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Part |
Imperative Reasoning proofs

Proofs taken from
Ben C. Moszkowski. “Imperative Reasoning in Interval Temporal Logic”, Internal Report, University of
Newcastle upon Tyne.

1 A Proof System

1.1 Propositional Axioms and Inference Rules

The proof system uses a number of the propositional axioms suggested by Rosner and Pnueli but also
includes our own axioms and inference rules for the operators @ and chop-plus.

- All substitution instances of valid propositional PTL
chop-free temporal logic formulas for finite time
F (f;g);h="f;(g;h) ChopAssoc
= (fVf)igD(fig)V(fiig) OrChoplmp
- fi(gVve)D(fig)V(fia) ChopOrlmp
F empty;f=f EmptyChop
o fempty=f ChopEmpty
= @(f O A)AD(g D @)D (fig) D (hia) BiBoxChoplmpChop
F wDDw StatelmpBi
F Of D -0~f NextImpNotNextNot
FoOf D @) AfDOOf BoxInduct
F ft=fV(f Amore); f* ChopPlusEqv
H f>g, F f = F g MP
H f = + Of BoxGen
F f = F @©f BiGen
Instead of ChopPlusEqv one can use
- f*=empty V (f A more); f* ChopStarEqv

1.2 Propositional proofs

Before we prove some theorems, it is worth mentioning a few useful theorems and derived rules. They are

all solely based on propositional logic and temporal logic without chop and we omit their proofs.




A D 6K, ,..., Ffi.1 D fh= Ff D, ImpChain
Fh=6h, ,..., Ffhi=f= L=, EqvChain
Fh.Eh, ..., Hf, = kg, Prop
where the formula A AL A ... f, D g
is a substitution instance of a propositional tautology

2 Propositional Interval Temporal Logic Theorems

2.1 Basic ITL Theorems

AndChopA
F (FANR);gDf; g AndChopA
Proof:
1 - FARDT PTL
2 F @(fFAR D) 1, BiGen
3 F O(fANADIF)D(FAR); g D f;g 2 BiChoplmpChop
4 F (FAfi);gDfig 2,3, MP
qed

The following related theorem has a similar proof:

AndChopB
F (FAfR);gDh;g AndChopB
Proof:
1 F fARDA PTL
2 F @mO(f AN D A) 1, BiGen
3 F mO(FfAfR D AR)D(FAR);g D fi;g 2 BiChoplmpChop
4+ (fANR),gDh:g 2,3, MP
qed
NextChop
F (Of);g=d(f; g) NextChop




Proof:

1 F (skip;f);g=skip;(f;g) ChopAssoc
2 F (Of);g=90(f; g) 1,def. of O
qed

BiChoplmpChop

F B(f > A)D(fig) O (hig) BiChopImpChop
Proof:
1+ gdg Prop
2 - O(g D g) 1, BoxGen
3 F m(f D A)AO(g D g)D(f;g) DO (fh:g) BiBoxChoplmpChop
4 = O(f > A)D(Fg) O (h:g) 2,3, Prop
qed

BoxChoplmpChop

F O(g D ga)D(f:g) D (f &) BoxChoplmpChop
Proof:
1 + fOf Prop
2 F m@(f>f) 1, BiGen
3 F @(f O f)ADO(g D gi)D(f;g) O (f;g) BiBoxChoplmpChop
4 F O >a)D(fig) D (fie) 2,3, Prop
qed

LeftChoplmpChop

FHf D h = Ff,gDhf.g LeftChoplmpChop
Proof:
1 - fDOh given
2 b O(f o f) 1, BiGen
3 F Of DA)DFf;g D fi;g BiChoplmpChop
4 - f,gDh;g 2,3, MP
qed



RightChoplmpChop

Fe Da = FfigDfa RightChoplmpChop
Proof:
1 goa given
2 F Og O &) BoxGen
3 F O(g > ea)>d(f;g) D (f;g) BoxChoplmpChop
4 - f,gDf & 2,3, MP
qed

Here is a derived rule that is a corollary of RightChoplmpChop:

RightChopEqvChop

Fe=g1 = Ff.g=f, & RightChopEqvChop
Proof:
1 - g=g given

2 FgDOag = tf;g > f;g RightChoplmpChop
3 gt Dg = bFf;g DO f;g RightChoplmpChop
4 Fg=g = Ff,g=Ff, & 2,3

qed

ChopOrEqv

F fi(gvel)=figVfia ChopOrEqv

The proof for C is immediate from axiom ChopOrlmp.

Here is the proof for the converse:

1+ gogVva Prop

2 F f,g>f;(gVe) 1, RightChoplmpChop
3 F @aDgVa Prop

4+ f,eaDf;(gVe) 3, RightChoplmpChop
5+ figVf;gDfi;(gVe) 24 Prop

qed

OrChoplmpRule

FHf D AVE = Ffig D (hig)V(hig) OrCroplmpRille




Proof:

1+ fOARVHA given

2 - f;gD>(AVvh);g 1, LeftChoplmpChop
3 F (fVvh),;g=f;,gVfh,g OrChopEqv

4 + f,;gd(h;g)V(h;g) 23, Prop

qed

OrChopEqgvRule

FHf=fVh = Ff,g=(f;g)V(h;g)

OrChopEqgvRule

Proof:

1 f=HVH given

2 - f,g=(AVh)g 1, LeftChopEqvChop
3 F (fVHh); —ﬂ,g\/fz;g OrChopEqv

4 = f; g%z(ﬂ g)V(hi;g)  23,EquChain

qed

NextlmpNext

FHfF D g = FOf D Og

NextImpNext

Proof:
1 F ng given
2 = 0(f > g) 1, BoxGen
3 F O D g)D(skip;f) D (skip;g) BoxChoplmpChop
4 +  (skip; f)D(sklp g) 2,3, MP
5 F Of>Og 4,def. of O
qed
NextImpDist
= O(f D g)D>Of D Og NextlmpDist
Proof:




—|(f D) g)E f/\—|g

skip; =(f D g) =skip; (f A —g)
fogVv(fA-g)

skip; £ D (skip; g) V (skip; (f A —g))
—(skip; (f A —g)) D (skip; f) D (skip; g)
—(skip;; ~(f D g)) D (skip; f) D (skip;g)
-O=(f D g) DOf D Og
O(f D g)D—|O—|(f > g)
O(f D g) D0Of D Og

O© 00 N0, WN K
T T T T T T T T T

QO
[0]
o

ChoplmpDiamond

Prop

1, RightChopEqvChop
Prop

3, ChopOrlmpRule

4, Prop

2,5, Prop

6, def. of O
NextlmpNotNextNot
7,8, Prop

HF f,gD<g ChoplmpDiamond
Proof:
1 F  f Dtrue Prop
2 - f;g>Dtrue;g 1,LeftChoplmpChop
3 F f;g0%g 2,def. of ©
qed

NowlmpDiamond

F FOOf NowlmpDiamond
Proof:
1 - empty;f=f EmptyChop
2 F  empty D true Prop
3 F empty;f Dtrue;f 2, LeftChoplmpChop
4 + fDtrue;f 1,3, Prop
5 F FfOOf 4, def. of ©

NextDiamondlmpDiamond

F OO FDOOf

NextDiamondlmpDiamond
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Proof:

1 F  (skip;true); f =skip; (true; f) ChopAssoc

2 F  (skip;true); f=0O3f 1,def. of O,

3 F  (skip;true);f D OF ChoplmpDiamond
4 - OOCFOOf 2,3, Prop




qed

BoxImpNowAndWeakNext

F OfofAa®Of

BoxImpNowAndWeakNext

Proof:

—

af OO f

- O=fDf
OF>f

OO —=f DO f

= O af DO Af
O1=0f D OO Af
O——=C~f DO ~f
OoO-0f O <o ~f
-<Oaf OD-0-0f
Of>o®@Of
Of>fA®Of

H = O 00 ~NO O~ WD
T T T T T T T T T TT

Ne]
(0]
o = O

BoxIlmpBoxRule

NowlmpDiamond
1, Prop

2,def. of O
NextDiamondlmpDiamond
Prop

5, NextimpNext
4,6, ImpChain
7,def. of O

8, Prop

0,def. of O,®
3,10, Prop

Ff D g = FOf D> 0Og

BoxImpBoxRule

Proof:

1+ fDg given

2 F —g>D-f 1, Prop

3 F O(-g D —f) 2, BoxGen
4 + O(-g D —f) D (true; ~g) D (true; ~f) BoxChoplmpChop
5 F true; g D true; f 3,4, MP

6 F O—agDof 5,def. of <
7 —|<>—|f3—\<>—\g 6,Pr0p

8 - Of>0Og 7,def. of O
qed

BoxImpDist

F O(f D g)>0f D Og

BoxImpDist




g>-g DO f Prop
D g)D0O(-g D —f) 1, BoxImpBoxRule
g D —f) D (true; ~g) D (true; =f) BoxChoplmpChop

\l@(.ﬂ-h(}dl\)l—l_ao
TTTTTTTS
O

D g) D (true; ~g) D (true; —f) 2,3,Prop
O(f D g)DC—-g D O~f 4, def. of ©
a D g)D0af D 0g 5, Prop
O(f > g)o0f D Og 6, def. of O
qed
DiamondEmpty
F O empty DiamondEmpty
Proof:
1 F  true Prop
2 F  true;empty =true ChopEmpty
3 F  true;empty 1,2, Prop
4 = <Oempty 3, def. of ©
qed

Here are some use derived rules for linear time temporal logic. We omit their proofs:

FHf=g = FOf=0g NextEqvNext
r FfFAg D h = FOfFAOg D Oh NextAndNextlmpNextRule
| FHfFANg=h = FOfANOg=0Oh NextAndNextEqvNextRule
FHf=g = FO®f=@g WeakNextEqv\WeakNext
HfF D g = FOFf D Og DiamondImpDiamond
Hf=g = FOF=0g DiamondEqvDiamond

10



FHf=g = FOf=0g

BoxEqvBox

-fAg DO h = FOfAOg > Oh

BoxAndBoxImpBoxRule

HfAg=h = +FOfAOg=0h

BoxAndBoxEqvBoxRule

Hf D g, FmoreANf D Of = Ff D Og

BoxIntro

HfA-g) D Of = Ff D Og

DiamondIntro

Hf D Of = F=f

NextLoop

I_f/\—|gDOf/\—|Og = l_ng

NextContra

F®Of > f = Kf

WeakNextBoxInduct

Fempty D f, FOf D f = kf

EmptyNextInducta

Fempty A\f D g, FO(f D g)ANf D g = FfDg

EmptyNextInductb

HfF D g = Ffinf D fing

FinlmpFin

Hf=g = Ffinf=fing

FinEqvFin

HFAg D h = tfinfAfing D finh

FinAndFinlmpFinRule

11




HFHfFAg=h = FfinfAfing=finh FinAndFinEqvFinRule

FHf=g = Fhaltf=haltg HaltEqvHalt

Note that ImpChain can be viewed as a special case of Prop. If desired, a deduction theorem can also
be proved.
We now give proofs of some derived inference rules and theorems:

BilmpDilmpDi
F@(f D g)Dof D Og BilmpDilmpDi
Proof:
1 - O D g)D(f;true) D (g;true) BiChoplmpChop
2 F O(f D g)Dof DO &g 1, def. of ®
qed
DilmpDi
HfF D g = F&f D &g DilmpDi
Proof:
1+ fDg given
2 F  f;true D g;true 1,LeftChoplmpChop
3 F ©fDog 2, def. of ©
qed

Another corollary is the following:

BilmpBiRule

Hf D g = FOf D @g BilmpBiRule

fOog given

—-g D —~f 1, Prop

O g D Of 2, DilmpDi
—|®—|f3—|®—\g 3,PI’Op
OfOdg 4, def. of @

U'I-P(A)l\)l—l-ao
TTTTTS

qed
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LeftChopEqvChop

Hf=h = Ff,g=hf;g LeftChopEqvChop
Proof:
1 - f=£f given
2 F fDOHh 1, Prop
3 F f;gD>f;g 2 LeftChoplmpChop
4 - ADf 1, Prop
5 F f;gD>f;g 4 LeftChoplmpChop
6 - f,g=f;g 3,5 Prop
qed
Here is a corollary for the operator ©:
DiEqvDi
Hf=g = FOf=%0g DiEqvDi
Proof:
1 - f=£f given
2 +  f;true=g;true 1, LeftChopEqvChop
3 F ©f=0g 2, def. of ®
qed
Here is a corollary for the operator @:
BiEqvBi
FHf=g = FOf=0g BiEqvBi

=g given
-f =g 1, Prop
Saf =0 -8 2, DIEquI
—|®—|f5—|®—|g 3,Prop
Of=M0g 4, def. of @

U'I-POOI\.)I—‘éU
TTTTTS

qed

LeftChopChoplmpChopRule

Ff, g D g = kFf;g;h D g;h

LeftChopChoplmpChopRule

13




Proof:

1+ f,gdg given

2 - (f;g);hDg;h 1, LeftChoplmpChop
3+ (f;g);h=f;g;h ChopAssoc

4 - f,g;hDg;h 2,3, Prop

qed

AndChopCommute

- (FAh)ig=(hAF)g

AndChopCommute

Proof:
1 fANAR=AANT Prop

2 F (FAfR);g=(ANFf);g 1, LeftChopEqvChop
qed

StateAndChoplmpChopRule

FwAf DR = FwA(f;g) D (f;g)

StateAndChoplmpChopRule

Proof:

1 waAafDHf given

2 F (wAf);gDfi;g 1, LeftChoplmpChop
3 F (wAf);g=wA(f;g) StateAndChop

4 - wAf;gDfi:g 2,3, Prop
qed

StatelmpChopEqvChop

Fw D (F=f) = Fw D ((f;8)=(f:g))

StatelmpChopEqvChop

Proof:

1+ wOf=Hf given

2 F wAfDHf 1, Prop

3 F wAaA(f;g)D(fi;g) 2 StateAndChoplmpChopRule
4 - wAfRDF 1, Prop

5 - wA(fh;g)D(f;g) 4 StateAndChoplmpChopRule
6 - wD(f;g)=(f;g) 3,5 Prop
qed

14




ChopEqvStateAndChop

FHf=wAfR = FH(f,g)=wA(f;g) ChopEqvStateAndChop

Proof:

1 - f=wAhf given

2 F f,g=(wAf);g 1, LeftChopEqvChop

3 F (wWAfh);,g=wA(f,;g) StateAndChop

4 - (f,g)=wA(fh;g) 2,3, EquChain
qed

Dilntro

F FOOF Dilntro

Proof:

1 F f,empty="f ChopEmpty

2 F  empty D true PTL

3 F O(empty D true) 2, BoxGen

4 +  O(empty D true) D (f;empty DO f;true) BoxChoplmpChop
5 F f;empty Df;true 3,4, MP

6 - f;emptyD®f 5, def. of ®

7T F fOOFf 1,6, Prop
qed
The following is a corollary of Dilntro:

BiElim

Proof:

1 F AfD>0~f Dilntro

2 + (—|f D) ®_|f) D) (—|®—|f D) f) Prop

3 F - OfDF 1,2, MP

4 - mfOFf 3,def. of @

qed

The following is used in the proof of lemma BilmpDist:

15




BiContraPosIlmpDist

F @O(-g D ~f)D(Ef) O (Dg)

BiContraPosImpDist

Proof:
1 F @(-g D ~f)D(®-g) D (®-f) BilmpDilmpDi
2 IIl(—|g D) —|f)3(—|®—|f) D) (—|®—|g) 1,Pr0p
3 F O(-g D> f)D(0f) D (Dg) 2,def. of @
qed
BilmpDist
F o @(f O g)o(Ef) O (Dg) BilmpDist
Proof:
1L = (f>g)d(~g D> —f) Prop
2 b —=(-g D -f)D(f D g) 1, Prop
3 F O(=(ng D ~f) D ~(f D g)) 2, BiGen
4 + @(~(-g D ~f) D ~(f D g)) >
O(f D g) D O(~g D —f) BiContraPosImpDist
5 F mO(f O g)>@(-g DO —f) 3,4, MP
6 - mO(-g D ~f)D(Of) D (Og) BiContraPoslmpDist
7 F O D g)o(Df) D (Dg) 5,6, ImpChain
qed
OrChopEqv
- (fVvh),g=f;gVh;g OrChopEqv

The proof for C is immediate from axiom OrChoplmp.

