con-
ventional finite automata tailored for use with ITL. We
adapt Kesten and Pnueli's techniques (based on Buichi [3,4])
for representingo-automata in QPTL [15]. Unlike them,

we also consider finite intervals and omit past-time.

We now let the notationg= P and+ P respectively de-
note the validity and theoremhood®in the extended sys-
tem over both finite andrintervals. The more explicit but
equivalent notations=<(, P andt<, P are sometimes used
instead. The notations—(, P and, P refer to the orig-
inal syntax, semantics and proof system presented earlieDefinition 6.5 (Chop-automaton) A
and limited to finite intervals.

Here are two representative ITL theorems:

o P ainf = ((P* Afinite); (P ainf)) v P®
Foinfa(waP)* D> (Pafinw)* .

(nondeterministic)
chop-automator for finite andw-intervals is a sextuple
(V, K, m, 6, T, F) for which

e V is a possibly empty finite set of boolean and numeri-
cal state variables,

K is a nonempty finite set alitomaton states

Jo € K is theinitial state

e & is the transition function mapping Kx K to
guantifier-free state formulas over variablesin V,

T is thetermination functiormapping K to quantifier-
free state formulas over variablesin V,

e F C K is the set ofinal states

The appendix contains a number of ITL theorem with
proofs.

6. Completeness and Automata fow-Intervals

The extended axiom system’s completeness proofis sim-
ilar to Theorem 4.1's given in 84.2. However, automata
suitable for both finite andrintervals are required. Before
introducing them, we mention four lemmas:

We assume here thKtis a subset of the natural numbers.
Let us now define the notions ofran andan accepting

Lemma 6.1 (Relative completeness for static variables) ~ run of a chop-automaton on an interval:

If all valid formulas without static variables are theorems

_ Definition 6.6 (Run and accepting run) A run of a chop-
so are those with them.

automataq over an intervalo is any finite orw-sequence

Hence the basic completeness proof can assume formulag of one or more elemenis, ... in which for each two
have no static variables. We also assume that any formulsadjacent automaton statgs and pi;1 the interval state
to be translated into an automaton is inamal form o; satisfies the transition formula(p;,pi+1), (i.e., 0i =
3(pi, Pi+1))-

Arunpis called anaccepting rurof the chop-automaton
A over the finite intervad if the run’s initial statepg is oo
and o’s final stateo|y satisfies the termination condition
of the run’s final automaton staggg, namelyt(pg)). In
addition, the automaton accepts arrun iff at least one of
the final states in F occurs infinitely often in the run. This

Lemma 6.2 (Normal form) For each formula we can de-
duce an equivalent one with no new variables and in which
each equality is of the form=¢ ¢, where v is numerical and

¢ € domain(v). If the original formula is the simple tempo-
ral logic defined in §3.5, so is the normalized one.

Lemma 6.3 (Theorems of simple temporal logic)Any

valid quantifier-free formula in which the only temporal
constructs used are, O and others derivable from them is
a theorem.

is the well-known Biichi acceptance condition.
We say thatq acceptsan intervalo if there is at least
one accepting run oves.



Note that onlyt is used for accepting finite intervals and

only F is used for infinite ones. We say thatacceptsan
intervalo if there is at least one accepting run oger
LetY be some numerical state variable noViand with

whereP is an arbitrary ITL formula. The proof is done
inductively on the syntax d®.

For a quantifier-free state formulg the automatorga®
hasV equal the set ofv's variablesK = {0,1}, qo = 0 and

K C domainY). The next formulaacc r*(Y) expresses
both finite and infinite accepting runs of automatan

F = {1} with  andt as follows:

5(0,0): false ©(0,1): w
def 0(1,0): false 9(1,1): true

1(0): w T1(1): true

acc r(Y)
Y = qo A B3(Y,0Y)
A (if finite then fimr(Y) else0OY € F) .