Here is the proof for the converse:

1+ fOfVHA Prop

2 b f;gD(fVH): g 1, LeftChoplmpChop
3 F ADFfVA Prop

4 - f;g8D(fFVAH); g 3, LeftChoplmpChop
5 F f;gvf,gaD(fVfi);g 24 Prop

qed

16




IfChopEqvRule

Hf =if wthen fielse, = Ff;g=if wthen(fi;g)else(f;g)

IfChopEqvRule

Proof:

1 + f=if wthen fi else £, given

2 F f=WwWAR)V(-wAL) 1, Prop

3 F fig=(wAh);gvV(-wAf);g 2 0rChopEgvRule
4+ (wAh),g=wA(fh;g) StateAndChop

5 F (—wAfh),g=-wA(h;g) StateAndChop

6 F f,g=wAfi;g)V(-wAfh;g) 3,45 Prop

7 F f.;g=ifwthenfi;gelseh; g 6, Prop

Ne]
(0]
o

ChopOrimpRule

Fe D ;aVe = Ffig D (figa)V(fig)

ChopOrlmpRule

Proof:

1 - goaVe given

2 F f;gDf;(a1V &) 1, RightChoplmpChop
3 F f;(gvg)=rf,aVrF,g ChopOrEqv

4 = f,gD(f;a)VI(f;g) 2,3, Prop

qed

ChopOrEqvRule

Fe=g Ve = Ff,g=(fa)V (&) ChopOrEqvRule
Proof:
1 F g=a Ve given
2 F fig=f(a1V ) 1, RightChopEqvChop
3 F (fVfh),g=hf;,gVhrh,g ChopOrEqv
4 - f;g= (fl g)Vi(h;g) 2,3, EqvChain
ged
EmptyOrChopEqv
F (empty V), g=gV(f;g) EmptyOrChopEqv

17




Proof:
1 F (emptyVf);g=(empty;g)V (f;g) OrChopEqv

2 - empty;g=g EmptyChop
3 F (emptyVf),g=gV(f;g) 1,2, Prop
qed
EmptyOrNextChopEqv
- (emptyVOf); g =gV Of;g) EmptyOrNextChopEqv
Proof:

1 F (emptyvVOf);g=gV ((Of);g) EmptyOrChopEqv
2 F (Of);g=90(f;g) NextChop
3 F (emptyvVOf);g=gVvOf;g) 1,2, Prop

qed

EmptyOrChoplmpRule

Hf D emptyVh = FHf,;g D gV(h;g) EmptyOrChoplmpRule
Proof:
1 F fDemptyVf given
2 F f,gD(emptyVhf);g 1, LeftChoplmpChop
3 F (emptyVh),g=gV(fi;g) EmptyOrChopEqv
4 - f;gdgV(h;g) 2,3, Prop
qed

Here is a related lemma:

EmptyOrChopEqvRule

FHf=emptyVfi = Ff,g=gV(h;g) EmptyOrChopEqvRule
Proof:
1 - f=emptyVHf given
2 + fi;g=(emptyVf);g 1, LeftChopEqvChop
3 F (emptyVf);g=gV(f;g) EmptyOrChopEqv
4 - f,g=gVv(f;g) 2,3, Prop
qed

The following is a useful special case of EmptyOrChoplmpRule:

18



EmptyOrNextChoplmpRule

Hf D emptyVOfi = kFf;g D gVOf;g)

EmptyOrNextChoplmpRule

Proof:

1 F fDemptyVv Of given

2 - f;gD(emptyvOf);g 1, LeftChoplmpChop

3 F (emptyvOf),g=gVO(fi;g) EmptyOrNextChopEqv
4 + f;gDgVvVf;g) 2,3, Prop
qed

The following an analogous special case of EmptyOrChopEqvRule:

EmptyOrNextChopEqvRule

FHf=emptyVOfi = Ff,g=gV(fh;g)

EmptyOrNextChopEqvRule

Proof:
1 F f=emptyVv Of given
2 b f,g=(emptyvOf);g 1, LeftChopEqvChop
3 F (emptyVvOf),;g=gVO(fi;g) EmptyOrNextChopEqv
4 + f,g=gVvfi;g) 2,3, Prop
qed

Here is a corollary of ChopOrlmpRule:

ChopEmptyOrimpRule

Fg DemptyVgr = Ff,g D FfV(f;g)

ChopEmptyOrImpRule

Proof:

1 - gDemptyV g given

2 - f;g>(f;empty) V(f;g) 1, ChopOrlmpRule
3 F f,empty=f ChopEmpty

4 F f;gDfV(f;g) 2,3,Prop
qed

BoxStateChopBoxEqvBox

F Ow:O0w=0w

BoxStateChopBoxEqvBox

19




Proof for DO

1 F Ow=wA (empty VOOw) PTL

2 F Ow;0w=wA ((empty vOOw);Ow) 1, ChopEqvStateAndChop
3 F (emptyvOOw);O0w=0wVO(Ow;Ow) EmptyOrNextChopEqv
4 + Ow;Ow=wA(OwVvO(Ow;Ow)) 2,3, Prop

5 F a0w>D-wVvV-00Ow PTL

6 F (Ow;0w)A-0O0wDO0Ow;0w)A-00 4,5 Prop

7 F Ow:OwD>0Ow 6, NextContra
qed

Proof for C:

1 Ow=wAOw PTL

2 empty;Ow=0w EmptyChop

3 F (wAempty);Ow=wA (empty; Ow) StateAndChop

4 - Ow=(wAempty);Ow 1,2,3,Prop

5 F wAemptyDOw PTL

6 F (wAempty);OwDOw;0Ow 5, LeftChoplmpChop

7 F Ow>Ow:;Ow 4,6, Prop
qed

NotBoxStatelmpBoxYieldsNotBox

F -Ow>(Ow)r>-0w NotBoxStatelmpBoxYieldsNotBox
Ow;0w=0w BoxStateChopBoxEqvBox
Ow=--0w Prop

Ow;O0w=0w; 0w 2, RightChopEqvChop
ﬂDWD—\(DW;ﬂﬂDW) 1,3,Prop
—||:|WD(|:|W)V\>—|DW 4,def. Of?‘}

U'I-l>00l\)i—l-30
TTTTTS

BoxStateAndChopEqvChop

F OwA(f;g)=(0wAf);(OwAg) BoxStateAndChopEqvChop
Proof for O
1 - Ow=@80wW BoxStateEqvBaBoxState
2 F OwA(f;g)D2(0wAf);(OwAg) 1,BaAndChoplmport
qed
Proof for C:

20



SO~ N

qed

Ow
Ow); (OwAg)D(0w); (Ow)
w);(Ow)=0w
OwAf);,(OwAg)DFf;(OwAg)
f,(OwAng)Df;g
(I:lw/\f);(l]w/\g)DElw/\(f;g)

(
(
(O
(

T T T T T T

AF);(OwAg)D(Ow);(Ow A g) AndChopA

ChopAndA
BoxStateChopBoxEqvBox
AndChopB

ChopAndB
1,2,3,4,5,Prop

See also the lemma BoxStateAndCSEqvCS for chop-star.

StateEqvBi
F w=D0w StateEqvBi
Proof:
1 F w>D>Ow StatelmpBi
2 v @Ow>Dw BIElim
3 F w=0Ow 1,2, Prop
qed

DiNotEqvNotBi

|— <>—|fz—|II|f

DiNotEqvNotBi

Proof:

1 |_ IIIfE—|<>—|f def oflil
2 F ©~f=-0OFf 1,Prop
qed

DiEqvNotBiNot

F Sf =-0f

DiEqvNotBiNot

Proof:

1 0—f =—-®f def Of H|

2 F ®-—~f=-0@0~f 1,Prop

3 f=--f Prop

4 F Of=®-f 3, DiEqvDi

5 F &f=-0O~f 2,4, EqvChain
qed
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BoxAndChoplmport

F OhAf,gDf;(hNg)

BoxAndChoplmport

Proof

1+ h>og>(hng) Prop

2 F Oh>O(g D (hAg)) 1, BoxImpBoxRule
3 F O > (hAng)Df;g D f;(hAg) BoxChoplmpChop
4 - OhAf;g DF;(hAg) 2,3, Prop

qed

ChopAndBoxImport

F f,gANORDF;(gAh)

ChopAndBoxImport

Proof:
1 v OhAf;gDf;(hAg) BoxAndChoplmport

2 - f;(hng)=f;(gNh) ChopAndCommute
3 F OhAf;gDFf;(gNh) 1,2 Prop
qed

The following are easily proved:

- fi(gNg)Df; g ChopAndA

F fi(gNg)Df @ ChopAndB

- filgha)=filaneg) Ll Gemimiie
AndChopAndCommute

F (frg)i(Ang)=(gNnf); (g Ah) AndChopAndCommute

wro ~J

@)
TT TS
—_~
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fAg);(AANg)=(gNfF);(ANg) AndChopCommute
gnf);(Ahhg)=(gNf); (g Afi) ChopAndCommute
frng)i(hAhg)=(gAf);(gAf) 1,2 EquChain




qed

ChoplmpChop

Hf D fi, Fg Dg =

Ff.g D fh: &

ChoplmpChop

Proof:

1 - fOf given

2 - f,g>f;g 1, LeftChoplmpChop
3 F gD0a given

4 - f;gDfi;g@ 3, RightChoplmpChop
5 F f;gDf;8 24 ImpChain
qed
ChopEqvChop

FHf=f, Fg=g = Ffig=f;m

ChopEqvChop

f=f given

g§=8 given

U'I-P(A)I\)I—lc--so
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qed

MultChoplmpChop

f.g=f;g 1, LeftChopEqvChop

fi,g=f;g 3, RightChopEqvChop
f,g=f;g 24 EqvChain

I—legl ..... I—f,,Dg,,

MultChoplmpChop

Proof is by induction on n.

Proof for n = 1:
1 1 Dg given
qed

Proof for n > 1:
1+ ADa&

2 b fiDg, for2<i<n
3 F (h:...if)D(2;:---8n)
4 = fHibh;. .. fhDgLiQ; - -8n

given

given

2, induction

1,3, ChoplmpChop
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qed

BoxChoplmpChopBox

F OhDf;g D f;(0hAg) BoxChoplmpChopBox
Proof:
1 - Oh>0O(g > OhAg) PTL
2 - O(g DOhAg)Df;g D f;(O0hAg) BoxChoplmpChop
3 F OhDf;g D f;(0hAg) 1,2, Prop
qed

NotChopEqvYieldsNot

Foa(fg)=fr>g NotChopEqvYieldsNot
Proof:
1 g8 =g Prop
2 - f,g=f;,-g 1, RightChopEqvChop
3 F =(f;g)=-(f;—-—g) 2, Prop
4 F (f; g)=(fr>g) def of >
qed

The following lemma TrueChopEqgvDiamond is no longer needed since < is now defined in terms of
chop:

F o otrue; f=<OfF TrueChopEgvDiamond

DiamondIimpTrueChop

F Of Dtrue; f DiamondIimpTrueChop

Proof:
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1 F OFDFVOSS PTL

2 F  true = empty V Otrue PTL

3 F  true; f = (empty V Otrue); f 2, LeftChopEqvChop
4 +  (empty V Otrue); f =empty; f V (Otrue); f OrChopEqv

5 F empty;f=f EmptyChop

6 F (Otrue); f = (true; f) NextChop

7 F  true; f =f Vv O(true; ) 3,4,5,6, Prop

8 F OFf A-(true; f) D OO F A= O(true; f) 1,7, Prop

9 F Of Dtrue; f 8, NextContra

O
[0]
o

BiAndChoplmport

F OfA(h;g)D(FAR); g

BiAndChoplmport

Proof:

1 F fO(h D FfAAR) Prop

2 F @fO@(A[L D FAR) 1, BilmpBiRule
3 F @(h DFAR)DF; g D (FAFR);g BiChoplmpChop
4 - f;gD(FANFH); g 1,3, MP

qed

2.2 Further properties of Diamond-i and Box-i

ImpDi
F fOOf ImpDi
Proof:
1 - f,empty=f ChopEmpty
2 F  empty D true Prop
3 F f;empty D f;true 2, RightChoplmpChop
4 + fDf;true 1,3, Prop
5 F FfOOFf 4, def. of ©
qed
NotDiFalse
F =< false NotDiFalse
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Proof:

1 +  true D mMtrue StatelmpBi

2 F  true Prop

3 F [true 1,2, MP

4 O —true 3,def. of @

5 F  —true = false Prop

6 - < -—true = Ofalse 5, DIEqvDi

7 = dfalse 4,6, Prop
ged

DiState

F Odw=w DiState

Proof for D :

1 F —wDD-w StatelmpBi
2 B w DA aw 1,def. of
3 F (—|W D) —\®—|—|W) D) (@ W D W) Prop

4 F O—-—wDw 2,3, MP

5 F wD-w Prop

6 F OSwDO-w DilmpDi

7 F dwDOw 4,6, ImpChain
qed

Proof for C:

1 wD<ow ImpDi
qed

Here are two important corollaries of DiState that are easy to prove:

StateChop

Fow;fDw. StateChop
StateChopExportA

F (wWAf);gDw StateChopExportA

The following lets us move a state formula into the left side of a chop:
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StateAndChoplmport

F wA(f;g)D(wAf); g StateAndChoplmport
Proof:
1 F wDhidw StatelmpBi
2 F wA(f;g)>@wA(f;g) 1,Prop
3 F DwA(f;g)D(wAf);g BiAndChoplmport
4+ wA(f;g)D(wAf);g 273 ImpChain
qed

With this proved, we can easily combine it with theorem StateChopExportA to deduce the following
equivalence:

StateAndChop

F (wAf),g=wA(f;g) StateAndChop

A useful corollary used in decomposing the left side of chop:

StateAndEmptyChop
F o (wAempty); fF=wAf StateAndEmptyChop
Proof:
1 F (wAempty);f=wAempty; f StateAndChop
2 F empty;f=f EmptyChop
3 F (wAempty);f=wAf 1,2, Prop
qed
StateAndNextChop
F (wAOf),g=wAOf;g) StateAndNextChop
Proof:
1 F (wAOf);g=wA(Of); g StateAndChop
2 F (Of);g=90(f;g) NextChop
3 F (WAOf),g=wAO(f;g) 1,2, Prop
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NextStateAndChop

F O((wAf),g)=0wA(f;g) NextStateAndChop
Proof:
1+ (wAf),;g=wAf;g StateAndChop
2 F OwAf),g)=0(wAf;g) 1 NextEquNext
3 F OwAf,;g)=0OwAO(f;g) PTL
4 F O(wAf),g)=0wAO(f;g) 2,3 EquChain
qed
StateYieldsEqv
F (w D (Fr>g)=(wAf)r>g StateYieldsEqv
Proof:
1 F waAaf;(-g)=(wAf),—g StateAndChop
2 F (w2 (f;-g)=-((wnAf);-g) 1, Prop
qed
StateAndDi
F wAOFf=(wAf) StateAndDi
Proof:
1 F wAf;true=(wAf);true StateAndChop
2 F wASF=d(wAf) 1,def. of ©®
qed
DiNext
F QOfF=00f DiNext
Proof:
1 F  (Of);true = O(f ; true) NextChop
2 F QOfF=00f 1, def. of &
qed
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DiNextState

F &oOw=0w DiNextState
Proof of O :
1 F ©O0Ow=0%0w DiNext
2 F Sw=w DiNextState

3 F OOw=0Ow NextEqvNext
4 - OSOw=0w 1,3,4, EqvChain
qed

StatelmpBiGen

Fw D f = Fw D IOf StatelmpBiGen
wDf given
—f D w 1, Prop

& —=f D ®-w 2,DilmpDi
O —w = —w DiState

S —=f D w 3,4, Prop
wD-oaf 5 Prop
wDO@f 6, def. of O

\IO\W-POJI\)I—‘_SU
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Let us now consider the following valuable theorem:

ChopAndNotChoplmp

= figA(fig)Dfi(g A g) ChopAndNotChoplmp

Proof:

1+ go(gn—-g)Va Prop

2 F f;gD>f;(gN-g)VF;,a 1, LeftChoplmpChop
3 b figA-(fig)Df;(gA—g) 2 Prop
qed

Here is a related theorem for the yields operator:

ChopAndYieldsimp

F fignNfregiDf (g N &l) ChopAndYieldsImp
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This shows how yields adds information to the right of a suitable chop formula.

Proof:

1+ go(gng)Va Prop

2 F f;gDf;(gNhg)VF;g 1, LeftChoplmpChop
3 F fign-(fi-~g)Dfi(gNg) 2 Prop

4 + f,gNhNfrgDf;(gNa) 3, def. of ~>

qed

Here is a corollary:

ChopAndYieldsMP
F figNfr>(g Dga)Dfia ChopAndYieldsMP
Proof:
1+ fghNfr>(g D g)Df;(gN(g DO g)) ChopAndYieldsimp
2 F gNh(gDea)da Prop
3 F fi(gn(g Da@)Df;a 2, RightChoplmpChop
4+ f,gNfr>(g D@)Df;a 1,3, ImpChain
qed
OrYieldslmp
F o (FVA)r>g = (fr>g) A (L r>g) OrYieldslmp
Proof:
1+ (FVA),ng=f,-gVhh,—g OrChopEqv
2 F =a((fVvfF),-g)=-(f;—-g)AN-(f;—-g) 1, Prop
3 F (fVHA)r>g=(fr>g)A(fLr>g) 2, def. of ~>
qed

LeftYieldsimpYields

FHf DO i = F(Ar>g) D (fr>g) LeftYieldsImpYields
Proof:
1 - fDOA given
2 F f,-gDh;g 1, LeftChoplmpChop
3 F =(fh;—g)D(f;—-g) 2, Prop
4 + fir>gDfr>g 3, def. of ~>
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qed

LeftYieldsEqvYields

Ff=fi = F(frog) = (froe)

LeftYieldsEqvYields

Proof:

1 - f=£f given

2 F f,-g=f;g 1, LeftChopEqvChop
3 F =(f;-g)=-(fi;—g) 2 Prop

4 - fr>g=fhr>g 3, def. of ~>

qed

StatelmpYields

FwAf D finwy = Fw D (frow)

StatelmpYields

Proof:

1 F wAfDfinw given

2 F wD(f D finw) 1, Prop

3 F wDO@a(f O finw) 2, StatelmpBiGen

4 + O(f D finw)=fr>w BilmpFinEqvYieldsState
5 F w D (fr>w) 3,4, EqvChain

qed

StateAndYieldsimpYields

FwAf DR = FwA(Areg) D (frg)

StateAndYieldsImpYields

Proof:

1+ wAfDA given

2 F wA(f,-g)Dfi;g 1, StateAndChoplmpChopRule
3 F wA=(h;—-g)D~(f;~g) 2 Prop

4 + wA(hr>g) D (fr>g) 3, def. of >
qed
AndYieldsA

F freg D (FAR)rR>E

AndYieldsA
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Proof:
1 fANARDF Prop

2 F frgD(f ANfi)r>g 1, LeftYieldsimpYields
qed

AndYieldsB

F Ar>g D (fAR)r>g

AndYieldsB

Proof:
1+ fAADHAH Prop

2 F fir»gD(fAf)r>g 1, LeftYieldsimpYields
qed

RightYieldslmpYields

Fg D g = F(fr>g) D (freg)

RightYieldsImpYields

Proof:

1 goa& given

2 F g D—g 1, Prop

3 F f,-@Df;g 2, RightChoplmpChop
4 = (f;-g) > ~(f;-g) 3,Prop

5 F (fr>g) D (fr>g) 3,def. of >
qed

RightYieldsEqvYields

Fe=g1 = F(fr>g)=(fr>g)

RightYieldsEqvYields

Proof:

1 - g=& given

2 B g =g 1, Prop

3 F fig=f;g 2, RightChopEqvChop
4 + —(f;—-g)=-(f;—g) 3, Prop

5 F freg=freg 4, def. of ~>

qed
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BoxImpYields

F OgDfr>g BoxImpYields
Proof:
1+ f,g>0g ChoplmpDiamond
2 —|<>—|g3—|(f;—|g) l,Prop
3 F Ogdfr>g 2,def. of O, ~>
qed
BoxEqvTrueYields
F Of = true ~>f BoxEqvTrueYields
Proof:
1 F true; =af =f TrueChopEqvDiamond
2 + —|(true;—|f) =-0-f 1,Prop
3 [ O f =< —|f PTL
4 + Of = —(true; —f) 2,3, Prop
5 F Of = truer>f 4,def. of ~>
qed
YieldsGen
Fe = Ffr>g YieldsGen
Proof:
1+ g given
2 - Og BoxGen
3 F Og>Dfr>g BoxlmpYields
4 + fr>g 2,3, MP
qed