Here is how to construct an automat@R¥® for the for-
mulaP v Q. Assume by induction tha®” and 4% areP’s

, _ o andQ’s respective automata with disjoikt® andK?Q. We
Unlike conventional finite automata, a chop-automaton yanote the individual parts of the automataR recogniz-

usest to test a finite interval’s very end without advancing. ing formulaP asVP, KP, etc. and denote the parts.aR in
This permits operators such elsopto be represented. a similar manner. The following is a suitabf&Q:

V =VPUVQ K =KPUKQU{qo}, F=FPUF® ,
for some new start statg not inKP UKQ,
P(df,q), forg=qoandq €KP

The completeness theorem requires that we can prove the 6Q(qu7q/), for = qo andq € K°

(

falsity of any ITL formula that corresponds to an automaton 3(9,q) : &(q.q), fora,q eKP
having no accepting runs. The proof is analogous to the one

6.1. Testing for Emptiness of Automata over Finite
and w-intervals

Q(q, for q,q € KQ
used for the finite-interval proof system. (a.9). a9 <
false otherwise
Lemma 6.7 If 4 has no accepting runs, then—X". TP(q(F)’) v TQ(qu), forg=qo
. P P
Proof Suppose that? has no accepting runs. The fol- T(a): TQ(Q), forqe KQ
lowing formula is valid and so an immediate theorem by ©=(q), forqek

Lemma 6.3: The next automatorisP accepts two-state intervals:

V={},K={0,1}, qo=0, F = {}

5(0,0): false 9(0,1): true T1(0): false t(1): true
0(1,0): false 9(1,1): false

o —accr(Y) .

HereY is a numerical state variable not \h with K C
domain(Y). By introducing an existential quantifier, we
have the next theorem:

Here is an automataA="" for recognizingdv. P:
V =VP\{v}, K=KP, go=qf, F=FF
Sad): \ Fad)y ta: \/  taf

cedomain(v) cedomain(v)

F —3Y.acc r(Y) .
This reduces to our immediate goal:—X2. O

Note that the operatdy denotes set difference and ensures

here thal does not include. In additionv does not occur

Let us look at automata for a basic set of ITL con- in any of &'s or T's elements. Instead, we use an explicit
disjunction of all possible valuascould assume.

structs from which all others can be expressed. Here is a )
To construct an automaton f8r Q, assume without loss

suitable list of formulasw (quantifier-free state formula), . P <
P Q, —P, v.P, skip, andP; Q. These constructs are ones of generality thakP andK® are disjoint sets. Here are the
[T e values used fog":Q:

most readily translated to automata and are generally modi- o o o o
fied versions of ones for finite intervals (see conference pa- V =VPUVQ, K =KPUK®?, qo=df, F =FPUFQ? |

6.2. Constructions forw-Automata

per [24]). The only exception is negation which is much &P(a,9), forg,q € KP
harder forw-intervals. A version of ITL Theorer10 in 5(a,q), forg,q € K
§4.2 is deduced to expresisop-starusing other operators. ~ 8(a,q): { p Q. ). § KP o € KQ
Let us abbreviatacc r?" (Y) asacc rP(Y) andx? as U (a) 1 &%(dg. ), forge S04
XP. In general we wish to deduce the following: false otherwise
_ ™(g) A 19(q), forqe KP
FP=x", T@: °(a) for qe K



The treatment of negation requires a major modification

of the techniques for finite intervals. The reason is that Table 1. Buchi-, Rabin- and Streett-

complementing ano-automata is much harder than com- acceptance conditions for  w-automata

plementing a conventional one. We now look at this.