YieldsAndYieldsEqvYieldsAnd

= (Freg) A(frog) = fra(g A g)

YieldsAndYieldsEqvYieldsAnd

Proof:
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1+ fi(-gV-g)=(f;-g)V(f;g) ChopOrEqv

2 b (fi-g)V(fi-g@)=f;(—gV &) 1, Prop

3 F —gV-gm=-(gNa) Prop

4 = fi(-gV-g)=f;-(gAag) 3, RightChopEqvChop
5 F (fi-g)Vv(fi-g)=f;-(gNg) 2,4, ImpChain

6 - —(f;—=g)A-(f;—g)=-(f;-(g Ag)) 5 Prop

7 F (freg) AN(frog) =fr>(g A al) 6, def. of ~>

qed

YieldsAndYieldsimpAndYieldsAnd

F (freg) A(Ar>g) D (FAA)r>(g A a) YieldsAndYieldsimpAndYieldsAnd
Proof:
1 F fregD(fAA)r>g AndYieldsA
2 F Areg D(FAAL) g AndYieldsB
3 F (FAR)rgA(FAR)r>g=(FAFR)r>(g A g) YieldsAndYieldsEqvYieldsAnd
4 F (Freg)AN(Arg) D(FAA)r>(g A g1) 1,2,3,Prop
qed

YieldsYieldsEqvChopYields

F fr>(gr>h) = (f; g)r>h YieldsYieldsEqvChopYields
Proof:
1 - (f;g);~h=f;(g;~h) ChopAssoc
2 - fi(g;h)=(f;g);~h 1, Prop
3 F g;-h=-—=(g;—h) Prop
4 - f;(g;-h)=f;-(g;h) 3, LeftChopEqvChop
5 F f;—|—|(g;—|h)5( ,g),—|h 2,4,Prop
6 - f;-(gr>h)=(f;g);—h 5, def. of ~>
7 F  =(f;=(gr>h)) =-((f;g);h) 6, Prop
8 F fr>(gr>h)=(f;g)r>h 7, def. of ~>
qed
EmptyYields
F oemptyr>f =f EmptyYields
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Proof:

1 F empty;~f =-f EmptyChop

2 +  —(empty;~f)=f 1,Prop

3 F emptyr>f=f 2, def. of ~>

qed
NextYields
= (Of) r>g = @(f r>g) NextYields
Proof:
1 F (Of);,—g=f;g) NextChop
2 F =(Of);—g)=-0O(f ; ~g) 1,Prop
3 F (Of)r>g=-0(f;g) 2,def. of ~>
4 - =O(f;—-g)=®=(f;~g) PTL
5 F (Of)r>g=®(f;g) 3,4, Prop
6 F (Of)r>g=8(f ~>g) 5, def. of ~>
qed
SkipChopEqvNext
- skip; f = Of SkipChopEqvNext
Proof:
1 F (Oempty); f=0O(empty;f) NextChop
2 F empty;f=f EmptyChop
3 F Ofempty; f) =Of 2, NextEqvNext
4 + (Oempty);f=Of 1,3, Prop
5 F skip;f =0Of 4, def. of skip
qed
SkipYieldsEqvWeakNext
F skipr>f = ®f SkipYieldsEqvWeakNext

Skip ’ —f = O~f

U'I-PUOI\)I—‘(:SU
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SkipChopEqvNext
—(skip; =f) = = O~f 1, Prop

—(skip; =f) = ®@f 2,3, EqvChain
skip ~=>f = @f 4, def. of ~>
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qed

NextlmpSkipYields

F Of D skipr>f

NextImpSkipYields

Proof:
1 F Of OD®f PTL

2 F skipr>f =®f SkipYieldsEqvWeakNext
3 F Of Dskipr>f 1,2,Prop
qed

MoreEqvSkipChopTrue

- more = skip ; true

MoreEqvSkipChopTrue

Proof:
1 F  skip;true = Otrue SkipChopEqvNext

2 F Otrue = skip;true 1,Prop
3 F more =skip;true def. of more
qed

MoreChoplmpMore

F  more; f D more

MoreChoplmpMore

Proof:

1 F  (Otrue); f =O(true; f) NextChop

2 F  Otrue; f) D more PTL

3 F  (Otrue; f) D more 1,2, Prop

4 + more;f D more 3, def. of more
qed

ChopMorelmpMore

F f:more D more

ChopMorelmpMore
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Proof:
1 +  f;more D Omore ChoplmpDiamond

2 F < more D more PTL
3 F f;more D more 1,2, ImpChain
qed

MoreChopEqvNextDiamond

F more; f =0OOf MoreChopEqvNextDiamond

Proof of O

1 F more; f=(Otrue); f def. of more

2 F  (Otrue); f = true; f) NextChop

3 F  more; f =O(true; f) 1,2, EqvChain

4 + more;f =00 3,def. of ©

qed

Proof of C:
O f Dtrue; f DiamondimpTrueChop
OO f D Otrue; f) 1, NextimpNext

(Otrue) ; f = O(true ; f) NextChop
more ; f = O(true ; f) 3, def. of >
OO f D more; f 2,3,4,Prop

Gl W N
T T T T T

qed

The following is an easy corollary:

F morer>f =®0Of WeakNextBoxImpMoreYields
NotEqvYieldsMore
F  —=f = f ~>more NotEqvYieldsMore
Proof:
1 - f,empty=f ChopEmpty
2 F  (f;empty) = f 1, Prop
3 F empty = —-more def. of empty
4 + f;empty = f; -more 3, RightChopEqvChop
5 F  —=(f;empty) = —(f; -more) 4,Prop
6 F —f =-(f; "more) 2,5, EqvChain
7 F  =f = f ~>more 6, def. of >
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qed

LeftChoplmpMoreRule

Ff D more = Ff;g D more

LeftChoplmpMoreRule

Proof:
1 F f Dmore given
2 - f;g>more; g 1, LeftChoplmpChop
3 F more; g D more MoreChoplmpMore
4 + f;g D more 2,3, ImpChain

qed

RightChoplmpMoreRule

Fg D more = Ff;g D more

RightChoplmpMoreRule

Proof:

1 - g Dmore given

2 - f;g>f;more 1,RightChoplmpChop
3 F f;more D more MoreChoplmpMore

4 - f;g > more 2,3, ImpChain
qed

NotDiEqvBiNot

F 20 f=0-f

NotDiEqvBiNot

Proof:

1 - f=--f Prop

2 F Of=0-f 1, DiEqvDi
3 F AOf =0 f 2,Pr0p

4 F SO f=0-f 3,def. of @
qed

ChoplmpDi

- figDOf

ChoplmpDi
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Proof:
1 - gDtrue Prop

2 F f;g>f;true 1, BoxChoplmpChop
3 F f;gD0fF 2,def. of ©

qed

TrueEqvTrueChopTrue
- true = true; true TrueEqvTrueChopTrue

Proof:

1 F  true;true D true Prop

2 F  true D Otrue Dilntro

3 F  true D true;true 2,def. of ®

4 +  true = true;true 1,3,Prop

qed

DiEqvDiDi
F Of=00f DiEqvDiDi

Proof:

1 F  true = true; true TrueEqvTrueChopTrue

2+ f;true = f; (true; true) 1, RightChopEqvChop

3 F  (f;true);true = f; (true; true) ChopAssoc

4 +  f;true = (f;true); true 2,3, Prop

b F OFfF=00f 4, def. of ©®

qed

BiEqvBiBi
F Of=00f BiEqvBiBi

Saf =00 f DIEquIDI
S-f=-DOFf DiNotEqvNotBi
SO-f =0 -Of 2 DiEqvDi
Sf=0-0f 1,3, EqvChain
2O af =0 -0OfF 4,Prop
Df=00f 5,def. of @
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qed

DiOrEqv
F O(fvg)=0fVvog DiOrEqv
Proof:
1 F (fVvg);true=f;trueV g;true OrChopEqv
2 F O(fvg)=0fVvog 1,def. of ®
qed
DiAndA
F O(fAg)DOFf DiAndA
Proof:
1 F (fAg);true D f;true AndChopA
2 B O(fAg)DOFf 1, def. of ©
qed
DiAndB
H O(fAg)DOg DiAndB
DiAndimpAnd
F O(fFAE)DOFANOg DiAndImpAnd
Proof:
1 F O(fAg)DOf DiAndA
2 B O(fAhg)DOg DiAndB
3 F O(fAg)DOFfANPg 1,2, Prop
qed
DiSkipEqvMore
F & skip = more DiSkipEqvMore
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Proof:
1 F  skip;true = Otrue SkipChopEqvNext, DiAndB
2 F  Otrue = more PTL
3 + skip;true=more 1,2, Prop
4 +  ®skip = more 3, def. of ®
qed

DiMoreEqvMore

F <& more = more

DiMoreEqvMore

Proof for D :
1 B  &(Oskip) = O®true DiNext
2 O®skip D more PTL
3 F <®Oskip D more 1,2, ImpChain
4 < more D more 3, def. of more
qed
Proof of C:
1 F more D ®more ImpDi
qed
DilfEqvRule
Ff =if wthengelseh = F &f=if wthen ®gelse ®h DilfEqvRule
Proof:
1 F f=if wthengelse h given
2 F  f;true =if wthen (g ;true) else (h; true) 1,IfChopEqvRule
3 F &f=if wthen © gelse ®h 2, def. of ©
qed
DiEmpty
F & empty DiEmpty
Proof:
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1 +  true PTL

2 F+  empty;true =true EmptyChop

3 F empty;true 1,2, Prop

4 +  Oempty 3, def. of ®
qed

2.3 Properties of Diamond-a and Box-a

DaEqvDtDi
F @f=00f DaEqvDtDi

Proof:

1 b true;(f;true) =true; (f ;true) Prop

2 true; (f;true) = true; O f 1, def. of ®

3 F true; 0f=00f TrueChopEqvDiamond

4 F  true;f;true=<00f 2,3, EqvChain

5 F ©f=00f 4, def. of ©®

qed

DaEqvDiDt
F @f=00f DaEqvDiDt

Proof:

1 F true; fF=5fF TrueChopEqgvDiamond

2 F  (true; f);true=(Of);true 1, LeftChopEqvChop

3 F  (true;f);true=oOf 2, def. of ©

4 +  (true;f);true =true; f ;true ChopAssoc

5 F  true:f true=0<Cf 3,4, Prop

6 F ©f=00f 5,def. of ©

qed

Here is a corollary of theorems DaEqvDtDi and DaEqvDiDt:

DtDiEqvDiDt
F OofF=00f DtDiEqvDiDt
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BaEqvBiBt

F o Ef=m00f BaEqvBiBt

& f =00 f DaEquiDt
Of =-0F PTL
SO-f=o-0f 2 DiEqvDi
-f=o-0f 1,3, EqvChain
2@ f=-0-0fF 4,Prop
~®f=00f 5,def. of @

\lO\(.ﬂ-PUJI\)I—l_aU
TTTTTTTS

Af=00f 6, def. of &
qed
BaEqvBtBi
F BEf=00F BaEqvBtBi
Proof:
1 F @af=00f DaEqvDtDi
2 B O-f=-0f DiNotEqvNotBi
3 F OO-f=<0-Of 2,DiamondEqvDiamond
4 - —=O-Df=00f PTL
5 F —-@o-f=00f 1,3,4,Prop
6 F Bf=00Ff 5,def. of &
qed

The following is a corollary of theorems BaEqvBtBi and BaEqvBiBt:

BtBiEqvBiBt

F OOf=m@0Of BtBiEqvBiBt
DaNotEqvNotBa

o @af=-08f DaNotEqvNotBa
Proof:

1 + @f=-®f def. of @
2 F @®~f=-@8f 1,Prop
qed
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DaEqvNotBaNot

o @f=—-BE-f DaEqvNotBaNot
Proof:
1 F @B-f =@ -f def. of @
2+ & f =@ ~f l,Prop
3 F f =——f Prop
4 F @f=&®—f 3,DaEqvDa
5 F &f=-@a-f 2,4, EqvChain
qed
BaElim
- BmfOf BaElim
Proof:
1 - Bf=00f BaEqvBtBi
1 - @FfFOF BiElim
2 B O@mf O f) 1, BoxGen
3 F O@Ff D> f)oO@F D OfF PTL
4 - O@mfF>OHOf 2,3, MP
5 F Of>f PTL
6 F BEBfDOf 1,4,5, Prop
qed
Here is a corollary:
Dalntro
F f>ef Dalntro

@ —f O f BaElim
—=f D =B =f 1, Prop

U'I-PQJI\.)I—‘éU
TTTTTS

f=--f Prop
®f=-8-f DaEqvNotBaNot
fOef 2,3,4,Prop

qed
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BalmpBt

F @afo>Of

BalmpBt

Proof:
1 v Bf=@00f BaEqvBiBt

2 - m@Of>Of BIElim
3 F @EfOOf 1,2, MP
qed

Here is an easy corollary:

F OFfD@f DiamondIlmpDa
BalmpBi
F Bfo@f BalmpBi
Proof:
1 - Bf=00f BaEqvBtBi
2 + O@fD>@Ff PTL
3 F BfODf 1,2,MP
qed
Here is an easy corollary:
F OfDOef DilmpDa
BaGen
Hf = FBf BaGen
Proof:
1 - f given
2 F Of 1, BoxGen
3 F mOF 2, BiGen
4 + Bf=@O00f BaEqvBiBt
5 F ©Of>@Ef 4 Prop
6 - @f 3,5, MP
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BalmpDist

BalmpDist

Proof:

1 - O(f Dg)d(@f D Mg) BilmpDist

2 F O(@Ff D g) o (@f O Dg)) BoxGen

3 F O(@(f >Dg)Dd (@f DEg))D

(O@(f > g) D (0D@f > Om@g)) PTL

4 - OO(f D g)>(0@f > O@g) 2,3 MP

5 F B(f D g)=00(f D g) BaEqvBtBi

6 F Bf=00f BaEqvBtBi

7 F Bg=00g BaEqvBtBi

8 F &(f Dg)o(Ef D Eg) 4,5,6,7, Prop

qed

Here are some easy corollaries:
F B(f=g)DBf=08g BalmpBaEqvBa
Hf D g = @f D &g BalmpBa
Hf =g = Bf=E08g BaEqvBa
Hf D g = &f D &g DalmpDa
Hf=g = @f=%@g DaEqvDa
F BE(fAg)=Ef ARG BaAndEqv
FOB(AA...Af)=BAHA...ABT, BaAndGroupEqv
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DaEqvDaDa

F @f=@ef DaEqvDaDa
Proof:
1 B @f=00f DaEqvDtDi
2 B Of=00f DiEqvDiDi
3 F O0f=000f 2, DiamondIimpDiamond
4 F OO fF=0000f PTL
5 F O00f=000f DtDiEqvDiDt
6 F OO0 =0000f 5, DiamondEgvDiamond
7 B @f=0000f 1,3,4,6,EqvChain
8 F @00 fF=000O0f DaEqvDtDi
9 F @f=00df 1, DaEqvDa
10 F @f=0eéf 7,8,9, Prop
qed
BaEqvBaBa
FoEf=@88f BaEqvBaBa

S f =@ f DaEqvDaDa
®®f =-8-®-f DaEgvNotBaNot
@@ ~f=B-®~f 2 Prop

2 Aaf =@ f 1,3,Prop
Bf=0@0af 4, def. of @

U'I-P(A)I\Jl—léo
TTTTTS

qed

BalLeftChoplmpChop

Fo&(f D A)Df;g D f.a

BaLeftChoplmpChop

@a(f > f)D>O(f DO f) BalmpBi
@(f > i) Df;g DO fi;g BiChoplmpChop
B(f > A)Df;g D fi;g 1,2 Prop

OJI\)I—‘:‘U
o
TT TS

qed
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BaRightChoplmpChop

F B(g D>Dga)Df;g D fia BaRightChoplmpChop
Proof:
1+ B(gDg)dO(g D ga) BalmpBt
2 F Og >a@)Df;g D f; g1 BoxChoplmpChop
3 F B(gD>g)Df;g D f;g 1,2Prop
qed

BaAndChoplmport

F BfA(g;g)D(FAE);(fAg) BaAndChoplmport
Proof:
1 - @BfOoDf BalmpBi
2 F @fA(g;@)D(FAE): & BiAndChoplmport
3 F @mf>o0Of BalmpBt
4+ OfA(FAg); a1 D(FAg);(fAg) BoxAndChoplmport
5 - BfA(g;g)D(FAg);(FAg) 1,2,3,4, Prop

qed

ChopAndBalmport

- (F;A)ABgD(FAG);(AAg) ChopAndBalmport

Proof:
1 BgA(f;A)D(gNf);(gNh) BaAndChoplmport

|_
2 F (gnf);(gnfh)=(fNg);(ANg) AndChopAndCommute
2 F (F;A)NBgD(FAg);(ANg) 1,2, Prop

qed

BaChoplmpChopBa

F BfD>g;g D g (Bf Ag) BaChoplmpChopBa
Proof:
1 + @fj@(ng@f/\gl) PTL
2 F B(g DBEfAg)Dg;g D g;(BfAg) BaRightChoplmpChop
3 F BfOg;g D g;(BfAg) 1,2, Prop
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qed

BoxStateEqvBaBoxState

F Ow=0&80w

BoxStateEqvBaBoxState

w=0DOw StateEqvBi
Ow=00w 1, BoxEqvBox
O0w=00w BtBiEqvBiBt
Ow=00w PTL

D0w=000w 4, BiEqvBi
@B0w=000w BaEqvBiBt
Ow=80w 2,3,5,6,Prop

\l@m-hwl\.)l—l-ao
TTTTTTTS

0
(0]
o

DiNotBalmpNotBa

F o—-@af>H-@af

DiNotBalmpNotBa

Bf=80f BaEqvBaBa
BEfDODEF BalmpBi
BfODEf 1,2, Prop
BfO-O-@Ff 3,def. of @
S—-@f DO-Bf 4 Prop

U1-l>()JI\)I—l_SU
TTTTTS

qed

NotBaChoplmpNotBa

+ (ﬁ@f);gDﬁ@f

NotBaChoplmpNotBa

Proof:
1 F (—@f),g>d-@f ChoplmpDi

2 F o-@fDO-Bf DiNotBalmpNotBa
3 F (—@f);go>-af 1,2, ImpChain

qed




2.4 Properties of Fin
AndFinEqvChopStateAndEmpty

F fAfinw=f;(w A empty) AndFinEqvChopStateAndEmpty
Proof for DO :
1 F f,empty=f ChopEmpty
2 F  empty D (w A empty) V (-w A empty) Prop
3 F fi;emptyDf;(wAempty)Vf;(—wAempty) 2, RightChoplmpChop
4 +  f;(-w Aempty) D O(—w A empty) ChoplmpDiamond
5 F  O(=w Aempty) D —fin w PTL
6 - FfDOf;(wAempty)V finw 1,3,4,5, Prop
7 F fAfinwDf;(wA empty) 6, Prop
qed
Proof for C:
1 F f;(wAempty) Df;empty ChopAndB
2 F f;empty="f ChopEmpty
3 F f;(wAempty) DO(w Aempty) ChoplmpDiamond
4 +  O(w Aempty) Dfinw PTL
5 F f;(wAempty) DfAfinw 1,2,3,4,Prop
qed

The following is a lemma used in the proof of theorem FinChopEqvDiamond.

FinChopEqvOr

Fo(fmw); f=(wAf)Vv(fin w); f) FinChopEqvOr

Proof:

1 F finw= (W A empty) V Ofin w PTL

2 B (finw);f=((wAempty) VOfinw); f 1, LeftChopEqvChop

3 F ((wAempty)V Ofinw); f=(wAempty); fV (Ofinw); f OrChopEqv

4 F (wA empty) fF=wAf StateAndEmptyChop

5 F (Ofin W) A(fin w); f) NextChop

6 - (finw);f (W A F)V O((fin w); f) 2,4,5,Prop
qed

FinChopEqvDiamond

Fo(finw); f=O(wAf) FinChopEqvDiamond
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Proof for O :

1 F  (fin W) F=(wAf)vO((finw);f) FinChopEqvOr
2 F O(wAf)=(wAf)VOO(wACT) PTL

3 F (finw); fFA=OwWAR)=0(finw); f)A-OO(wATf) 1,2, Prop

4 F (finw); fDOO(wAf) 3, NextContra
qed

Proof of C:

1 F (fmw);f=(wAf)Vv(fin w);f) FinChopEqvOr
2 F O(wAf)=(wAf)VOO(wAf) PTL

3 F O(wAf)A(finw); f)=00(w A f)A=O((fin w); f) 1,2, Prop

4 F O(wAFf)D(finw);f 3, NextContra
qed

The following important theorem demonstrates how to pass information from the final state of a subinterval
to the starting state of a subinterval immediately following it.

FinYields
F o (fin w) >w FinYields
Proof:
1 F (finw);-w=3(w A —w) FinChopEgvDiamond
2+ - <>(W A —|W) PTL
3 F  =((fin w); —w) 1,2, Prop
4 +  (fin w)r>w 3, def. of ~>

qed

Here is a related theorem whose proof uses FinYields:

AndFinChopEgvStateAndChop

F (FAfinw); g=f;(wAg) AndFinChopEqvStateAndChop

Proof for O :
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1 F (finw)r>w FinYields

2 F fAfinwDfinw Prop

3 F (finw)r>wD (f A fin w) ~=>w 2, LeftYieldsimpYields
4 +  (f Afinw)r> 1,3, MP

5 F (fFAfnw);gA (f Afin w)r~>w D (f Afin w); (g A w) ChopAndYieldsimp
6 F (FAfnw); gD (fAfinw);(gAw) 4,5, Prop

7 F (FAfinw);(gAw)Df;(gAw) AndChopB

8 F gAwDwAg Prop

9 F f;(gAw)DF,; (W A g) 8, LeftChoplmpChop
10 + (f ANfinw); gD Ff;(wAg) 6,7,9, ImpChain
qed

Proof of C:

1 F fO(fAfinw)Vfin-w PTL

2 F f;(wAg)D((f Afinw)Vfin=w);(wAg) 1, LeftChoplmpChop

3 F ((f/\fln w) Vfin —w); (wAg) =

(f AMfinw); (wAg)V(fin=w);(wAg) OrChopEqv

4 F  (fin—w); (wAg)DO(-wA (wAg)) FinChopEqvDiamond

5 F =20(-wA(wAg)) PTL

6 F fi(wAg)D(fAfinw);(wAg) 2,3,4,5,Prop

7 F (FAfnw);(wAg)D(FAfinw); g ChopAndB

8 F fi(wAng)D(fFAfinw);g 6,7, ImpChain

qed

DiAndFinEqvChopState

FO(FAfinw)=1;w DiAndFinEqvChopState
Proof:
1 F (fAfinw);true=f;(w A true) AndFinChopEqvStateAndChop
2 F wAtrue=w Prop
3 F fi(wAtrue)=f,w 2, RightChopEqvChop
4 + (fFAfinw);true=f;w 1,3, EqvChain
5 F O(fAfinw)=Ff;w 4, def. of ®

qed

Here is a corollary of DiAndFinEqvChopState:

BilmpFinEqgvYieldsState

Foo@(f D finw)=fr>w BilmpFinEqvYieldsState

Proof:
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S(f Afin =w) =f; ~w DiAndFinEqvChopState

fAfin—w=FfA-finw PTL
fA=finw==(f D finw) Prop
fAfin—w==(f D finw) 2,3, EqvChain

S(f Afin -w) =0 (f D finw) 4, DiEqvDi
& =(f DO finw)=-0(f D fin w) DiNotEqvNotBi

O© 00 N0 P WN
T T T T T T T T T

-@(f O finw)=f;~w 1,5,6, Prop
@(f O finw)=-(f; ~w) 7, Prop
@(f O finw)=fr>w 8, def. of ~>

QO
[0]
o

ChopFinlmpFin

F f:finw>Dfinw

ChopFinlmpFin

Proof: _ _
1 F f;finw><finw ChoplmpDiamond

2 F OfinwDfinw PTL
3 F fi;finw>Dfinw 1,2, ImpChain
qed

FinlmpYieldsFin

F o finw D fr>finw

FinlmpYieldsFin

Proof: _ _

1 F f;fin=wDfin-w ChopFinlmpFin

2 F fln W = —|fin w PTL

3 F fi;fin=w=f;=finw 2 RightChopEqvChop
4 + f:=finw>D-afinw 1,2,3,Prop

5 F finw>D~(f; =finw) 4, Prop

6 F finw>D fr>finw 5, def. of ~>
qed

ChopAndFin

F o (f;g)Afnw="f;(gAfinw) ChopAndFin

Proof for O :
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1 F  finw D true ~>fin w FinlmpYieldsFin
2 F (f;g)ANfinwD(f;g)Atruer>fin w 1, Prop

3 F (f;g)Atruer>finw D f; (g Afin w) ChopAndYieldsimp
4 + (f;g)ANfinwDf;(gAfinw) 2,3, ImpChain
qed

Proof for C:

1+ f;(gNfinw)Df;g ChopAndA

2 F fi(gNfinw)Df;finw ChopAndB

3 F fi;finwDofinw ChoplmpDiamond

4 F OfinwDfinw PTL

5 F fi(gNfinw)D(f;g)Afinw 1,2,3,4,Prop

qed

Here is a corollary used in some proofs by contradiction:

ChopAndNotFin

F figAfinw=1F;(gA~finw)

ChopAndNotFin

fogNfin—w=f;(gAfin-w) ChopAndFin

fin W= —|ﬁn w PTL
gAfin—w=gA-finw 2, Prop
fi(gANfin=w)="f;(gAN—finw) 3, LeftChopEqvChop
figN—finw=f~f;(gAN-finw) 1,24 Prop

U'I-POOI\J'—‘(--SU
TTTT TS

qed

FinChopChain

Fo(w D finwy);(wi D finwy) D(w D fin wy)

FinChopChain

Proof:
1 F wA (wDfinw);(wy D finw)D

(w A (w D finwp)); (wg D fin wp)) StateAndChoplmport
2 F wA(w D finw)Dfinw Prop
3 F (wA(w D finw));(wy D finwy) D

(fin wq); (wr D fin wy) 2, LeftChoplmpChop
4 +  (finw);(wy D finwy) = O(wy A (wy A fin wy)) FinChopEqvDiamond
5 F  O(wy A (wy Afin wa)) D fin wy PTL
6 F w A (w D finw);(wy D finwy) Dfinw,y 1,3,4,5 Prop
7 F (wDfinwm);(wi DO finw)D(w D finw) 6,Prop
qed
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ChopRule

F wAf D finwm ChopRule
F wy A ﬂ > fin Wo
= F wA(f;f) D finw,
Proof:
1 F wA(f;f)D(wAf); i StateAndChoplmport
2 F wAf D finwm given
3 F (wAf);AD(finw);fi 2 LeftChoplmpChop
4 + (finwm); L =O(wm Af) FinChopEgvDiamond
5 F wiAfDfinw given
6 F O(wp AFR)DOfin wy 5, DiamondIlmpDiamond
7 F Ofinw Dfinw PTL
8 F wA(f;fi)Dfinw 1,3,4,6,7, Prop
qed
ChopRep
F wAf D AAfinwm ChopRep
(= wi A g O &
= F wA(f;g) D (A:a)
Proof: _
1 F wAfDARAfINnwW given
2 F wA(f;g)D(AANfinw); g 1,StateAndChoplmpChopRule
3 F (AAfnw);g=f;(wi Ag) AndFinChopEqvStateAndChop
4 F wmAgDOga given
5 F A (miAg)Dh @ 4, RightChoplmpChop
6 - wA(f,g)Dfia 2,3,5, Prop
qed
ChopRepAndFin
F wAf D AAfinw ChopRepAndFin

F wiAg DO gt Afinw,
= F wA(f;g) D (h;&)Afinw

Proof:
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1 wAfDARAfInwW given

2 F wAgDg Afinw, given

3 F wA(f;g)Df;(gAfinw) 1,2 ChopRep

4 + fi;(@mNfinwm) DA & ChopAndA

5 v fi;(@Afinw)Df;finw, ChopAndB

6 F fi;finw, Dfinw, ChopFinlmpFin
7 F wA(f;g)D(fh;&)Afinw, 3,4,56,Prop

qed

The following lemma is used in MoreChopLoop.

Ftrue ; more = more TrueChopMoreEqvMore
MoreChopLoop
Ff D more;f = —f MoreChopLoop
Proof:
1 + f>Dmore;f given
11 + O f D O(more; f) DiamondlmpDiamond
12 +  O(more; f) = true ; (more ; f) def. of &
13 F true;(more; ) = (true; more); f ChopAssoc
14 + O(more; f) = more; f TrueChopMoreEqvMore
2 F more; f=0OF MoreChopEqvNextDiamond
3 F OFfFDO0f 11, 14,2, Prop
4 +  —(OFf) 3, NextLoop
5 F —\(<> f) D —f PTL
6 F ~f 4,5, MP
ged
Here is a corollary:
MoreChopContra
FfA—-g D (more;(fA—g)) = FfDg MoreChopContra

Proof:
1 F fA-gD(more; (f A—g)) given

2 B =(fA-g) 1, MoreChopLoop
3 F fDg 2, Prop

qed

Here is a variant of lemma MoreChopLoop that is useful in proofs:
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ChopLoop

Ff D g;f, Fg D more = —f ChopLoop
Proof:
1 - fOg;f given
2 F g D more given
3 F g;f>Dmore;f 2 LeftChoplmpChop
4 + fDOmore;f 1,3, ImpChain
5 F =f 4, MoreChopLoop
qed
Here is a variant of lemma MoreChopContra that is useful in proofs:
ChopContra
FfA-g D h;fA=(h;g), Fh D more = FfDg ChopContra
Proof:
1+ fA-gDh;fA=(h;g) given
2 F  hDmore given
3 F h;fA=(h;g)Dh;(fA—-g) ChopAndNotChoplmp
4 + h;(f AN—-g)Ddmore; (f A—g) 2, LeftChoplmpChop
5 F fA-gDmore; (f A-g) 1,3, 4, ImpChain
6 F fDg 5, MoreChopContra
qed
2.5 Properties of chop-plus
ImpChopPlus
F fFDfT ImpChopPlus
Proof:
1 ff=fV(f Amore); ft ChopPlusEqv
2 F fDOft 1, Prop
qed

ChopChopPlusimpChopPlus

- ofiftoft

ChopChopPluslmpChopPlus

57




qed

ChopPlusEqvOrChopChopPlus

Proof:

1 F  empty V more PTL

2 F  fDemptyV (f A more) 1, Prop

3 F f;fTDftV(f Amore); ft 2 EmptyOrChoplmpRule
4 F fT=fVv(f Amore); f+ ChopPlusEqv

5 F (f Amore); ft D f* 4, Prop

6 - f;ftoft 3,5, Prop

- f+Ef\/(f;f+)

ChopPlusEqvOrChopChopPlus

Proof for O :

1 F ft=fV(f Amore);f" ChopPlusEqv

2 b (fAmore);ft Df;ft AndChopA

3 F fFOfVFft 1,2, Prop
qed

Proof for C:

1 - fOff ImpChopPlus
2 F empty V more PTL

3 F fDemptyV (f A more) 2, Prop

4 + f;fTDFfTV(f Amore); ft 3, EmptyOrChoplmpRule
5 F ft=FfVv(fAmore); Tt ChopPlusEqv
6 - (fAmore);ftDFfF 5, Prop

7 F fV(f;f)DFT 1,6, Prop

qed

ChopPlusintro

FFA-gD(gAmore);f= Ff>Dg"

ChopPluslntro

f A—g>(gAmore); f

g =gV (g Amore); g"

fA=(gt) D (g Amore); f A=((g A more); gh)
g A more O more

fogt

U'I-P(A)I\Ji—‘-ao
TTTTTS

qed
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ChopPlusEqv
1,2, Prop

Prop

3,4, ChopContra




ChopPlusElim

FHf D g, F(fAmore);g D g= FHf" D g ChopPlusElim

Proof:

1 F ff=fVv(f Amore); f* ChopPlusEqv

2 F fDOg given

3 F (FAmore);g D g given

4 + ftA-gD(f Amore); ft A =((f Amore); g) 1,23, Prop

5 F f A more D more Prop

6 - ftog 4,5, ChopContra

qed

ChopPlusElimWithoutMore

Hf > g, Hf;g Dg= FHffDg ChopPlusElimWithoutMore
fog given
f.gdg given

(f Amore); g O f;g AndChopA
(f A\more); g D g 2,3, ImpChain
ftog 1,4, ChopPlusElim

U'I-PUOI\)I—‘(:SU
TTTT TS

qed

ChopPlusimpChopPlus

Hf D g= Fft > gt ChopPluslmpChopPlus
Proof:
1+ fDg given
2 b ft=fV(f Amore); f* ChopPlusEqv
3 F gt=gVv(gAmore);gt ChopPlusEqv
4 + T A=(gh) D ((Ff Amore); ) A—=((g Amore); gt) 1,23, Prop
5 F f Amore D g A more 1, Prop
6 - (f Amore); T D (g A more); fT 5, LeftChoplmpChop
7 F ftA=(g")D((g Amore); fT) A —((g A more); g™) 4,6 Prop
8 F g A more D more Prop
9 F ftogt 7,8, ChopContra

e
[0
o
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ChopPlusEqvChopPlus

g’ ChopPlusEqvChopPlus

FHf=g= L f*

=g given
fOg 1, Prop
ft > gt 2, ChopPlusimpChopPlus
gDof 1, Prop
gt O ft 4,ChopPlusimpChopPlus
ft =gt 3,5 Prop

O\(.ﬂ-h(}s)l\)l-l_ao
TTTTTTS

qed

2.6 Properties of chop-star

CSEqv
= f* =empty V (f A more); f* CSEqv
Proof:
1 F ff=fV(f Amore); T ChopPlusEqv
2 F empty = —more PTL
3 F emptyV T =emptyV (f Amore)V (f Amore); f" 1,2, Prop
4 +  (f A more); empty = f A more ChopEmpty
5 F  (f Amore); (empty V 1) =
(f A more) ; empty V (f A more) ; f+ ChopOrEqv
6 F emptyV ft =emptyV ((f A more); (empty V f*)) 3,4,5 Prop
7 F  f*=empty V (f A more); f* 6, def. of *
qed
EmptylmpCS
- empty D f* EmptylmpCS
Proof:
1 F f*=emptyV Tt def of*
2 F empty D f* 1, Prop
qed

Here is an straightforward corollary:
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' —=f* O more NotCSImpMore

ChopPlusimpCS

F o ffOf* ChopPluslmpCS
Proof:
1 F fT"DemptyV T Prop
2 F ftOf* 1, def. of *
qed
ImpCS
F fOf* ImpCS
Proof:
1 fOFff ImpChopPlus
2 F fDemptyV T 1, Prop
3 F fDOFf* 2, def. of *
qed

CSChopEqvOrChopPlusChop

- ffg=gVitig CSChopEqvOrChopPlusChop

Proof:
1 F f*=emptyV T def of*

2 + f*;g=gVvift;g 1, EmptyOrChopEqgvRule

qed
CSEqvOrChopCS
F o f*=empty V (f; ") CSEqvOrChopCS
Proof for DO
1 F  f*=emptyV (f A more); f* CSEqv
2 - (fFAmore); f*Df;f* AndChopA
3 F f*DemptyVf;f* 1,2, Prop
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qed

Proof for C:

1 - emptyDf* EmptylmpCS

2 F empty V more PTL

3 F f DemptyV (f A more) 2, Prop

4 + f;f*Df Vv (f Amore); f* 3, EmptyOrChoplmpRule
5 F f*=fV(fAmore); f* CSEqv

6 F (f Amore); f*D f* 5, Prop

7 F emptyV (f;f*)Df* 1,6, Prop

qed

ChopCSImpCS

Eof D ChopCSImpCS
Proof:
1 F f*=emptyV (f;f*) CSEqvOrChopCS
2 B f;f*DOf* 1, Prop
qed

CSAndMorelmpChopPlus

= f* AmoreD fT CSAndMorelmpChopPlus

Proof:
1 F fAmoreDf;f* CSAndMorelmpChopCS

2 F f*AmoreD ft 1,def. of *
qed

CSAndMoreEqvAndMoreChop

= f* A more = (f A more); f* CSAndMoreEqvAndMoreChop
Proof for O
1 F  (empty V (f A more); f*) A more D (f A more); f* PTL
2 F  f*Amore D (f A more); f* 1, def. of *
qed
Proof for C:
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1 F f*=emptyV (f Amore); * CSEqv

2 F (f Amore); f* D f* 1, Prop

3 F (f Amore); f* O more MoreChoplmpMore
4 + (f Amore); f* D f* Amore 2,3,Prop
qed

CSAndMorelmpChopCS

F f*AmoreDf;f* CSAndMorelmpChopCS
Proof:
1 F  f*Amore=(f Amore); f* CSAndMoreEqvAndMoreChop
2 F (fAmore); f*Df;f* AndChopA
3 F f*AmoreDf;f* 1,2, Prop
qed