6.3.-Automata for Negation T)_/_pe . Notation Sema_nt|cs in temporal logic
Bulichi FCK inf AOQOY €F

Rabin V/;(Li A =U;) inf AV (BOLi(Y) A 0O-Ui(Y))

Following Kesten and Pnueli, we use Safra’s algo- )
Streett A\i(Li D Uj) inf A A (TOLi(Y) D OOU;(Y))

rithm [29] (see also Thomas’ discussion in [32]). This is
a nontrivial but elegant variation of the standard method of
complementing an automaton by first constructing a deter-
ministic version of it. Our purpose is not to give an exposi-
tion and justification of Safra’s methods but rather to embed
them in ITL. Consequently, where appropriate we can rely
on certain intermediate results proved by Safra. The full
paper describes the embedding in detail.
Safra’s algorithm makes use of two intermediate

automata which are themselves not Biichi-automata. It first6.3.1 A Version of Kénig’'s Lemma

produces from the original automaton, say, adetermin- . ) bR
istic Rabin-automatondenoted heregPR, which accepts Safra uses Konig's Lemma in order to re!a18 and 2=
an interval iff it is anw-interval accepted bya®. This We now consider a restricted version of it suitable for our

let t1(q) = false Finally, use the construction fdogical
disjunctionto obtain a new automatad ™ which recog-
nizes the union of the languages of the two autonf#tand
4NB, Our goal is achieved: 4P = -4P.

is the most subtle part of the construction. Deterministic PUrPOS€es:
Biichi automata are not adequate since they have strictly

less expressiveness than nondeterministic ones. TheRabinLemma 6.8 Assume a forest of n trees for somz d con-

automatonPR is then readily complemented to produce taining altogether a countably infinite number of nodes.
a deterministic Streett-automatpdenoted herea®S. Fi- Some trees can however be finitary. If at each level of depth
nally an equivalent conventional nondeterministic Blichi- there art? exactly n node_s among all the trees, then at least
automaton, denotedB, is obtained with only a little effort one tree’s root has an infinite path of descendant nodes.

from 4PS, The automatomaNB achieves the goal of rec-
ognizing the complement of the original automaton’s lan-
guage overintervals. Therefore, the correctness of the
algorithm leads to us having XNB = (inf A —xP).

The only difference between Biichi-, Rabin- and Streett-
automata involves the acceptance conditions used. Instea
of having a single set of final statés Rabin- and Streett-
automata both include a finite number of pairs of sets of
states(L;,U;). Table 1 shows all three variations of accep-
tance conditions together with a convenient notation use
to denote each as well the semantics given as an ITL for
mula for use imacc r, X and any related constructs. We let
Li(Y) andU;(Y) denote state formulas containilfgas the -
sole free variablei denotes a constant in this context).

Inlorder(tjo gmbed _Sr?fraﬁ algquthm ih our cr(:ml?lﬁten.ess Its proof inductively constructs a path from some root node
result, we deduce within the axiom system the following ;, e initial state (level) and needs the following ITL the-

logical equivalences: orem ensuring that one of them has descendants on every

To express this in ITL, leD andL be numerical state vari-

ables withD ranging over then values O,..., n—1 andL

ranging over 0, .., n> — 1. We havel. encode a vector of

n values each ranging over 0, , n— 1. LetL|i] denote its

i-th element. We can define this using nested conditional
erms. The behavior df over anw-interval corresponds

to a forest described in Lemma 6.8. Specifically, if in some

state (level) we havkli] = |, then nodg in the immediately
previous state (level) acts as the father of nbddodes in

dthe initial state are roots. The next ITL theorem expresses

“Lemma 6.8’s guarantee of an infinite path’s existence:

inf > 3D.0(D =OL[D)).

Finf AXP=XPR  Finf 5 XPR=—xPS | xPS=xNB, later level:
After all this, we still need to obtain an automaton which ac- Foinf > Val)
cepts the complement 1P on both finite ando-intervals. i<n

A new automatord " is therefore defined in the manner
now described. Lef?’ be the negated automaton for finite
intervals. Let the set of final staté€s$ in 4’ be empty. Con- de
struct ANB using Safra’s algorithm and for eache KNB, oi) = m(finite > ID.(D=irB(D= OL[D]))) :

whereq(i) is defined below:

=+



We also require that if a node has this property, so does6.4. Conversion of a Blichi-Automaton to a Deter-

some immediate descendant:
Foinfag(j) D O\/(L[i] =] A(p(i)) .
i<n
The following ITL theorem then incrementally constructs a
suitableD:
- 9D. (D — mini. (i)
» D getsmini. ((OLi]) =D O(p(i))) ,
wherei’s domain is the same d¥'s. For a static numerical

variableu, the term minu. P is defined to denota’s mini-
mum value satisfying the formuRor O if none exists. Itis

ministic Rabin-Automaton

The full paper considers the various typeswéutomata
needed in Safra’s construction and their relation to one an-
other. Here we only overview the first and hardest step in
the process. Let us start with the form#and its automa-
ton 4" which we seek to complement. We ignore the termi-
nation conditiort since it is irrelevant onv-intervals. A
deterministic Rabin-automato®®R is now constructed us-
ing Safra’s algorithm. Our presentation only explicitlyadte
with those features of the construction which are relevant
here. The reader should refer to Safra’s paper for further
details. Safra establishes that every accepting rua5t

easily expressed using conditional terms. The proofs of thehas & corresponding accepting rundt (sopndnes“s) and
theorems given here are in the full paper. The next impor- vice versa ¢ompletenesy. These properties can both be

tant observation is exploited:

Lemma 6.9 For any formula@(finite D P), there exists a
deterministic automatorfl for finite intervals (i.e., F =
{}) with the following deducible equivalence:

- O(finite > P) = 3Y. (Y =qo A ®3(Y,0Y) A OT(Y)) .

Here Y is a numerical state variable not in®and with
KA C domainY).

The right formula is much simpler to reason about since
there is only one quantifier and its body is in simple tempo-

ral logic. Furthermor&’s behavior is deterministic.

Proof (Outline) Let 4 be an automaton corresponding®o
for finite time. We prove its existence in the full paper as

represented in ITL by formulas which are guaranteed to be
valid by Safra’s original proof of correctness:

soundness oflPR:
completeness ofiPR:

= XPR > inf A XP |
= inf AXP D XPR |

We need to ensure that both of these formulas are deducible.
In the full paper, suitable constructions are given and the-
orems are proved for the deterministic Streett-automaton
4PS and the nondeterministic Buichi-automatah®.

As with other automata here, we represent the states of
the deterministic Rabin automatgt?R as natural numbers.
In addition, in line with Safra’s construction, the Rabin au
tomaton has an associated nonempty, finite set denoted here
aslabels The labels are taken to be some initial segment
of the natural numbers. Each stajee KPR of the Rabin

part of Theorem 4.1. Without loss of generality, assume automation has a nonempty setde$q) C labelsequaling

that 4 is deterministic. This is also provable in ITL. Now
we express the subformufain @(finite > P) using4:

F D(finite D P)
@ (finite:> Y. (Y = do A BE(Y,0Y) A fin r(Y))) .

The deterministic behavior offt ensures that all runs start-

a set ofnodesassociated witly. Each ofg’s nodes is col-
ored eithemwhiteor greenwith the possibly empty set ofs
green nodes denotegieer(q). The full proof requires some
further information about the internal structure of the e®d
but we do not describe this here.

We can omit the details of Safra’s transition function
8PR(qg,q) and just assume it exists. Safra also defines the

ing from a given automaton state are identical in any of their particular acceptance condition of the Rabin automaton, de

common interval states. Therefore a single instancé isf

sufficient and we can export most of the behavior outiof
- (finitej Y. (Y = o n BS(Y,0Y) A fin T(Y)))E
3. (Y = o A B3(Y,0Y) 2 B(finite > fin T(Y))).

We then re-express the subformaléfinite > fint(Y)) in
simple temporal logic:

F O(finite > fint(Y))

oY) .

Combining these steps leads to the desired goal.

noted here in ITL asc®R(Z), to ensure that some node
is eventually always associated with each automaton state
and that this node is infinitely often green:

o
Pl

e

acP®(z) = infa \/ (OOLa(2)A00-Un(2)) ,

nelabels

whereLn(Z) andUn(Z) are defined as follows:

Ln(Z) Lhe greer(Z) , Un(2) “h Znode$Z) .

INot to be confused witlogical soundnessf a proof system.
2Not to be confused wittogical completenessf a proof system.