CSAndMorelmpCSChop

" AmoreD f*;f CSAndMorelmpCSChop

Proof:
1 F  f*Amore=(f A more); f* CSAndMoreEqvAndMoreChop
2 F  empty V more PTL
3 F  f*DemptyV (f* A more) 2, Prop
4 +  (f Amore); f* D (f Amore) V ((f A more); (f* A more)) 3, ChopEmptyOrimpRule
5 F f*Amore A =f D (f A more); (f* A more) CSMoreNotImpChopCSAndMore
6 F f*=emptyV (f A more); f* CSEqv
7 F f;f=FfV((f Amore); f*);f 6, EmptyOrChopEqgvRule
8 F  ((f Amore); f*); f=(f Amore); (f*;f) ChopAssoc
9 F (f* Amore) A =(f*;f)D

(f A more) ; (f* A more) A =((f A more) ; (f*; f)) 5,7,8,Prop
10 F f A more D more Prop
11 F f*AmoreD f*;f 9,10, ChopContra

qed

The following lemma is used in the proof of CSAndMorelmpCSChop:

CSMoreNotlmpChopCSAndMore

= f* A more A =f D (f A more); (f* A more) CSMoreNotImpChopCSAndMore
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Proof:

1 F f*Amore=(f A more);f* CSAndMoreEqvAndMoreChop
2 F empty V more PTL

3 F  f*DemptyV (f* A more) 2, Prop

4 + (f Amore); f* D (f A more) V ((f A more); (f* A more)) 3, ChopEmptyOrimpRule

5 F (f Amore); f* Amore A =f D (f A more); (f* A more) 4, Prop

6 F f* Amore A =f D (f A more); (f* A more) 1,5, Prop
qed

CSChopCSImpCS

S M MW CSChopCSImpCS

Proof:

1 F  f*=emptyV (f A more); f* CSEqv

2 B =V ((f Amore); f*); f* 1, EmptyOrChopEqvRule

3 F 5 AA(F) D ((Ff Amore); £*); £* A =((Ff A more); £*) 1,2, Prop

4 +  ((f Amore); f*); f*=(f Amore); f*; f* ChopAssoc

5 F 5 f*AA(f*) D(f Amore); f*; f* A =((f Amore); f*) 3,4, Prop

6 F f A more D more Prop

7 F

QO
[0
o

f*if* o fr

CSChoplmpCS

5,6, ChopContra

- f L FD

CSChoplmpCS

-hool\Jt—l;U
o)
TTT TS

qed

fOf* ImpCS

f*;f O f*;f* 1, LeftChoplmpChop
f*.f*>f* CSChopCSImpCS
f*: fOf* 2,3, ImpChain

CSCSImpCS

CSCSImpCS




Proof:
1 F emptyDf* EmptylmpCS
2 = (f*Amore); f* D f*; f* AndChopA
3 F i f*DOf* CSChopCSImpCS
4 +  (f* Amore); f* D f* 2,3, ImpChain
5 F (F)*Df* 1,4, CSElim
qed
CSImpCS
Hf D g= FHf D g CSImpCS
Proof:
1+ fDg given
2 F ftogt 1, ChopPluslmpChopPlus
3 F emptyV ft DemptyV gt 2, Prop
4 - f*DOg* 3, def. of *
qed
CSEqvCS
Hf=g= FHf*=g" CSEqvCS
Proof:
1 - f=g given
2 B ft=gt 1, ChopPlusEqvChopPlus
3 F emptyV ft=emptyV g 2 Prop
4 - fr=g* 3,def. of *
qed
AndCSA
H (FAg) Df” AndCSA
Proof:

1 - fAgDf Prop

2 - (fAg)*Df* 1,CSImpCS

qed
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AndCSB

- (fAg)Dg AndCSB
Proof:
1+ fAgDg Prop
2 F (fFAg)*Dg* 1,CSImpCS
qed
CSintro
Ff Amore D (g Amore); f= FFf D g* CSlntro
Proof:
1 F  fAmoreD (g Amore); f given
2 F  more = —empty PTL
3 F f A -empty D (g A more);f 1,2, Prop
4 + g*=emptyV (g A more); g* CSEqv
5 F fA-g*D (g Amore);f A-((g Amore); g*) 3,4, Prop
6 F g A more D more Prop
7 fOg* 5,6, ChopContra
qed
CSElim
Fempty D g, F(fAmore);g D g= Ff* D g CSElim
Proof:
1 F f*=emptyV (f A more); f* CSEqv
2 F empty D g given
3 F (FAmore);g D g given
4 + *AN-gD(f Amore); f* A =((f Amore); g) 1,2, 3, Prop
5 F f A more D more Prop
6 F f*Dg 4,5, ChopContra
qed

CSElimWithoutMore

Fempty D g, Ff;g D g= Ff* D g

CSElimWithoutMore
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empty D g given

fi.gog given

(f Amore); g O f;g AndChopA

(f A\more); gD g 2,3, ImpChain
f*Og 1,4, CSElim

(.ﬂ-h(}s)l\)l-l_ao
TTTTTS

qed

CSChopEqvChopOrRule

FHf=g";h= Ff=(g;f)Vh CSChopEqvChopOrRule

Proof:

1 - f=g*;h given

2 F gt=emptyV(g;g") CSEqvOrChopCS

3 F gsh=hVv((g;g*);h) 2 EmptyOrChopEqvRule

4 + (g;g8*):;h=g;(g*;h) ChopAssoc

5 F g;f=g;(g*;h) 1, RightChopEqvChop

6 - f=(g;f)Vh 1,3,4,5, Prop
qed

CSChoplintroRule

HFA-h D g;f, Fg D more= f D g*;h CSChoplntroRule

Proof:

1 F fA-hDg;f given

2 F g D>more given

3 F g>gAmore 2, Prop

4 + g;f>D(gAmore);f 3, LeftChoplmpChop

5 F fD>(gAmore);fVh 1,4, Prop

6 F g*=emptyV (g A more);g* CSEqv

7 F g*;h=hV ((g Amore);g*);h 6, EmptyOrChoplmpRule
8 F ((gAmore);g*); h= (g A more);(g*; h) ChopAssoc

9 + g*;h=hV (g Amore);(g*;h) 7,8, Prop

10 = fA=(g*;h)D(g Amore); f A—((g Amore);(g*;h)) 59 Prop

11 F g A more D more Prop

12 F fD>g*;h 10,11, ChopContra
qed
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CSImpBox

Hf D emptyV (Ow Amore);f= FwAf D Ow CSImpBox
Proof:
1 F fDemptyV (Ow A more); f given
2 F wA-Ow D —empty PTL
3 F wAfA=OwD (Ow A more);f 1,2, Prop
4 + OwAmoreD (Ow A more) A fin w PTL
5 F (OwAmore);fD((Ow A more) Afinw);f 4, LeftChoplmpChop
6 F ((Ow A more)Afinw);f=(0wAmore);(wA f) AndFinChopEqvStateAndChop
7 F 2OwD((0Ow)r>-0Ow NotBoxStatelmpBoxYieldsNotB
8 F (Ow)r>-Ow D (0w A more)>—-0Ow AndYieldsA
9 F (OwAmore);(wAFf)A(OwAmore)>-0w D
(Ow Amore); ((wAFf)A-Ow) ChopAndYieldsimp
10 F (wWAFf)A=OwD (Ow Amore); (wAFf)A-Ow) 3,5,6,7,8,9, Prop
11 - (Ow Amore);((wAf)A-Ow)Dmore;((wAf)A-Ow) AndChopB
12 F (wAf)A=Ow Dmore; ((wAf)A-Ow) 10, 11, ImpChain
13 F wAfOOw MoreChopContra
qed
BoxCSEqvBox
F wA(Ow)=0w BoxCSEqvBox
Proof for O
1 F (Ow)*=empty V (Ow A more); (0w)* CSEqv
2 F (Ow)* Dempty V(Ow A more); (Ow)* 1,Prop
3 F wA(Ow)*>0Ow 2, CSImpBox
qed
Proof for C:
1 OwDw PTL
2 F OwD(Ow)* ImpCS
3 F OwDwA(Ow)* 1,2, Prop
qed
BoxStateAndCSEqvCS
FOwAf*=wA(OwA ) BoxStateAndCSEqvCS
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Proof for O :
1 - Ow>Ow

PTL

2 F  f* Amore = (f A more); f* CSAndMoreEqvAndMoreChop
3 F OwA((fAmore);f*)=(0OwAf Amore); (0w A f*) BoxStateAndChopEqvChop
4 - OwAfAmoreD (Ow A f) A more PTL
5 F (OwAfAmore); (OwAf*)D
((Ow A f) Amore); (Ow A f¥) 4, LeftChoplmpChop
6 - (OwAf*)AmoreD ((OwAf)Amore); (0w A f*) 2,3,5, Prop
7 F OwAf*D((0OwAf)* 6, CSintro
8 F OwAf*DwA(OwA f)* 1,7, Prop
qed
Proof for C:
1 F (@wAf)*D(Ow)* AndCSA
2 F wA(Ow)*=0w BoxCSEqvBox
3 F (OwAf)*DfF* AndCSB
4 - wA@wAf)*>O0OwAfFf* 1,23 Prop
qed
See also the lemma BoxStateAndChopEqvChop for chop.
BaCSImpCS
Fo@(f O g)off O g BaCSImpCS
Proof:
1 F f*=emptyV (f A more); f* CSEqv
2 F  g*=emptyV (g A more);g* CSEqv
3 F fA=(g*)D(f Amore); f* A—((g A more); g*) 1,2, Prop
4 + (f D g)>(f Amore D g A more) Prop
5 F B(f D g)DB&(f Amore D g A more) 4, BalmpBa
6 F B(fAmore D g Amore) D (f Amore); f* D
(g N\ more) ; f* BaLeftChoplmpChop
7 F B(f O g)A(f Amore); f* D (g A more); f* 5,6, Prop
8 F (g Amore);f*A~=((g Amore); g*) D
(g A more) ; (f* A =(g*)) ChopAndNotChoplmp
9 F (g Amore); (f*A—(g*)) D more; (f* A =(g*)) AndChopB
10 - B(f D g)Ddmore; (fF*A=(g*)) D
more; (BI(f D g) A f* A —=(g*)) BaChoplmpChopBa
11 - B(f D g)Af*A-(g¥)
more ; (BI(f D g) A f* A —=(g¥)) 3,7,8,9,10, Prop
12 - =(@(f O g)AFf*A-(gY)) 11, MoreChopLoop
13 - B(f >Dg)D>f* D g* 12, Prop



qed

The following corollary can be readily verified:

BaCSEqvCS

- B(f=g)Df =g" BaCSEqvCS

BaAndCSImport

F BfAg*D(FAgG) BaAndCSImport
Proof:
1+ f>(g DfAhg) Prop
2 F BfDOBE(g D fAg) 1, BalmpBa
3 F B(g D FfAg)Dg* D (fAg) BaCSImpCS
4 F BfAg*D(FAgE)> 2,3,Prop
qed

2.7 Properties of While

WhileEqvlf
- while w do f = if w then f ; (while w do f) else empty WhileEqvlf

Proof:

1 F whilewdof=(wAf)*Afin—w def. of while

2 F (wAf)*=emptyV ((wAfF);(wAF)*) CSEqvOrChopCS
3 F  empty A fin =w = =w A empty PTL

4 F (wAf);(wAf)=wAf;(wAf)* StateAndChop

5 F (Fi(wAf))Afin—w=F;((wAfF)*Afin—w) ChopAndFin

6 F f;((wAf)Afin—-w)=f;while wdof def. of while

7 F  while wdo f 1,2,3,4,5,6, Prop

= (-w A empty) V (w A (f ; while w do f))

8 + while wdo f =if wthen f; (while w do f) else empty 7, Prop
qed

WhileChopEqvlf

= (while w do f); g = if w then f; (while wdo f); gelse g WhileChopEqvlf
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Proof:
1 F while wdo f =if wthen f; (while w do f) else empty WhileEqvlf

2 + (whilewdof);g=

if w then (f ; while w do f); g else empty ; g 1, IfChopEqvRule
3 F (f;whilewdof);g=f;(whilewdof);g ChopAssoc
4 - empty;g=g EmptyChop

5 + (while wdo f); g =if wthen f; (while wdo f);gelseg 2,3,4,Prop
qed

WhileChopEqvlfRule

Ff = (while wdog);h= f=if wtheng;felseh WhileChopEqvlIfRule
Proof:
1 + f=(whilewdog);h given
2 + (while wdo g); h=if wthen g; (while wdo g); helse h WhileChopEqvlf
3 F g;f=g;(whiltwdog);h 1, RightChopEqvChop
4 -+ f=ifwtheng;felseh 1,2,3,Prop
qed
WhilelmpFin
= while wdo f D fin —w WhilelmpFin
Proof:
1 F (wAf)*Afin=wDfin-w Prop
2 + whilewdof Dfin -w 1, def. of while
qed

WhileEqvEmptyOrChopWhile

= while wdo f = (=w A empty) V (w A (f A more) ; while w do f)
WhileEqvEmptyOrChopWhile

Proof:
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1 F (wAf)=emptyV ((wA f)Amore); (wA f)* CSEqv
2 F (wAf)Amore=wA (f A more) Prop
3 F ((wAf)Amore);(wAf)*=(wAf Amore);(wA f)* 2, LeftChopEqvChop
4 + (wAf)*=emptyV (wAfFf Amore); (w A f)* 1,3, Prop
5 F (wAf)*Afin-w=
(empty A fin =w) V ((w A f A more) ; (w A f)* A fin =w) 1, Prop
6 F empty Afin =w = =w A empty PTL
7 F (wAfAmore);(wAFf)*=wA(f Amore); (w A f)*  StateAndChop
8 F (f Amore);(wAf)*Afin—w=
(f Amore); ((w A £)* A fin ~w) ChopAndFin
9 F (wAf)*Afin-w=
(—w A empty) V (w A (f A more); ((w A £)* A fin =w)) 5,6,7,8, Prop
10 + whilewdo f =
(=w A empty) V (w A (f A more) ; while w do f) 9, def. of while
qed
Whilelntro
F o —aw A f D empty Whilelntro
F wAfD(gAmore);f
= F fDwhilewdog
Proof:
1 F —=wAfDempty given
2 F wAfD(gAmore); f given
3 + whilewdog=
(—=w A empty) V (w A (g A more) ; while w do g) WhileEqvEmptyOrChopWhile
4 + fA-whilewdog>D
(g A more); f A =((g A more) ; while w do g) 1,2,3,Prop
5 F g A more D more Prop
6 - fDwhilewdog 4,5, ChopContra
qed
WhileElim
= —wAemptyD g WhileElim
F wA(fAmore);gDg
= F whilewdofDg
Proof:
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1 F whilewdof =
(=w A empty) V (w A (f A more) ; while w do f) WhileEquEmptyOrChopWhile

2 F —wAemptyDg given
3 F wA(fAmore);gDg given
4 + whilewdof A-g>D
(f A more) ; while w do £ A =((f A more) ; g) 1,2,3,Prop
5 F f A more D more Prop
6 - whilewdofDg 4,5, ChopContra
qed

BaWhilelmpWhile

F B(f D g) > (while wdof) D (while w do g) BaWhilelmpWhile
Proof:
1 (Fog)d(wAf) D (wAg) Prop
2 F B8(f D g)oa(wAf) D (wAg)) 1, BalmpBa
3 F B(wAf) D (wAg)D((wAf) DO (wAg)) BaCSImpCS
4 + B(f D g)D((wAH)*Afin=-w D (wAg)*Afin-w) 2,3, Prop
5 b B(f O g) > (while wdof) O (while w do g) 4, def. of while
qed
WhilelmpWhile
Ff D g= F (while wdof) D (while wdo g) WhilelmpWhile
Proof:
1+ fDg given
2 F &(f O g) 1, BaGen
3 F B(f O g) > (while wdof) O (while wdog) BaWhilelmpWhile
4 +  (while wdo f) D (while w do g) 2,3, MP
qed

2.8 Properties of Halt
HaltChopEqv

F halt w; f =if w then f else O(halt w ; f) HaltChopEqv
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Proof:

1 F  halt w = if w then empty else Ohalt w PTL

2 F  halt w; f =if wthen empty; f else (Ohalt w); f 1, IfChopEqvRule
3 F empty;f=f EmptyChop

4 +  (Ohalt w); f =O(halt w; f) NextChop

5 F halt w; f =if wthen f else O(halt w ; f) 2,3,4,Prop

qed

AndHaltChoplmp

F wA(haltw;f)Df AndHaltChoplmp
Proof:
1 F  halt w; f=if wthen f else O(halt w; f) HaltChopEqv
2 F wA(haltw;f)Df 1, Prop
qed

NotAndHaltChoplmpNext

F o —w A (halt w; f) D O(halt w; f) NotAndHaltChoplmpNext
Proof:
1 F  halt w; f=if wthen f else O(halt w; f) HaltChopEqv
2 F —wA(halt w; f) D O(halt w; f) 1, Prop
qed

NotAndHaltChoplmpSkipYields

= —w A (halt w; f) D skip ~>(halt w; ) NotAndHaltChoplmpSkipYields
Proof:
1 B —wA (halt w; f) D O(halt w; ) NotAndHaltChoplmpNext
2 F  O(halt w; ) D skip~>(halt w; f) NextIlmpSkipYields
3 F —wA (halt w; f) D skipr>(halt w; f) 1,2, ImpChain
qed
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HaltChoplmpNotHaltChopNot

= halt w; f D —(halt w; —f) HaltChoplmpNotHaltChopNot

Proof:

1 F  halt w;f=if wthen f else O(halt w; f) HaltChopEqv
2 F if wthen f else O(halt w; f) D ((w D f) A (-w D O(halt w ; f))) Prop

3 F  halt w; —f =if wthen —f else O(halt w ; =f) HaltChopEqv
4 F if wthen —f else O(halt w; =f) D ((w D =f) A (-w D O(halt w; =f))) Prop