We can re-expressc®R(Z) in the manner given below:

FacPR(z) =
inf A \/ (¢Onenode$Z) nOOnegreen2)) .

nelabels

This formula is valid and so a theorem by Lemma 6.3.
Here is the definition of an accepting runaPR:

Qo
=

e

accrPR(z) = zZ=05RArun®R(2) racdR(2) ,

def

whererunPR(z) = m&PR(Zz, 0Z).

6.4.1 Soundness of the Deterministic Rabin-

Automaton 4°R
The proof 0of4PR's soundness has the following five steps:

1. Expression 0fiPR’s acceptingo-runs as a disjunction
in which each disjunction tests one pairlgfandU;.

2. Splitting of an acceptingo-run of 4PR into a finite
prefix and aw-suffix with

On e node$Z) A O<n e greer(2).

3. Synthesis of finite run ofa” from finite prefix of
APRs run.

4. Synthesis ofo-run of 4° from rest of2°R’s run.

5. Fusion of these two runs into an accepting ruciBf

6.4.2 Completeness of the Deterministic Rabin-
Automaton 4°R

Here the numerical variabks data domain is the same as
Z's. The automaton stagsR can be selected as the initial
state. This together with (6.1) then permits the subformula
Z gets tto be replaced by the formutan®R(2):

o Fa(Z=gRArun®R(2)) . (6.2)
Proof of existence of accepting run ofaPR  Safra proves
that any accepting-run of the original automatoa®” guar-
antees that the correspondiagrun of 4PR is also accept-
ing. This can be expressed by the following valid formula
which by Lemma 6.3 is also an immediate theorem:

Finf race rP(X) A Z=g5R ArunPR(Z) > acPR(Z) .

This together with (6.2) and some reasoning about quanti-
fiers leads to the existence of an acceptimgun for 4PR
from any acceptingo-run of 4°:

F inf A 3X.acc rP(X)
o 3Z.(Z=g5R ArunPR(Z) racPR(Z)) .
This is re-expressed as our goal of automaton completeness:

FoinfaxP o> xPR.

In the full paper we use the results mentioned here as
part of a detailed analysis establishing completeness:

Theorem 6.10 (Completeness of the extended system)
Any ITL formula which is valid for all finite and-intervals
is a theorem of the extended axiom system.

Deduction of the completeness of the Rabin-automaton7. Discussion

4PR requires ensuring that for any acceptmgun of 47,
some acceptingo-run of 4PR also exists. Due to its de-
terministic behavior4PR has a run on every finite and-
interval starting with any desired automaton statd R

The completeness proof currently uses numerical state
variables in the representation of automata. For ITL with
only finite intervals, one can restrict all variables to login

We use this to first show that for any interval there exists a pqglean and encode numerical ones. In fact. this is exactly

run of 4PR with the initial state beinglyR. However, this
run is not necessarily accepting. Therefore we establesh th
if 4 has an accepting-run, than the associatectrun of
APR starting in automaton statgR is also accepting.

Synthesis of run of 4°R  Every automaton state o1°R

is deterministic. Therefore, the behavior of a run can be

expressed as the formulagets twheret is a conditional
term readily build using the transitions specified &R.
For each value irZ’s data domain not irkPR, we havet
act as the identity function. The following valid formula
formalizest’s behavior and is a theorem by Lemma 6.3:

F zekKPR 5 Zgetst= run®R(z) . (6.1)

We then deduce an ITL theorem which in essence computes

a suitableZ for 4PR in any interval:

F 3Z.(Z=anrZgets) .

10

what Kesten and Pnueli do in their proof for QPTL ouer
intervals. However, our Axionk3 for w-intervals loses its
simplicity if an encoding is done since it can require a sin-
gle numerical variable be replaced by several boolean ones.
We are looking at a pair of alternative axioms without this
limitation to use instead d£3:

Foinf > 3v.d(finite O (finv) =t)
FoinfA(O3vP)* D 3v(OP)",

where the state variabledoes not occur in termhand has
domain(t) C domain(v).