5 F  (halt w;f)A (halt w;=f) D

(w D f)A(=w D O(halt w; f)) A (w D —f) A (—w D Olhalt w; =f)) 1,2,3,4,Prop

6 F (halt w;f)A (halt w;=f) D O(halt w; f) A O(halt w; —f) 6, Prop

7+ Ohalt w; f) A O(halt w; =f) = O((halt w; f) A (halt w; =f)) PTL

8 F (halt w;f)A (halt w;=f) D O((halt w; f) A (halt w; =f)) 6,7, Prop

9 F  =((halt w; f) A (halt w; =f)) 8.NextLoop
10 +  halt w; f D —(halt w; =f) 9, Prop
qed

HaltChoplmpHaltYields

= halt w; f D (halt w) ~=>f HaltChoplmpHaltYields

Proof:
1 F  halt w;f D —(halt w;=f) HaltChoplmpNotHaltChopNot

2 F  halt w; f D (halt w)r=>f 1,def. of >
qed

HaltChopAnd

= (halt w); f A (halt w); g D (halt w); (f A g) HaltChopAnd
Proof:
1 F  (halt w); g D (halt w)r>g HaltChoplmpHaltYields
2 F  (halt w); f A (halt w); g D (halt w); f A (halt w)~>g 1,2, Prop
3 F  (halt w); f A (halt w)r>g D (halt w); (f A g) ChopAndYieldsimp
4 +  (halt w); f A (halt w); g D (halt w); (f A g) 2,3, Prop
qed
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HaltAndChopAndHaltChoplmpHaltAndChopAnd

F (halt wAf); A A(halt w; g) D (halt w A f); (A A g)
HaltAndChopAndHaltChoplmpHaltAndChopAnd

Proof:
1+ AD-gV(hiAg) Prop
2 F (hatwAf); 1D
(halt w A f); =g) V ((halt w A ) ; (A A g)) 1, ChopOrlmpRule
3 F (halt wA f);—gDhalt w;—g AndChopA
4 +  halt w; g D —(halt w;~g) HaltChoplmpNotHaltChopNot
5 F (halt wAf);AA(halt w;g)D(halt wAf);(AAg) 23,4 Prop

qed

HaltimpBoxYields

= (halt w); f O (0 -w) ~>((halt w); f) HaltimpBoxYields
Proof
1 F (O-w);=(halt w; f) D S(0O-w) ChoplmpDi
2 - O-w D -—w PTL
3 F ©@0-w)Do-w 2, DilmpDi
4 F Oaw=-w DiState
5 F (O-w);—=(halt w;f)D-w 1,2, 4 Prop
6 F halt w; f =if wthen f else O(halt w ; f) HaltChopEqv
7 F  (halt w; f) A(O-w); =(halt w; f) D O((halt w); f) 5,6, Prop
8 F O-wDemptyV OO-w PTL
9 F (O-w);~(halt w;f)D
=(halt w; f) Vv ((El —w) ; —(halt w; f)) 8, EmptyOrNextChoplmpRule
10 = (halt w); f A (O=w);=(halt w;f) D
o((d-w); —\(halt w; f)) 9, Prop
11 F  (halt w); f A (O —|W) ;a(halt wi f) D
O(halt w); f) A O((O ~w) ; —(halt w ; f)) 7,10, Prop
12+ O((halt w); f) AO((O-w); =(halt w; f)) D
O(((halt w); f) A ((O =w) ; ~(halt w; f))) PTL
13 +  (halt w); f A(O-w);(halt w; f) D
O(((halt w); £) A ((O=w) ; =(halt w; £))) 11,12, ImpChain
14 F  ((halt w); f A (O-w); —(halt w; f)) 13, NextLoop
15 + (halt w);f D ((D —w) ; (halt w; f)) 14, Prop
16 + (halt w); f D (O-w)r>((halt w); f) 15, def. of >
qed
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2.9 Properties of groups of chops
ChopGroupMerge

(A )i (g8 =R g 8 ChopGroupMerge

We prove this by induction on m.

Proof for m=1:
1+ f;(g;...;8)=f;8;...:8 def. of <chop>
qed

Proof for m > 1:
1 - (Aifh...ifn)i(g:... 80)=

fii (B fm)i (8125 8n)) ChopAssoc
2 B (. ifn)i(gs...i80) =
o - R induction hypothesis
3 F AR ifm)i(gr.. i 80) =
(b i fmig . &) 2, RightChopEqvChop
4 (Aifh;...ifm)i(g:-..180) =
fivh,. . i fmi& . &n 1,3, EqvChain
qed
ChopGroupGroupMerge
(A hn) s (s fog) = ChopGroupGroupMerge

IR W AEIEI Ay

where there are n groups and for each group 1 < i < n, there are I; formulas. Proof is by induction on n.

Proof for n = 1:
1 - fa1;...ihpy=hfa;...;fy Prop
qed

Proof for n > 1:
1 F (fbysooihp)s i (fars- i fay) =

RS SN ST A induction hypothesis
2 F (A1 hn)i(Bbas o cibn)i (fas i fon) =
(A1 hn)i(bas o ihpr ot fan) 1, LeftChopEqvChop
3 F (Ari-- i hn)i(Bbas o ihpioiforo o) =
RS (I CR RPN CW AL S S AU ChopGroupMerge
4 F (Ars..ihn)i(Brs i he)ie (fas fai oo fon) =
v, hnibr byt fa 2,3, EqvChain
qed
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ChopGrouplmpCS

F off ... fFDF*

ChopGrouplmpCS

The proof is by induction on the number of <chops>.

Proof when no <chops>:
1 + f>f* ImpCS
qed

Proof for at n occurrences of <chops> where n > 1:

1 - f:...:fDF*

induction for n — 1 <chops>

f;f;...;f>f;f 1 LeftChoplmpChop

ChopCSImpCS

..o fDf* 2,3, ImpChain

qed
MultChoplmpCS

Fh D g, Ffh, D g= F(h;...;f)Dg" MultChoplmpCS
Proof:
1 F fi>g, forl1<i<n given
2 b f;...;fhDg;...;g 1, MultChoplmpChop
3 - g;...;8Dg" ChopGrouplmpCS
4 + f,...;f,Dg" 2,3, ImpChain
qed

NestedChoplmpChop

FwAf D g;(w Af),

FwmiAf D gii(wmAh)

= FwAf D g;g;(mAh)

NestedChoplmpChop

Proof:

1 F wAfDg;(wmiAR)

2 F wmARDg; (wmAf)
3 F

4 F wAfDg;gi;(wmaAh)
qed

given
given

g:(miANh)Dgigi(wmaAf) 2 RightChoplmpChop

1,3, ImpChain
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MultNestedChoplmpChop

I_Wl/\fi D) gl;(Wg/\fg),...,l_ W,,,l/\fnfl D) g,,,l;(W,,/\f,,)
MultNestedChoplmpChop

= FwmAfl D g i 8-1;(WaA gn)

The proof is by induction on n.

Proof for n = 1:
1 wviAhRDw A Prop

qed

Proof for n > 1:

1 F mARDg; (waA D) given

2 F wiANfiDg (Wi Afiyg), foreachi: 1<i<n given

3 F wmALGDEG 81 (Wn A gn) 2, induction hypothesis

4 F wmiANRDEgL & i 8n-1;(Wn A &) 1,3, NestedChoplmpChop
qed
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Part Il

JANCL proofs

Proofs taken from
Ben Moszkowski. “A Hierarchical Completeness Proof for Propositional Interval Temporal Logic with
Finite Time". In: Journal of Applied Non-Classical Logics 14.1-2 (2004), pp. 55-104. url.

3 Propositional Proofs

Fh Dk, ..., Ffha1 D fhi= FHA DK ImpChain
Fh=6h, ,..., Ffhi=f= FHL=1, EqvChain
Fh,Eh oo F R = Fg, Prop

where the formula A AL A ... f, D g
is a substitution instance of a propositional tautology

4 PITL Axiom System

We now present an axiom system for PITL. Our experience in rigorously developing hundreds of proofs
has helped us refine the axioms and convinced us of their utility for a wide range of purposes.

Definition 1 (Tautology) A tautology is any formula which is a substitution instance of some valid
nonmodal propositional formula.

For example, any PITL formula of the form Of v &g D < g is a tautology since it is a substitution
instance of the valid nonmodal formula hg V hy D h;. It is not hard to show that all tautologies are
themselves valid. Intuitively, a formula is a tautology if it does not require any modal reasoning to justify
its truth.

4.1 Axioms and Inference Rules for PITL

Our PITL axiom system is given in Table 1. Recall that the symbol DO is the logical operator implication
used in formulas. In contrast, the metalogical symbol = denotes the ability to infer a new theorem
from other previously deduced ones. The axiom system mainly deals with chop, and skip and operators
derived from them. Only one axiom is needed for chop-star.

The axiom system contains some of the propositional axioms suggested by Rosner and Pnueli but
also includes our own axioms and inference rule for the operators @ and chop-star. These assist in
deducing theorems and derived inference rules for compositional reasoning. The Axiom Taut permits
using properties of conventional nonmodal logic without proof (recall Definition 1 concerning tautologies).
It is possible to omit it and achieve the same results by means of a few “lower-level” axioms and inference
rules dealing primarily with nonmodal reasoning.

The axiom system gives nearly equal treatment to initial and terminal subintervals. For example, the
Inference Rules BiGen and BoxGen respectively provide a means to obtain new theorems by embedding
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FAIl PITL tautologies Taut
H(f;g);h=";(g;h) ChopAssoc
HfhVvh)ig D (hig)V(hig) OrChoplmp
Hfi (g V&) O (fig)VI(fig) ChopOrlmp
Fempty ; f = f EmptyChop
Hf;empty = f ChopEmpty
Fw D Ow StatelmpBi
FO(fhb DO A)AO(g D g1) D (fhig) O (f; &) BiBoxChoplmpChop
FOf D @f NextImpWeakNext
FHFAO(f D @f) D Of BoxInduct
Hf* = empty V (f A more) ; f* ChopStarEqv
Hf D g, Ff = kg MP
Hf = FOf BoxGen
Hf = FDf BiGen

Table 1: PITL axiom system

previously deduced PITL theorems in @ and O. This is exceedingly important for the kinds of proofs we
do since we naturally move formulas in and out of the left side of chop in many situations. The later
embedding of the FL axiom system in the PITL axiom system and the reduction of PITL completeness
to FL completeness both involve a lot of this kind of reasoning. The proof of the PITL Replacement
Theorem is also a good example of how the analysis of the left side of chop is relevant. We additionally
believe that axioms and inference rules concerning @ make the axiom system easier to understand since
much of it consists simply of duals in this sense. In contrast, most temporal logics cannot readily handle
initial subintervals since the conventional operators are point-based. Even other axiom systems for ITL
largely neglect initial subintervals.

A formula f which is deducible (provable) from the axioms and inferences rules is called an PITL
theorem, denoted - f. When doing proofs, we can observe that a PITL subset in which the only primitive
temporal operator is chop and one side is always some fixed formula obeys the rules of the conventional
normal modal system K. We now give two sample theorems and their proofs. The justification Prop in
some steps refers to conventional propositional reasoning which can involve implicit uses of Axiom Taut
and/or modus ponens MP.

BilmpDilmpDiSample

FO(f D g) DOf D g BilmpDilmpDiSample

Proof:
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1 true D true Prop

2 O(true D true) 1, BoxGen
3 @(f O g) A O(true D true)
D (f;true) D (g;true) BiBoxChoplmpChop
4 @(f O g) D (f;true) D (g;true) 2,3,Prop
5 O(f D g) D ®f O &g 4,def. of ©
qed

The following instance of Axiom StatelmpBi illustrates why it is not subsumed by Inference Rule Bi-
Gen:

- —\QD m—\Q

Here Q is a propositional variable. We cannot use BiGen since —Q is not a theorem.

5 Deduction of PTL Axioms from the FL Axiom System

F O(f>g)>0Of>0Og Al
F Of D ®@f A2
F O(f >g)D>Of >Og A3
F OfOfA®Of A4
F Of >®f)D>fDO0Of Ab

fis atautology = F f R1
- fog F f = F g R2
- f = + Of R3

Table 2: Modified version of Pnueli's complete axiom system

This appendix contains various FL theorems and their deductions. These include ones corresponding
to some of the PTL axioms in Table 2. Most of the PTL axioms and inference rules have identical
or nearly identical versions in the FL axiom system in Table 3. The three exceptions are Axioms Al,
A3 and A4. We will look at each of them in turn as FL theorems FBoxlmpDist, FNextlmpDist
and FBoxImpNowAndWeakNext, respectively. The trickiest is Axiom Al. The symbol - as used
here always refers to = f,. None of the FE formulas occurring in the proofs contain variables and
therefore the proofs also ensure well-formed FLV theorems and derived inference rules for any V.
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- All FL tautologies FLTaut
- OX = (skip)f FL2
o O f = (skip*)f FL3
o (whf=wAf FL4
F (E)fVg)D(E)fV(E)g FL7
- (ENf =V (E; ENf FL8
F O(f>g)D(E)f D(E)g FL9
- Of D ®f FL10
FoO(f D @) AfDOf FL11
F <& empty FL12
- fog F f = F g FLMP
L f = E Of FLBoxGen
= (Eo)empty D (Eg)empty = F  (Eo)f D (Eq)f FInf3
= (more A (Ep)empty)(E1)empty =+ (Eo*)f D (Ey")f FInf4
Table 3: Axiom system for FL

FBoxlmpDiamondlmpDiamond
O D g) DOf D Og FBoxImpDiamondImpDiamond

Proof:

1 O(f D g) D (skip*)f D (skip*)g FL9

2 Of = (skip*)f FL3

3 O g = (skip*)g FL3

4 0O(f D g) DOf D Og 2,3,Prop

qed

The following slightly obscure theorem is used in the proof of FBoxImpDist:

FBoxContraPosImpDist

- O(-g D —-f) D Of D Og FBoxContraPosImpDist

Proof:
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1 O(-g D f) D Cag D Of FBoxlmpDiamondimpDiamond
2 D(ﬁg D) —|f) D =0 af D —|<>—|g 1,Pr0p

3 O(-~g D —f) D Of D Og 2,def. of O

qed

Below is the proof of PTL Axiom Al as FL theorem FBoxImpDist. In the final step, ImpChain
stands for a chain of implications.

FBoxImpDist
F O(f D g) >DOf O 0Og FBoxImpDist
Proof:
1 (f > g) > (g D> f) Prop
2 —|(—|g D) —\f) > —|(f D g) 1, Prop
3 O(=(-~g D =f) D ~(f D g)) 2 FLBoxGen
4 O(=(-g > =f) D =(f O g))

D O(f D g) D O(—g D —f) FBoxContraPoslmpDist

5 O(f D g) D O(—g D —f) 3,4, FLMP

6 O(—-g D ~f) D Of D Og FBoxContraPosImpDist
7 O(f Dg) DOf D dg 5,6, ImpChain

qed

FNextNotimpNotNext

F O=f O —-Of FNextNotImpNotNext

Proof:
1 Of O @f FL10

2 Of O =-0-~f 1,def. of @
3 O-f O -0Of 2, Prop
qed

Here is a proof of PTL Axiom A3:

FNextlmpDist

F O(f D g) D Of D Og FNextImpDist

Proof:
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1 (skip)(=f V g) D ((skip)—f) Vv ({(skip)g) FL7

2 O(=f V g) = (skip)(=f V g) FL2

4 Og = (skip)g FL2

5 O(-fVvg) D O~fVvOg 1-4, Prop

6 O-f D -0Of FNextNotimpNotNext
7 O(—~fVvg) D 0OfvOg 5,6, Prop

8 O(f D g) D Of O Og 7,def. of D
qed

The remaining proofs are for ultimately deducing PTL Axiom A4 as FL theorem FBoxlImpNowAndWeakNext
The following derived rule FRightSkipChoplmpSkipChopRule can be readily generalised to allow some
arbitrary FE formula in place of skip. In addition, a version can be proven which uses = instead of D .

FRightSkipChoplmpSkipChopRule

F f D> g = k (skip)f DO (skip)g FRightSkipChoplmpSkipChopRule
Proof:
1 f>Og Assump
2 O(f O g) FLBoxGen
3 0O(Ff D g) D (skip)f D (skip)g FL9
4 (skip)f DO (skip)g 2,3, MP
qed

FNextlmpNextRule

F f>g = Of D Og FNextImpNextRule
Proof:
1 fDOg Assump
2 (skip)f D (skip)g 1, FRightSkipChoplmpSkipChopRule
3 Of = (skip)f FL2
4 Og = (skip)g FL2
5 Of D Og 3,4, Prop
qed

FNextEqvNextRule

F f=g = Of=0g FNextEqvNextRule
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Proof:

1 f=g Assump

2 fDg 1, Prop

3 Of D Og 2,FNextlmpNextRule
4 g DO f 1, Prop

5 Og D Of 4,FNextlmpNextRule
6 Of =0g 3,5, Prop

qed

FDiamondEqvNowOrNextDiamond

- Of=fVOOf

FDiamondEqvNowOrNextDiamond

Proof:

1 Of = (skip*)f FL3

2 (skip*)f = f Vv (skip;skip*)f  FL8

3 (skip; skip*)f = (skip)(skip*)f FL6

4 O(skip*)f = (skip) (skip*)f FL2

5 OO f = O(skip*) X 1, FNextEqvNextRule
6 OCFfF=FfVOOFf 1-5, Prop

qed

FNowlmpDiamond

- f D Of

FNowlmpDiamond

Proof:
1 ¢f=fvOSf FDiamondEqvNowOrNextDiamond

2 f DO Of 1, Prop
qed

FNextDiamondlmpDiamond

o OOf O Of

FNextDiamondlmpDiamond

Proof:
1 ¢f=fvO<Sf FDiamondEqvNowOrNextDiamond

2 OO0f O Of 1, Prop
qed
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BoxImpNow

F Of O f

BoxImpNow

Proof:
1 =-f D ¢~f FNowlmpDiamond

2 2<Of O f 1,Prop
3 0O0f DO f 2,def. of O
qed

FBoxImpWeakNextBox

F Of D @®Of

FBoxImpWeakNextBox

Proof:
1 =<0 af O Of Prop

2 O—-=0—~f D OO~f 1,FNextlmpNextRule

3 OO0af O Of FNextDiamondIimpDiamond
4 O=Of O O—f 2,3, ImpChain

5 O-0O0f O O—f 4, def. of O

6 -Of D ~O-0f 5, Prop

7 Of O @®Of 6, def. of O, ®

qed

Below is a proof of PTL Axiom A4:

FBoxImpNowAndWeakNext

o Of O fA®Of

FBoxImpNowAndWeakNext

Proof:

1 Of O f BoxImpNow

2 Of > @Of FBoxImpWeakNextBox
3 0f> FfAa®Of 1,2 Prop

qed
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Part 111
LMCS proofs

Proofs taken from
Ben C. Moszkowski. “A Complete Axiom System for Propositional Interval Temporal Logic with Infinite
Time". In: Logical Methods in Computer Science Journal 8.3 (2012). url.