In [22] we look at a compositional axiom system for tem-
poral projection over finite intervals which is claimed to be
complete. We would also like support farintervals.

Hale [11] first studiedramingin ITL. In ITL, if a state
variable does not change value, this must be made explicit.
Framing makes this implicit and shortens specifications. A
complete axiom system for framing would be helpful.
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A. Some ITL Theorems for the Extended Ax-
iom System

In this appendix we use the extended axiom system tog |
deduce a number of ITL theorems abaxintervals. Many

of the theorems are also applicable to finite intervals ak wel
However theorem37 and T8 mentioned in 84.1 depend

on time being finite and are therefore not theorems in thegt13 -

extended system. Versions of them which explicitly require prgof:
finite time can be expressed and proved.

Here are a number a theorems and derived rules whichp

have corresponding finite-time versions.

ET4 + DPOP) > (PQ) > (P;Q
EDR1 FPO>P = +P,QD>P;Q
EDR2 - P=P = F P;,Q=FP;Q

ET5 + (PvP);Q = P;QvP;Q

ET6 + (OP);Q = (P;Q)

EDR3 FPD>Q = FOPD>OQ

ET7 F  OP D> more

ET8 + skip D more

ET9 F+ Omore D> -—skip

Below are some theorems and proofs specifically ob-
tained from the extended axiom system. We Bsep to

denote propositional reasoning.

ET1I0 + inf = Oinf
Proof:
1 Finf = truefalse def. ofinf
2 + true = morev -more Prop
3 + true = morevempty 2,def. ofempty
4 I true;false 3,EDR2
= (morev empty;false
5 F (morev empty;false ET5
= morefalsev emptyfalse
6 + emptyfalse = false P5
7 + morefalse = (Otrue);false def. ofmore
8 F (Otrue);false ET6
= O(true;false
9 F O(truefalseg = Oinf def. ofinf
10~ inf = Oinf 1,4-9Prop
ET11 + inf > skip
Proof:
1 Finf = Oinf ET10
2 Foinf = skiginf def. of O
3 Fskip D> more ET8
4 + skip D skipa more 3,Prop
5  skipinf > (skipa more);inf 4EDR1
6 Finf > (skipn more);inf 1,2,5Prop
7 + O(inf > (skipa more);inf) 6,0Gen
8 Finf ainf E2

A8(inf > (skipa more);inf) > skig"

12

9 +inf > skipf
ET12 + inf > more
Proof:
inf = Oinf
2 - Oinff > more
Finf O more
inf D> Oinf
1 +inf = Oinf
Finf O Oinf
3 FOinf > @inf
4 Finf O @inf

5 F O(inf D @inf)
6 F inf AO(Inf D @inf)

10+ inf

ET14 +
Proof:

Finf =
F inf
F Oinf
F Omore D
Finf DO

inf

O owWwNPEF

ET15 +
Proof:

1 Finf D
2 Fskip D
3 Fskip D

ET16 |
Proof:
1+ skip D

2 + finite;empty
finite;empty
4 +skip O <empty

3 Fskip D

ET17 +
Proof:
1 Finf
2 - —-more D
3 Fempty D

skip D

skip

O Oinf

O  Oinf

D —skip

Oinf
D  more

> Omore
—skip
—skip

—skip
—-inf
finite

finite

D <empty

finite

= finite

empty O

> more

—inf
finite

ET18 F <finite D

Proof:

1 +inf > Oinf

2 Finf > —<C-inf
3 FC=-inf O —inf

4 F Ofinite D

finite

finite

finite

7,8Prop

ET10
ET7
1,2Prop

ET10
1,Prop
P10
2,3Prop
4,0Gen
P11

5,6 Prop

ET10
ET12
2,EDR3
ET9
1,3,4Prop

ET14
1,Prop
2.def. offinite

ET15

P6
1,2Prop
3,def. of&

ET12

1,Prop

2,def. ofempty
def. offinite

ET13

1,def. of O
2,Prop

3,def. offinite