6 Axiom system for PITL with finite and infinite time

FSubstitution instances of valid PTL formulas VPTL
Hf ~g)~h=f~(g~h) ChopAssoc
HfVvh)~g D (h~g)V(i~g) OrChoplmp
Hf~(go V) D (f~g)VI(Ff~a) ChopOrlmp
Fempty ~f = f EmptyChop
Hfinite D (f —~ empty = f) FinitelmpChopEmpty
Fw D Bw StatelmpBf
F@(f O A)ADO(g D &) O (h~g) O (h~a) BfAndBoxImpChoplmpChop
Hf* = empty V (f A more) ~ f* SChopStarEqv
HfAO(f O (g Amore) ~f) D g¥ ChopOmegalnduct
Hf > g, Ff = tg MP
Hinite D f = +@Of BfFGen
Hf = FOf BoxGen
F@B((fn P)=g)Df = kFf BfAux

In BfAux, propositional variable P must not occur in f and g.

FA D fh, ..., Ffh1 D fh= A/ D ImpChain
RS By gasuy Ffha=fh=> Fh=1 EqvChain
FhF ... Ff, = kg, Prop

where the formula A AHLA...f, D g

is a substitution instance of a propositional tautology

88


http://dx.doi.org/10.2168/LMCS-8(3:10)2012

4

Axiom system for PITL with finite time

Substitution instances of conventional (nonmodal) tautologies Taut
Hf ~g)~h=f~(g~h) FChopAssoc
HhVh)~g D (h~g)V(h~g) FOrChoplmp
Ff~(&Ve) D (f~g)VI(f~a) FChopOrimp
Fempty ~f = f FEmptyChop
Ff ~empty = f FChopEmpty
Fw D Bw FStatelmpBf
F@(fh O A)ADO(g D &) D (h~g) O (h~eg) FBfAndBoxImpChoplmpChop
Ff* = empty V (f A more) ~ f* FChopStarEqv
FOf D @f FNextImpWeakNext
HEADO(f D @f) D Of FBoxInduct
Hf S g Ff = Fg FMP
Hf = FOf FBfGen
Hf = FOf FBoxGen

8

Some PITL theorems and Their Proofs

This appendix gives a representative set of PITL theorems and derived inference rules together with their
proofs. Many are used either directly or indirectly in the completeness proof for PITL with both finite and
infinite time. We have partially organised the material, particularly in Section 8.2, along the lines of some
standard modal logic systems.

The PITL theorems and derived rules have a shared index sequence (e.g., BfChoplmpChop — Box-
ChopEqvChop are followed by BfGen rather than DR1). We believe that this convention simplifies
locating material in this appendix.

Proof steps can refer to axioms, inference rules, previously deduced theorems, derived inference rules
and also the following:

Assumptions which are regarded as being previously deduced.

Prop: Conventional nonmodal propositional reasoning (by restricted application of Axiom VPTL)
and Modus Ponens.

ImpChain: A chain of implications.
EqvChain: A chain of equivalences.

In principle, ImpChain and EqvChain are subsumed by Prop but are used here to make the
reasoning more explicit.
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Our assumption of axiomatic completeness for PITL with just finite time PITLF

permits any valid implication of the form finite D f.

8.1 Some Basic Properties of Chop

We now consider deducing various simple properties of chop and the associated operators ©, @, < and
O which have a wide range of uses.

BfChoplmpChop

F@(f D ) D(Ff~g) D (A~g) BfChoplmpChop
Proof:
1l g>¢g Prop
2 O(g D g) 1, BoxGen
3 @(f D A)ADO(g D g) D (f~g) D (A~g) BfAndBoxImpChoplmpChop
4 @(f > i) D (f~g) D (h~g) 2,3, Prop
qed

BoxChoplmpChop

F O(g D> &) D(f~g) D (f~g) BoxChoplmpChop
Proof:
1 finite D (f D f) Prop
2 O(f O f) 1, BfFGen
3 @B(f D f)AO(g D &) D (F~g) D (f~g) BfAndBoxlmpChoplmpChop
4 Og D> a)D(f~g) D (f~a) 2,3, Prop
qed
BoxChopEqvChop
- Og=g) D (f~g)=(f~g) BoxChopEqvChop
Proof:
1 D(g=g)=0(g D g)AD(@ D g) VPTL
2 Og>ag)Dd(f~g) D (f~g) BoxChoplmpChop
3 0 Dg)o(f~g) D (f~g) BoxChoplmpChop
4 D(g=g) D (F~g)=(f~a) 2,3, Prop
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qed

The following derived variant of Inference Rule BfFGen omits the subformula finite:

BfGen
- f = F @f BfGen
Proof:
1 f Assump
2 finite D f 1,Prop
3 @Af 2, BfFGen
qed

The derived inference rule BfGen can also be referred to as @Gen (analogous to the inference
rule BoxGen).

LeftChoplmpChop

F fO>fR = F (f~g) D> (Ah~g) LeftChoplmpChop
Proof:
1 fDOh Assump
2 @(f D f) 1, BfGen
3 B(f O f) D (F~g) D (fh~g) BfChoplmpChop
qed
LeftChopEqvChop
F f=f = F (f~g)=(h~g) LeftChopEqvChop
Proof:
1 f=4 Assump
2 fOf 1, Prop
3 f~g > fi~g 2 LeftChoplmpChop
4 f O f 1, Prop
5 i~g D f~g 4 LeftChoplmpChop
6 f~g=H~g 3,5 Prop
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DflmpDf

- fog = F &f D> &g DflmpDf
Proof:
1 fDOg Assump
2 f~true D g ~true 1,LeftChoplmpChop
3 &f DO &g 2, def. of &
qed
DfEqvDf
F f=g = F &f=%0g DfEqvDf
Proof:
1 f=g Assump
2 f ~true=g ~true 1,LeftChopEqvChop
3 0f=%g 2, def. of ®
qed

RightChoplmpChop

- g>a = F (f~g) D (f~g) RightChoplmpChop
Proof:
1 g0a& Assump
2 O 2> &) BoxGen
3 O(g D g) D (fF~g) D (f~g) BoxChoplmpChop
4 f~g D f~g 2,3, MP
qed
RightChopEqvChop
- g=g, = F (f~g)=(f~a) RightChopEqvChop
Proof:
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1l g=g4 Assump

2 g0&; 1, Prop

3 f~g > f~g 2 RightChoplmpChop
4 g D g 1, Prop

5 f~g D f~g 4 RightChoplmpChop
6 f~g=f~g 3,5 Prop
qed

DiamondEqvDiamond

F o f=g = F Of=3<g

DiamondEqvDiamond

Proof:

1 f=g Assump

2 true ~f =true ~g 1, RightChopEgvChop
3 0Ff=0g 2, def. of &

qed

BoxEqvBox

F f=g = F Of=0g

BoxEqvBox

Proof:
1 f=g Assump
2 of = -8 1, Prop

3 0aF=0—g 2, DiamondEqgvDiamond

4 —|<>—|fE—|<>—|g 3,Prop
5 Of=0g¢g 4, def. of O
qed

BoxImplnferBoxlmpBox

F Of >Dg = kK 0Of D 0Og

BoxImplnferBoxImpBox

Proof:

1 Of D g Assump

2 O@Ef O g) 1, BoxGen
3 0(0f > g) D (Of D 0Og) VPTL

4 Of DO Dg 2,3,MP




AndChopA

- (FANA)~g D f~g AndChopA
Proof:
1 AL DF Prop
2 (FANfi)~g DO f~g 1, LeftChoplmpChop
qed
AndChopB
F (fAfi)~g D fi~g AndChopB

Proof:
1 fAR D H Prop

2 (FANfi)~g D fi~g 1, LeftChoplmpChop
ged

AndChoplmpChopAndChop

F (fAR)~g D (F~g)N(h~g)

AndChoplmpChopAndChop

Proof:
1 (fAfi)~g D f~g AndChopA
2 (FANi)~g D i~g AndChopB

3 (fAnh)~g D (f~g)AN(h~g) 1,2Prop
qed

AndChopCommute

F (FAR)~g=(ANf)~g

AndChopCommute

Proof:
1 FAR=AANT Prop

2 (fANR)~g=(ANf)~g 1 LeftChopEqvChop
qed
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OrChopEqv

F (fFVh)~g=(f~g) VvV (h~g) OrChopEqv
The proof for O is immediate from axiom OrChoplmp.
Here is the proof for C:
1 f D FfVH Prop
2 f~g D (fVhHh)~g 1, LeftChoplmpChop
3 4 DO FfVH Prop
4 fi~g D (fFVA)~g 3, LeftChoplmpChop
5 (f~g)V(f~g) D (fVHh)~g 2,4 Prop
qed
ChoplmpDf
F f~g D of ChoplmpDf
Proof:
1 g D true Prop
2 f~g DO f~true 1,RightChoplmpChop
3 f~g > of 2,def. of ©
qed
DfEmpty
F ©empty DfEmpty
Proof:
1 empty — true = true EmptyChop
2 empty ~true O ®empty ChoplmpDf
3 ®empty 1,2, Prop
qed

ChoplmpDiamond

F f~g D <$g

ChoplmpDiamond

Proof:

1 f D true Prop

2 f~g D true~g 1,LeftChoplmpChop
3 f~g><Cg 2, def. of &
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qed

8.2 Some Properties of @ involving the Modal System K and Axiom D

The two pairs of operators O and ¢ and @ and © obey various standard properties of modal logics.
Axiom VPTL helps streamline reasoning involving O and <. The situation with @ and © is quite different
since they lack a comparable axiom. Therefore, it is especially beneficial to review some conventional modal
systems which assist in organising various useful deductions involving @ and ©.

Table 4 summarises some relevant modal systems, various associated axioms and inference rules.

System Axiom or inference rule Axiom or rule name
K: Mf £ —L~f M-def
plus F L(f >Dg) D (Lf D Lg) K
plus H f = F Lf N
T: K plus H Lf D f T
S4: T plus o Lf D LLf 4
KD4: Kplus4dand F Lf D Mf D

Table 4: Some standard modal systems

Within PITL, as in PTL, the operator O can be regarded as the conventional unary necessity modality L
and the operator < as the dual possibility operator M. The two operators together fulfil the requirements
of the modal system S4. We do not need to explicitly prove versions of the S4 axioms in Table 4 for O
and <. Rather, any PITL formula which is a substitution instance of a valid S4 formula involving O and
<& can be readily deduced using the PITL proof system's Axiom VPTL. Similarly, inference rules based
on S4 can be obtained with Axiom VPTL, Inference Rule BoxGen (which corresponds to the inference
rule N of S4) and modus ponens. Moreover, the PITL proof system's Axiom VPTL permits using any
PITL formula which is a substitution instance of some valid PTL formula which can also contain the PTL
operator O. In view of all this, we do not give much further consideration to aspects of S4 with O and <.

In contrast to O, the PITL operator @ does not have a comprehensive axiom analogous to VPTL.
Therefore, we need to explicitly prove in the PITL axiom system various modal properties of @ and its
dual ©. If only finite time is allowed, then @ and © act as an S4 system. However, @ with infinite time
permitted does not fulfil the requirements of S4, or even those of the weaker modal system T, because
Axiom T fails. Instead, @ with infinite time fulfils the requirements of the modal system KD4 which is
strictly weaker than S4.

Here is a list of KD4's axioms and inference rules and related PITL proofs for @:

K + L(f D g) D(Lf D Lg) Theorem BflmpDist

N F f = F+ Lf Derived Inf. Rule BfGen
D F LfD>MfF Theorem BflmpDf
4 - Lf D LLf Theorem BflmpBfBf

If only finite time is allowed, then the implication D does not need to be regarded as an explicit axiom
since it can be inferred from any proof system for S4.

It is also worth noting that the related operators @ and & obey the modal system S4 even when infinite
time is permitted. However, we prefer to work with @ and < since the use of strong chop simplifies the
overall PITL completeness proof.
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Conventional model logics usually take L, not M, to be primitive. When we deduce standard modal
properties for @ and © in our PITL axiom system, we let M, which corresponds to ©, be primitive and
define L to be M'’s dual (i.e., LA 2 =M —f). This M-based approach goes well with the PITL axioms
for chop. Chellas discusses some alternative axiomatisations of modal systems with M as the primitive
although none correspond directly to ours. For the system K, we can deduce implication LimpMImpM
below for @ and © (see Theorem BflmpDflmpDf later on) and then obtain from it together some other
reasoning the more standard axiom K just presented which only mentions L:

- L(f O g) D (Mf O Mg) LimpMImpM

The operators O and @ together yield a multi-modal logic with two necessity constructs L and L’
which are commutative:

- LLf=LLS

This corresponds to our Theorem BfBoxEqvBoxBf given later on.

Below are various theorems and derived inference rules about @ and & for obtaining the axioms M-def
(Theorem Mdef) and K (Theorem BflmpDist) found in the modal system K. The associated inference
rule N was already proved above as Derived Inference Rule BfGen. We also prove the modal axiom D
(Theorem BflmpDf).

In the next proof’s final step, recall that EqvChain indicates a chain of equivalences:

Mdef
F &of=-M0~f Mdef
Proof:
1 f=-f Prop
2 Of =& ——f 1, DfEqvDf
3 4>—|—|fE—|—|<>—|—|f Prop
4 & ——f =-0f 3,def. of @
5 &f=-0~f 2,4, EqvChain
qed
BflmpDflmpDf
F @(f D g) D ®f D Og BflmpDflmpDf
Proof:
1 @A(f D g) D (f ~true) O (g ~true) BfChoplmpChop
2 @(f D g) DOf O &g 1, def. of ©
qed
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BfContraPosImpDist

l_

M(-g D ~f) D (Bf) D> (Dg)

BfContraPosImpDist

Proof:

1 Iﬂ(—\g D) —\f)

(®-g) DO (©f) BfimpDflmpDf

D)
2 Iﬂ(—|g D) —|f) D) (—|<>—|f) D) (—|®—|g) 1,Prop
D)

3 Iﬂ(ﬁg D —|f)

qed

BflmpDist

(Df) O (Dg) 2,def. of @

m(f > g) D (Bf) D (Dg)

BflmpDist

~N O O

qed

(f D g) D (g D —f) Prop

-f) D =(f D g) 1, Prop
-f) D =(f D g)) 2,BfGen
f (

) D @(-g D —f) BfContraPoslmpDist
g O ~f) 3,4, MP

@f) O (Dg) BfContraPosimpDist
(Df) O (Dg) 5,6, ImpChain

BflmpBfRule

I_

f>Og = F Bf D Hg

BflmpBfRule

ged

-hwwl—l:‘o
S
BBEBE ™S

*hc:u
U U uUon

-

Assump
g) 1, BfGen
g) D (Bf) D (Bg) BflmpDist
g 2,3, MP

BfEqvBfRule

l_

f=g = F @BOf=M0g

BfEqvBfRule
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Proof:

1 f=g Assump
2 fDg 1, Prop
3 @f D> Mg 2, BflmpBfRule
4 g DO f 1, Prop

5 Og D @f 4, BflmpBfRule
6 @f=mdg 3,5 Prop

qed
BfAndEqv
F B(fANg)=0OfANHg BfAndEqv
Proof:
1 (Fhg) DO f Prop
2 @(fANg) D OF 1, BflmpBfRule
3 (fANg) Dg Prop
4 M(fANg) D @g 3, BfimpBfRule
5 f DO (g 2 (fFAg)) Prop
6 @f DO (g O (fFAg)) 5, BfimpBfRule
7 O(g D (fFAg)) D (@g D B(f Ag)) BflmpDist
8 @BfANEg D BO(fAg) 6,7, Prop
9 B(fAng)=BfANMDg 2,4,8,Prop
qed
BfEqvSplit
F B(f=g)=8(f D g)AND(g D f) BfEqvSplit
Proof:
1 (fF=g)=(f D g)N(g D) Prop
2 I(f=g)=8((f D g)A(g D f)) 1, BfEqvBfRule
3 8((F > g)A(g D f)=8(f D g)ANB(g D f) BfAndEqv
4 A(f=g)=0(f D g) ANH(g D f) 2,3, EquChain
qed
BfChopEqvChop
o @(f=f) D (f~g)=(h~—~g) BfChopEqvChop
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Proof:

1 B(f=f)=8(Ff D i) ANB(f, D f) BfEqvSplit
2 @(f D ) D(f~g) D (Ah~g) BfChoplmpChop
3 @(fh DO Ff) D (h~g) D (f~g) BfChoplmpChop
4 @(f=f) D (F~g)=(h~g) 1——3,Prop
qed
BfimpDfEqvDf

F @E(f=g) D &f=og BfimpDfEqvDf
Proof:
1 @(f=g) D (f ~true) = (g ~true) BfChopEqvChop
2 O(f=g) D ©fF=0g 1, def. of ©
qed

FinitelmpDfEqvDfRule

- finite D (f=g) = F &f=%g

FinitelmpDfEqvDfRule

Proof:
1 finite D (f =g) Assump
2 H(f=g) 1, BfFGen
3 M(f=g) D ©f=®g BflmpDfEquDf
4 SfF=0g 2,3, MP
qed
BflmpDf
FoBf D Of BflmpDf
Proof:
1 f D (empty D f) Prop
2 @f O M(empty D f) 1, BflmpBfRule
3 @E(empty D f) D (®empty D &f) BflmpDfimpDf
4 mf O (Cempty D Of) 2,3, ImpChain
5 ®empty DfEmpty
6 mf O &f 4,5, Prop
qed
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DfOrEqv

F O(fvg)=df Vv &g DfOrEqv
Proof:
1 (fVg)~true=(f ~true) V (g ~true) OrChopEqv
2 O(fvg)=of Vv Og 1,def. of &
qed

BfAndChoplmport

F @fA(h~g) D (FANA)~g BfAndChoplmport
Proof:
1 fo(h DFAR) Prop
2 @f O | DO FAR) 1, BflmpBfRule
3 @(fh D FfAAR)D (A~g) D (fFAFfL)~g BfChoplmpChop
4 BfAN(h~g) D (FANA)~g 2,3, Prop
qed

8.3 Some Properties of Chop, ¢ and @ with State Formulas

DfState
F Qw=w DfState
Proof for O:
1 =w D H-w StatelmpBf

2 aw D a®aw 1,def. of M
3 &——w D w 2,Prop

4 w DO w Prop

5 ®w DO ©—-—w 4, DflmpDf

6 dw DO w 3,5, ImpChain
ged

Proof for C:

1 wD Hw StatelmpBf
2 Ow D ©w BflmpDf

3 w D ow 1,2, ImpChain
qed
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BfState

F Ow=w BfState

Proof:
1 ©-w=-w DfState

2 - ®-w=w 1,Prop
3 Aw=w 2,def. of @
qed

StateChop

Fw~f D w StateChop

Proof:
1 w~f O ®w ChoplmpDf

2 Sw=w DfState
3 w~f Dw 1,2, Prop
qed

StateChopExportA

F (wAf)~g D w StateChopExportA

Proof:
1 wAf Dw Prop

2 (wAf)~g D w~g 1, LeftChoplmpChop
3 w~g D w StateChop

4 (wWAf)~g D w 2,3, ImpChain

qed

The following lets us move a state formula into the left side of chop:

StateAndChoplmport

F wA(f~g) D (WAf)~g StateAndChoplmport

1 wD Hw StatelmpBf

2 D BwA(f~g) 1,Prop

3 @wA(f~g) D (wAf)~g BfAndChoplmport
4 D (wAf)~g 2,3, ImpChain
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qed

We can easily combine this with theorem StateChopExportA to deduce the equivalence below:

StateAndChop
F (wWAf)~g=wA(f~g) StateAndChop

Proof:

1 WAf)~g D w StateChopExportA

2 WAf)~g D (w~g)A(f~g) AndChoplmpChopAndChop

3 (WAf)~g D wA(f~g) 1,2, Prop

4 whA(f~g) D (wWAf)~g StateAndChoplmport

5 wA(f~g)=(wAf)~g 3,4, Prop
qed

Below is a useful corollary of StateAndChop used in decomposing the left side of chop:

StateAndEmptyChop
F (wAempty) ~f=wAf StateAndEmptyChop
Proof:
1 (w Aempty) ~f=wA (empty ~ f) StateAndChop
2 empty ~f=f EmptyChop
3 (wAempty) ~f=wAf 1,2, Prop
qed

The following is a simple corollary of StateAndEmptyChop:

EmptyAndStateChop
F (empty Aw)~f=wAf EmptyAndStateChop
Proof:
1 (empty A w) ~f = (w Aempty) ~f AndChopCommute
2 (wAhAempty) ~f=wAf StateAndEmptyChop
3 (emptyAw)~Ff=wAf 1,2, EqvChain
qed
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StateAndDf

o OwAf)=wADSf StateAndDf
Proof:
1 (wAf)~true=w A (f ~true) StateAndChop
2 QWA =wADSf 1, def. of &
qed

StatelmpBfGen

F w>f = F w>D@Of StatelmpBfGen

Proof:
w D f Assump

1

2 =f DO —w 1, Prop

3 &~f O ©-w 2, DflmpDf
4 & —-w=-w DfState

5 ®-f D —w 3,4, Prop
6 w DO —®f 5, Prop

7 w D @f 6, def. of @
qed

The following theorem can be used to do induction over time with chop:

ChopAndNotChoplmp

F f~gAa(f~g) D f~(gNg) ChopAndNotChoplmp

Proof:

1 gD (gN—&)Va Prop

2 f~g D f~(gN-g@)VFf~ag 1, LeftChoplmpChop
3 f~gA~(f~g) D Ff~(gA—g) 2 Prop

qed

8.4 Some Properties of @ involving the Modal System K4

We now consider how to establish for the PITL operator @ the axiom “4" (PITL Theorem BflmpBfBf)
found in the modal systems K4 and S4.
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DfDfEquDf

F oo f=0f DfDfEqvDf
Proof:
1 (f ~true) ~true = f ~ (true ~ true) ChopAssoc
2 ®true = true DfState
3 (true ~ true) = true 2, def. of ©
4 f ~ (true ~ true) = f ~ true 3, LeftChopEqvChop
5 (f ~true) ~true = f ~ true 1,4, EqvChain
6 OOfF=of 5,def. of &
qed
DfNotEqvNotBf
F &af=-M@fF DfNotEqvNotBf
Proof:

1 Bf=-®—f def. of @
2 ®—~f=-@f 1,Prop

qed
DfDfNotEqvNotBfBf
F oo ~f=-00f DfDfNotEqvNotBfBf
Proof:
1 ©-f=-0f DfNotEqvNotBf

2 ©O-f=o-@f 1, DFEquDf
3 ©-BOf=-00f DfNotEquNotBf
4 ©O~f=-@E@Bf 2,63, EqvChain

qed
BfBfEqvBf

F DRf=0f BfBfEqvBf
Proof:
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2 ©O~f=-0O8f DfDfNotEqvNotBfBf
3 -BERf=Of 1,2, Prop
4 &©-f=-0Of DfNotEgvNotBf
5 -@E@Ef=-@f 3,4, EqvChain
6 IRf=M0Ff 5, Prop
qed
BfimpBfBf
Fo@f DO @EF BflmpBfBf
Proof:

1 O@f=m@f BfBfEquBf
2 @mf > @EF 1,Prop
qed

8.5 Properties Involving the PTL Operator O

NextChop
F (Of) ~g=0(f ~g) NextChop
Proof:
1 (skip ~f)~g=skip~(f ~g) ChopAssoc
2 (Of)y~g=0(f ~g) 1,def. of O
qed
StateAndNextChop
F (wWAOf)~g=wA(f ~g) StateAndNextChop
Proof:
1 WAOf)~g=wA ((Of) ~g) StateAndChop
2 (Of)y~g=0(f ~g) NextChop
3 WAOf)~g=wAO(f~g) 1,2,Prop
qed
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DfStateAndNextEqv

o ®(wAOW)=wAOw

DfStateAndNextEqv

Proof:

1 (wAOw)~true=w A Q(w ~true) StateAndNextChop

2 SQwAOW)=wAOO W
3 dw'=w

4 skip ~ O w =skip~w

5 Oow =0w

6 S(wAOW)=wAOw
qed

1, def. of ©

DfState

3, RightChopEqvChop
4 def. of O

2,5, Prop

8.6 Some Properties of @ Together with O

We make use of the following analogue of Theorem DfNotEqvNotBf for ¢ and O:

DiamondNotEqvNotBox

F <>—|fE—||:|f

DiamondNotEqvNotBox

Proof:
1 O-~f=-0f VPTL
qed

DfDiamondEqvDiamondDf

F oo f=00f

DfDiamondEqvDiamondDf

Proof:
1 (true ~ f) ~true = true ~ (f ~ true)

2 (Of) ~true = O(f ~ true)
3 060F=00fF
qed

DfDiamondNotEqvNotBfBox

ChopAssoc
1,def. of ©
2,def. of ©

- ®O-f=-DO0Of

DfDiamondNotEqvNotBfBox
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Proof:
1 o~f=-0fFf DiamondNotEqvNotBox

2 ©O-f=¢o-0f 1,DfEquDf

3 ®-0f=-@B80f DfNotEqvNotBf
4 ©O-f=-m0FfF 2,3, EqvChain
qed

DiamondDfNotEqvNotBoxBf

- OO-f=-00f

DiamondDfNotEqvNotBoxBf

Proof:
1 &~f=-0f DfNotEqvNotBf

2 O&-f=<C-@f 1,DiamondEgvDiamond
3 O—-@f=-0@8f DiamondNotEqvNotBox
4 OO~f=-00@Ff 2,63,EqvChain

qed
BfBoxEqvBoxBf

F EDOf=0@0Ff BfBoxEqvBoxBf
Proof:

1 O -f =0 ~f DfDiamondEgvDiamondDf
2 ©O~f=-00f DfDiamondNotEqvNotBfBox
3 O&~f=-08f DiamondDfNotEqvNotBoxBf
4 mOf=0M@f 1—-3,Prop

qed

8.7 Some Properties of Chop-Star

We now consider some theorems and derived rules concerning chop-star.

ImpMoreChopStarEqvRule

Ff D more = + f*=emptyV (f~fF)

ImpMoreChopStarEqvRule
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Proof:

1 f D more Assump

2 fAmore=f 1, Prop

3 (f Amore) ~f*=f~f* 2, LeftChopEqvChop
4 f*=empty V ((f A more) ~ f*) SChopStarEqv

5 f*=empty V (f ~f*) 3,4,Prop
qed

ImpMoreChopStarChopEqvRule

F f Dmore = F ff~g=gV(f~(f"~g))
ImpMoreChopStarChopEqvRule

Proof:

1 f D more Assump

2 f*=empty V (f ~f*) 1, ImpMoreChopStarEqvRule
3 f*~g=(empty V (f ~Ff*))~g 2, LeftChopEqvChop

4 (empty V (f ~f*)) ~g=(empty ~g)V ((f ~f*) ~g) OrChopEqv

5 empty~g=g EmptyChop

6 (F~f)~g=Ff~(f*~g) ChopAssoc

7 f*~g=gV (f~(f*~g)) 3— —6,Prop
qed

SChopStarEqvSChopstarChopEmptyOrChopOmega

o = (f" ~empty) V ¥ SChopStarEqvSChopstarChopEmptyOrChopOmega
Proof:
1 finite V —finite Prop
2 finite V inf 1, def. of inf
3 finite O (f* ~empty) = f* FinitelmpChopEmpty
4 inf D f* = (f* Ainf) Prop
5 inf D fr=fv 4, def. of chop-omega
6 *=(f*~empty)V f¥ 2,3,5,Prop

qed

8.8 Some Properties Involving a Reduction to PITL with Finite Time

We now present some derived inference rules which come in useful when completeness for PITL with finite
time is assumed. Recall that any valid implication of the form finite O f is allowed and that we designate
such a step by using PITLF. PITL Theorem BfFinStateEqvBox below illustrates this technique.

109



FinitelmpBflmpBfRule

- finite D (f D g) = F Bf D @g FinitelmpBflmpBfRule
Proof:
1 finite D (f D g) Assump
2 @(f O g) 1, BfFGen
3 A(f D g) D (@f D @g) BflmpDist
4 @f D Og 2,3, MP
qed

FinitelmpBfEqvBfRule

- finite D (f=g) = F BOf=0Mdg FinitelmpBfEqvBfRule

Proof:
1 finite D (f=g) Assump

finite D (f D g) 1,Prop

Of DO Hg 2, FinitelmpBflmpBfRule
finite D (g D f) 1,Prop

bg DO @Af 4, FinitelmpBflmpBfRule
Df=0g 3,5, Prop

SO

qed

The next theorem's proof involves the application of the previous derived inference rule together with
completeness for PITL with just finite time:

BfFinStateEqvBox

F Bfinw=0w BfFinStateEqvBox

Proof:

1 @@finw=0finw BfBfEqvBf

2 Bfnw=08finw 1, Prop

3 finite O ((@fin w)=0w) PITLF

4 OB0finw=00w 3, FiniteimpBfEqvBfRule
b D0w=008w BfBoxEqvBoxBf

6 Bw=w BfState

7 O8dw=0w 6, BoxEqvBox

8 Bfnw=0w 2,4,5,7, EquChain
qed

An alternative proof of Theorem BfFinStateEqvBox can be given without PITLF by first deducing
the dual equivalence (® O(empty A w)) = O w, for any state formula w.
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8.9 Some Properties of Skip, Next And Until

Recall that NL* formulas are exactly those PTL formulas in which the only temporal operators are unnested
Os (e.g., PV O=P but not PV OO=P). The next theorem holds for any NL' formula T:

F ®(more AT)=more AT DfMoreAndNLoneEqvMoreAndNLone

Proof 1 We use Axiom VPTL to re-express more A T as a logically equivalent disjunction \/ .. (w; A
Ow}) for some natural number n > 1 and n pairs of state formulas w; and w|:

F more AT = \/ (w; A Ow)) DfMoreAndNLoneEqvMoreAndNLone-1-eq

1<i<n

Now by Theorem DfStateAndNextEqv any conjunction w A Ow’ is deducibly equivalent to ®(w A
Ow’). Therefore the disjunction in DfMoreAndNLoneEqvMoreAndNLone-1-eq can be re-expressed
as Vicic, @(w; A Ow)):

- \/ (w; ANOw)) = \/ O(w; A Ow)) DfMoreAndNLoneEqvMoreAndNLone-2-eq

1<i<n 1<i<n

Then by n — 1 applications of Theorem DfOrEqv and some simple propositional reasoning, the
righthand operand of this equivalence is itself is deducibly equivalent to ®(\/ ., ,(w; A Ow;)):

- \/ O(w; A Ow)) = & \/ (w; A Ow;)) DfMoreAndNLoneEqvMoreAndNLone-3-eq

1<i<n 1<i<n

The chain of the three equivalences
DfMoreAndNLoneEqvMoreAndNLone-1-eq,
DfMoreAndNLoneEqvMoreAndNLone-2-eq, and
DfMoreAndNLoneEqvMoreAndNLone-3-eq
yields the following:

F more AT = & \/ (w; A Ow)))
1<i<n
We then apply Derived Rule DfEqvDf to the first equivalence DfMoreAndNLoneEqvMoreAndNLone-
1-eq:

F ®(more A T) = & \/ (w; A Ow)))

1<i<n

The last two equivalences with simple propositional reasoning yield our goal DfMoreAndNLoneEqv-
MoreAndNLone.

Here is a corollary of the previous PITL Theorem DfMoreAndNLoneEqvMoreAndNLone for any
NL® formula T:
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BfMorelmpNLoneEgvMorelmpNLone

F @(more D T)=more D T BfMorelmpNLoneEqvMorelmpNLone

Proof:

1 B(more D T)=-®—(more D T) def. of @

2 —(more D T)=more A =T Prop

3 ®—(more D T)=®(more AN =T) 2, DFEquDf

4 ®(more A =T) = more A =T DfMoreAndNLoneEqvMoreAndNLone
5 ®—(more D T)=more A =T 3,4, EqvChain

6 ®E(more D T)= —(more A =T) 1,5, Prop

7 —(more A=T)=more D T Prop

8 @E(more D T)=more O T 6,7, EqvChain
qed

MoreAndNLonelmpBfMorelmpNLone

F more AT D B(more D T) MoreAndNLonelmpBfMorelmpNLone

Proof:
1 @B(more D T)=more O T BfMorelmpNLoneEqvMorelmpNLone

2 more AT D M(more D T) 1,Prop
qed

BfSkiplmpAndNextimpAndSkipAndChop

F @(skip D f)AOg D (skipAf)~g BfSkiplmpAndNextImpAndSkipAndChop

Proof:

1 @(skip D f) A (skip~g) D ((skip D f) A skip) ~g BfAndChoplmport

2 (skip D f)Askip D skipAf Prop

3 ((skip D f) Askip) ~g D (skipAf)~g 2, LeftChoplmpChop
4 @(skip DO ) A (skip~g) D (skipAf)~g 1,3,Prop

5 @(skip D f)AOg D (skipAf)~g 4, def. of O
qed

BfMorelmplmpBfSkiplmp

= @(more D f) D B(skip D f) BfMorelmplmpBfSkiplmp
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Proof:
1 more D skip VPTL

2 (more D f) D (skip D f) 1, Prop
3 @(more D f) D B(skip D f) 2,BflmpBfRule
qed

BfMorelmpAndNextlmpAndSkipAndChop

F @(more D f)AOg D (skipAf)~g BfMorelmpAndNextImpAndSkipAndChop

Proof:
1 @(more D f) D M(skip D f) BfMorelmplmpBfSkiplmp

2 @(skip D f)ANOg D (skip A f) ~g BfSkipimpAndNextimpAndSkipAndChop
3 @(more D f)ANOg D (skipAf)~g 1,2, Prop
qed

DfSkipAndNLoneEqvMoreAndNLone

o ®(skipAT)=more AT DfSkipAndNLoneEqvMoreAndNLone

Proof:

1 finite O ©(skip AT)=(more AT) PITLF

2 OO(skip AT)=O(more A T) 1, FinitelmpDfEqvDfRule

3 OO(skip AT)=D(skipAT) DfDfEqvDf

4 &(more NT)=more AT DfMoreAndNLoneEqvMoreAndNLone

5 &(skip AT)=more AT 2 — —4,Prop
qed

DfSkipAndNLonelmpBfSkiplmpNLone

F ®(skipAT) D B(skip D T) DfSkipAndNLonelmpBfSkipImpNLone

Proof:
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1 &(skipAT)=more AT DfSkipAndNLoneEqvMoreAndNLone

2 O(skip A =T) = more A =T DfSkipAndNLoneEgqvMoreAndNLone

3 more AT D —(more A T) Prop

4 O(skip AT) DO = O(skip A —T) 1— —3,Prop

5 skip A =T = —=(skip D T) Prop

6 O(skip AT)=S(skip D T) 5, DfEqvDf

7 —®(skip A =T)=-O~(skip D T) 6,Prop

8 O(skipAT) D ~®—(skip D T) 4,7,Prop

9 &(skipAT) D M(skip D T) 8, def. of @
qed

NLoneAndSkipChopEgvNLoneAndNext

F (skipAT)~f=TAOf NLoneAndSkipChopEqvNLoneAndNext

Proof for D:

1 (skip AT)~f DO ®(skipAT) ChoplmpDf

2 O(skip AT)=more AT DfSkipAndNLoneEqvMoreAndNLone

3 (skipAT)~f DT 1,2, Prop

4 (skip AT)~f D skip~f AndChopA

5 (skipAT)~f DO Of 4, def. of O

6 (skip ANT)~f DO T AOf 3,5, Prop
qed

Proof for C:

1 Of D more VPTL

2 more AT D E(more D T) MoreAndNLonelmpBfMorelmpNLone

3 TAOf D A(more D T) 1,2, Prop

4 ®(more D T)ANOf D (skip AT)~f BfMorelmpAndNextlmpAndSkipAndChop

5 TANOf D (skipAT)~fF 3,4, Prop
qed

UntilEqv

F Tuntil f =f Vv (T AT until f)) UntilEqv

Proof:

1 skip AT D more VPTL

2 (skip AT ~f=fFfV ((skipAT)~((skip AT)*~f)) 1, ImpMoreChopStarChopEqvRule
3 Tuntil f=fV ((skip AT)~ (T until f)) 2, def. of until

4 (skip AT)~(Tuntil f)=T AT until f) NLoneAndSkipChopEqvNLoneAndNext
5 Tuntil f=Ff VvV (T AT until f)) 3 — —4,Prop
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qed

UntillmpDiamond

o Tuntil f D OF UntillmpDiamond

Proof:
1 (skipAT)*~f O &f ChoplmpDiamond

2 Tuntilf O OF 1, def. of until
qed
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